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lon (Search)

Minimize (or maximize) an objective (cost, loss, error,
fitness) function

f: X =R, z~ f(x)

in a black-box scenario (direct search)

where we have no specific assumptions on f
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Given: a para ed distribution p(.][¢d) on X and ) € N
Initialize: parameter vector 6

e.g. mean and variance of p

While not happy
1. Sample p(z|0) — z1,...,2, € X
2. Evaluate x1,...,z, on f — f(x1),..., f(x))

3. Update parameters
0 < Update(0,x1,...,2,, f(x1),..., f(z)))

Return, e.g., the expectation or ML value of p(.|0) as
given in 6

Remark: this algorithm learns a probabilistic model of f



jon template

Given: a paratrlzed distribution p(.|6) on X and ) € N
Initialize: parameter vector 6
While not happy

1. Sample p(x|0) — z1,...,x, € X
2. Evaluate z1,...,x, on f — f(z1),..., f(x))

3. Update parameters
0 < Update(d,x1,...,2., f(x1),..., f(x)))

Return, e.g., the expectation or ML value of p(.|#) as
given in 6

How to choose the parametrized distribution p(.|6)?
How to update 6 (point 3.)?
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The stochastic searchtemplate implies a new search problem
in #-space (derived from the objective function f : X — R):

J(0) = ), x~p(.[0)

X uncountable / W(f(z))p(xz|)dz  to be maximized

where W = W, : R — R depends on f and on the parameter 0; at
iteration ¢ (but consider W( f(x)) = — f(«) for the time being)
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rch problem

The stochastic sech template implies a new search problem
in #-space (derived from the objective function f : X — R):

J(0) = ), x~p(.|0)
X uncountable / W(f(z))p(xz|)dz  to be maximized

where W = W, : R — R depends on f and on the parameter 0; at
iteration ¢ (but consider W( f(x)) = — f(«) for the time being)

To improve J, we will consider the gradient
Vo J(0) = VoIE (W (f(x)))
= K (W(f(lB))Vg log p(.ﬂC‘Q)) because Vyp = pVy logp

Vg .J is the direction of steepest ascend of .J in 6

Nikolaus Hansen INRIA, University Paris-Sud



oroblem

Let z ~ p(.|0) the sample distribution. The new objective

J(0) = E(W(f(z)), x~p(|0)

induces the time continuous gradient flow

in R
d e N
0 = VeI O)],_,, =E(W(f(@)) Vologp(xl6) )|
~ t
ianlm(Q)
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ch problem

Let z ~ p(.|0) the sample distribution. The new objective

J(0) = E(W(f(z)), x~p(|0)

induces the time continuous gradient flow

in R
d —
0 = VeI O)],_,, =E(W(f(@)) Vologp(xl6) )|
~ t
ianlm(Q)

discretized with ) samples and learning rate n > 0 the iteration

A\ preference weight

—
Ors = 0y == W(F(ax) Vo logp(il0)|,_,. o~ p(.100
k 1 ~~
xl/ direction for x,
ndth (A — 00)
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e ud ate

A\ preference weight

1 —T—
Or1— 0 =n— » W(f(xk)) Vo logp(xk|0) , g ~ p(-|0)
\——’ A — . 0=0;
v directic:nr for z,

77(%975 (A — 00)

We need to explain/compute

1. W(f(xx))

very simple to approximate in practice

2. Vylogp(z|6
o log p(z|0) heavily depends on p(.|0)

and start with 2.
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e direction

N preference weight

1 /—/H
Orer = 0r =1~ > W(f(xr)) Vo log p(r1]0)
k=1 .

y Lk Np(|9t)
9:93

Vv
direction for x

Vo depends on a metric in #-space
e why the Euclidean metric?
e which parametrization of p in 67

e why not second order?

