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                             TRIUMF/Fermilab            TRIUMF 

[Mohler, S. P.,  Woloshyn, arXiv:1208.4059] 



  which D-mesons are "easy" to simulate and which not 

  strategies for lattice simulations of observed D-mesons 

   lattice results for the masses and widths of D-mesons 

   comparison to experiment 
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  Which hadron masses can lattice QCD compute easily and reliably ?  

    for hadrons that can not decay strongly :  D 

                                                                 D*  

    in this case :   m=E   when P=0 

  But:  all other D-mesons can decay strongly ; they are resonances ! 

    in some cases m=E applicable for very narrow resonances 

    but not for broad resonances!    

  caution: all simulations of D-meson resonances assumed m=E up to now! 

D-meson resonances on lattice, S. Prelovsek 3 

ab-initio D-meson spectroscopy 

(does not have enough 
 phase space to decay 
 on lattice) 
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 simulation of scattering on the lattice 



 … in experiment, continuum and lattice. 

€ 

a =
− sΓ(s)

s −m2 + i sΓ(s)
=
1
2i
e2iδ(s) −1⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ 

m = s where δ = 90o

Γ = Γ(s = m2)
s ≡ E 2 − P 2
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€ 

  JPC =1−−

l =1  (p - wave)
LAT:  [Lang, Mohler, S. P., Vidmar, 2011]               

Only hadronic resonance that was properly simulated before 2012: ρ 

Several groups simluated ρ :  Aoki et al. (2007),  Gockeler et al (2008), Feng et al,  Frison et al. 
(2010),  Feng et al (2011), Aoki et al (2011), Lang et al (2011), Pelissier et al (2011, 2012) 

Idea: Simulate other scattering in resonant channels 

In particular:  D-meson resonances in Dπ and D*π scattering 

                    by default:  our simulation is exploratory  



  280 gauge config with dynamical u,d quarks  (generated by A. Hasenfratz) 
                                                                                 thanks !! 

   small volume allows us to use powerful but costly distillation method 
     (Peardon et. at, 2009) 

  dynamical u, d , valence u,d,s : Improved Wilson Clover   
    valence c:                              Fermilab method  [El-Khadra et al. 1997] 

    a   set using r0 

    mc set using 
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€ 

N f = 2 a = 0.1239 ± 0.0013 fm a−1 =1.58 ± 0.02GeV

NL
3 × NT =163 × 32 L ≈ 2 fm T = 4 fm mπ ≈ 266MeV

€ 

1
4 [M2(ηc ) + 3M2(J /ψ)]lat = 1

4 [M(ηc ) + 3M(J /ψ)]exp
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€ 

m − 1
4 [mη c

+ 3mJ /ψ ]

[Mohler, S. P., Woloshyn, arXiv:1208.4059] 
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taken from  
Belle PRD(2004) 
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€ 

c u
(I,I3)=(1/2,1/2) 

D(p) 

π(-p) 

D 

π 

D*0(2400) 
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[Mohler, S. P.,  Woloshyn, arXiv:1208.4059] 

€ 

exp : M ≈ 2318 MeV Γ≈ 267 MeV c u
                                                   c s su ± c d du

D*0(2400) 

€ 

exp : M ≈ 2318 MeV Γ≈ 0 MeV c s
                                                     c u us ± c d ds

Ds0(2317) 

  ? 
  ? 

  ? 

  ? 

degeneracy between non-strange and strange partners  
not naively expected for conventional quark-antiquark 

interesting to see if lattice QCD reproduces correct masses and 
widths of these two states  
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€ 

π(−  p )
 
p =

 
0 ,

2π
L
 
e z

  

€ 

Cij (t) = 0Oi(t)O j
+(0) 0

      

€ 

O = D( p )π(- p ) = 2
3 [c γ5d] [d γ5u]

                           + 1
6 [c γ 5u] [u γ5u − d γ5d]

            c u
            c γ i Di u   
            c γ t γ i Di u    
            c Di Di u   

6x6 correlators computed using   
powerful distillation method  
[Peardon et a. 2009] 

€ 

€ 

Cij (t) = An
ij e−Ent

n
∑

  

€ 

D(  p )
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D=covariant       
derivative 

€ 

JP = 0+, P = 0
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additional level due to 
D0

*(2400) 

  

€ 

E(L) = mD
2 +
 p 2 + mπ

2 +
 p 2 + ΔE

              p =
 
0 , 2π

L
 e z    Fermilab analog 

due to the 
strong 
interaction 
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E(L)   δ (E)   [Luscher 1986]  ,  for  p1+p2=0 

E(L)   δ (E)   [Leskovec, S.P., PRD 2012]  ,  for  p1+p2≠0, m1≠m2 

  

€ 

E(L) = m1
2 +
 p 1
2 + m2

2 +
 p 2
2 + ΔE

€ 

σ ∝
sin2δ
pcms
2

 phase shift in QM: 



D-meson resonances on lattice, S. Prelovsek 15 

δ~173±120 

δ~1030 

δ~ 410 i  

€ 

aDπ
I =1/ 2 = limp→ 0

tanδ(p)
p

= 0.81± 0.14 fm

additional level due to D0
*(2400) 
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€ 

s = E 2

a =
− sΓ(s)

s −m2 + i sΓ(s)
=
1
2i
e2iδ −1⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

sΓ(s) cotδ(s) = m2 − s, Γ(s) =
p
s
g2

p
s
cotδ =

1
g2
(m2 − s)

[Mohler, S. P., Woloshyn, arXiv:1208.4059] 

For comparison, our result for rho: 
there one can check linear behavior. 

m - 1/4(mD+3 mD*)  g 

lat 351 ± 21 MeV  2.55 ± 0.21 GeV 

exp 347 ± 29 MeV 1.92 ± 0.14 GeV 
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€ 

Γ ≡ g2 p
s

(our definition)
  

€ 

D0
*(
 
0 )   

€ 

π(−  p )

  

€ 

D(  p )

€ 

D*

€ 

D0
*

€ 

D

€ 

D
€ 

π(q2 →0)

€ 

π(q2 →0)

g 

g 

h 

determined for example: 
Becirvevic, Chang, Yaouanc  
arXiv:1203.0167 
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€ 

c u
(I,I3)=(1/2,1/2) 

D*(p) 

π(-p) 

D* 

π 

D1(2430) broad  
D1(2420) narrow 
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[Mohler, S. P., Woloshyn, arXiv:1208.4059] 

exp: 
D1(2430) broad  
D1(2420) narrow 

€ 

aD*π
I =1/ 2 = limp→ 0

tanδ(p)
p

= 0.81± 0.17 fm

      

€ 

O = Di
*( p )π(- p ) = 2

3 [c γ id] [d γ5u] + 1
6 [c γ iu] [u γ5u − d γ 5d]

                                                p =
 
0 , 2π

L
 e z
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•  Blue expected to decay only in S-wave since present only 
when D(0)pi(0) in the basis.   

•  Then red expected to decay only in D-wave 

[Isgur & Wise, 1991]  

m - 1/4(mD+3 mD*)  g 

lat 381 ± 20 MeV  2.01 ± 0.15 GeV 

exp 456 ± 40 MeV 2.50 ± 0.40 GeV 

€ 

Γ(s) =
p
s
g2 p

s
cotδ =

1
g2
(m2 − s)

results for D1(2430) 

blue level:  broad   D1(2430) 
                     treat as resonance 

red   level: narrow D1(2420) 
               assume m=E  

s-wave 
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red diamonds: our lat results for resonance masses from scattering study 
blue crosses: our lattice results for other resonances: m=E(L), O= qbar q 

€ 

energy difference ≡
m -  1

4 [m(D) + 3m(D*)]

exp : 1
4 [m(D) + 3m(D*)]

        =1.97GeV

[Mohler, S. P., Woloshyn, arXiv:1208.4059] 

2010 
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JP:    0-                    1-                2-                2+ 

naive treatment  (like all simulations up to now) 

 just quark-antiquark interpolators 

assuming  m=E  (applicable for narrow states) 
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[Mohler, S. P., Woloshyn, arXiv:1208.4059] 

2010 
D 

D* 

D(2550) 

€ 

energy difference ≡
m -  1

4 [m(D) + 3m(D*)]

exp : 1
4 [m(D) + 3m(D*)]

        =1.97GeV

D*(2600) 

D0*(2400) 

D1(2420) 

D1(2430) 

D2*(2460) 

D2(2750) 

Babar 2010: not clear whether D2(2750) and D2
*(2760) the same states 

                                                   D*pi               D pi  
We use a possible assignment of  D2(2750) in plot above.  

note: mc fixed by 
charmonium, so all 
masses are lattice 
pre/post-dictions 
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  lattice can "easily" calculate masses of hadrons, that do not decay strongly 

  however: large majority of  hadrons decay strongly; they are resonances  

  simulations of resonances are in infancy (only rho explored up to now) 

  I presented exploratory simulation of two broad  D-meson resonances 
     caution: simulation on single Nf=2 ensemble (mpi=266 MeV, rather small volume)  

m - 1/4(mD+3 mD*)  g 

lat 351 ± 21 MeV  2.55 ± 0.21 GeV 

exp 347 ± 29 MeV 1.92 ± 0.14 GeV 

m - 1/4(mD+3 mD*)  g 

lat 381 ± 20 MeV  2.01 ± 0.15 GeV 

exp 456 ± 40 MeV 2.50 ± 0.40 GeV 

D0
*(2400) resonance 

JP=0+ 

agreement with exp without 
additional valence ss  

D1(2430) resonance 
JP=1+ 

€ 

Γ(s) =
p
s
g2



   other excited states treated naively: m=E 
      in reality applicable for narrow states 

  qualitative agreement with experimental spectrum  

  encouraging results for further lattice studies of resonances in general 

                                  for more detailed simulations of D-mesons  
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  Proposed in:  A novel qaurk-field creation operator construction for hadrons in LQCD 
                          [Peardon et al (HSC),   PRD80 (2009) 054506] 

   Laplacian Heaviside (LapH) smearing:  

  We use three smearing widths for quarks 
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€ 

qs =Θ(σs
2 +∇2) q = v(k )(t) v(k )+(t) q

k=1

Nv

∑

∇2(t) v(k )(t) = λ(k )(t) v(k )(t)

€ 

| λ | spectral representation 

€ 

σs
2



  Perambulator:    τk’k(t’,t)

    it is a propagator from eigenvector vk(t) on time-slice t           
                                     to eigenvector vk’(t’) on time-slice t’ 

  We computed and saved perambulators for all 
    t=1,..,NT , t’=1,..,NT  ;     k=1,…,Nv , k’=1,..,Nv  ,   Nv=96     

   allows “all-to-all” treatment  

  Analytic expressions for correlators in terms of τ 

  averaging correlators over all ti  

                                and all directions of momenta and rho polarization 

D-meson resonances on lattice, S. Prelovsek 29 



•  extract En(L) 

•  En renders p in "outside" region via 

•  p contains info on δ(p)  
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€ 

q ≡ L
2π

p

  

€ 

tanδ(s) =
π 3/2q

Z00(1;q2)
    

Z00(1;q2) ≡ 1
 n 2 − q2

 
n ∈N 3

∑

€ 

E = s = m1
2 + p2 + m2

2 + p2

p   - p 



our lat. sim. a0 [fm] a0 / μ [GeV-2] 

K π ,  I=3/2 -0.140 ± 0.018 -3.94 ± 0.52 

K π ,  I=1/2 0.636 ± 0.090 17.9 ± 2.5 

D π ,  I=1/2 0.81 ± 0.14 17.7 ± 3.1 

D*π , I=1/2 0.81 ± 0.17 17.6 ± 3.6 
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€ 

a0 ≡ limp→ 0
tan δ(p)

p

€ 

a0
I =1/ 2

µ
=

1
2πFπ

2 ≈10GeV
−2

a0
I =3 / 2

µ
= −

1
2
×
a0
I =1/ 2

µ

€ 

µ =
m1m2

m1 +m2

[Weinberg's current algebra 1966] 
scattering of pion on any particle 

[Lang, Leskovec, Mohler, S. P., arXiv:1207.3204, PRD 86] 

reff ~ 0 

at our mpi=266 MeV, mK, mD 

D-pi: only indirect lattice determination  
•    from Dπ semileptonic form factors 
    [Flynn, Nieves 2007] 
•  from LOC [Liu, Orginos, Meissner et al 2012]  

I=1/2 our result Flynn & 
Nieves 

a0/μ
[GeV-2] 

17.7 ± 3.1 15.9 ± 2.2 



interpolators : 4 quark-antiquark, 2 meson-meson 

D-meson resonances on lattice, S. Prelovsek 32 

[Mohler,  S. P.,  Woloshyn, arXiv:1208.4059] 

exp: 
D0*(2400) 
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