— invariance is a major design principle
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eminder

Let . € R, n > 0

In order to improve (reduce) f(zy), descend in gradient
direction:

Tht1 — T — nﬁf(a:k) with n small

or even better in Newton direction using the metric
induced by the inverse Hessian, /71, of f:

Thi1 = o — 01TV (0g)

iIncorporating the curvature of f
Remark: // depends on f and might also depend on =

gradient direction —f(x)!
Newton direction —H~'f"(x)?!
. -




Istributions

The Fisher information meilric is the curvature of the entropy and
implies an informational difference between probability
distributions

The natural gradient 69 = Ie_va uses the Fisher information

metric (the respective inner product) T,:(0) = —E 8215515(9@9)
(el
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ity Distributions

The Fisher information meilric is the curvature of the entropy and
implies an informational difference between probability
distributions

The natural gradient 69 = Ie_va uses the Fisher information

metric (the respective inner product) T,:(0) = —E 8215515(9@9)
(el

Among all gradients, the natural gradient is distinguished as being
invariant under §-re-parametrization and compliant with KL-
divergence (relative entropy, informational difference)

Remark: all previous derivations hold for any gradient and are
independent of the underlying problem f .
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direction

preference weight

A

1 —N—
Orer = 00 =15 > W(f(xr)) Vo log p(ex|0)
k=1 \

y Lk Np(|9t)
9:93

'
direction for x

Examples:

e for the Bernoulli distribution in z;, € {0, 1}"™ with expectation
6 € [0,1]™, we have

Vo log p(x|0) = xp — 0

e for the normal (Gaussian) distribution z ~ N (m, C) in R™, with

™
6 = [ C }Wehave

Vo log p(.|0) = { (z) — m)m(fc;—mm)T - C }
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e pate

N preference weight

1 e
et+1—et=nXZW<f<wk>>vglogp<wk|e> . zp ~ p(.]60k)

k=1 N 9:93

'
direction for x

We need to explain/compute

1. W(f(zk))

very simple to approximate in practice

2. Vylogp(xz|0
’ gp( | ) heavily depends on p(.|0)
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oice of W

preference weight

A

1 ——
Orsr — 00 = 1~ > W(f(wr) Vo logp(zkl0)| @k~ p(l0)
k=1 g 9:93

'
direction for x

The intrinsic choice for W should be

e f-compliant (monotone):

W(f(z:)) < W(f(z;)) <= [flzr;) < f=)
e robust to f-outliers
e invariant under strictly monotonous increasing

f-transformations (order-preserving transformations)
for example f — 3 + 10°
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fining W

We define maximize E[W, (f(z))| 0] w.r.t. 0

Wy = Wy (y) = w(Pr(f(X) <y[X ~p(.|0h)))

CDF of f(X ~ p(.|6+)) at point y

as
e the cumulative distribution function of f(X) at v,

e the probability to get below value y (i.e. better) when
sampling X according to p(.|6:),

transformed with a decreasing weight function w : [0,1] — R
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efining W
We define maximize E[W; (f(x))| ] w.r.t. 0

Wiy o W (y) = w(Pr(F(X) < y| X ~ p(61))

CDF of f(X ~ p(.|6+)) atpoint y

as
e the cumulative distribution function of f(X) at y,

e the probability to get below value y (i.e. better) when
sampling X according to p(.|6:),

transformed with a decreasing weight function w : [0,1] — R

W(f(x)) = w(CDF(f(x))), to be maximized

e is invariant under monotone f-transformations

o forxz ~ p(.|0:) we have W(f(x)) ~ w(U]0, 1])
independentof 0, ¢, p, 6;, and f, J

e results in a comparison-based (rank-based) algorithm
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We can get a consistent approximation for

W (£ () = w(Pr(£(X) < f(2x), X ~ p(.6:))

that is easy to compute only by sorting f(x1),..., f(z.)

dsS

WY (F(zn)) ~ (ra“k(f o)) 1) 2)

fork=1,..., ), where w Is monotonuously decreasing
(and w(0.5) = 0), e.qg.

4 4
3 3’ I [ : : -
— — | ~ truncation
=2\ . =% | ,selection |
S 1\ negative weights S , i
0 . : ; 0_ ............
3002 07 06 08 To 6.0 02 04 06 08 10
(rank(f(zr)) —1/2)/7 (rank(f(zx)) —1/2)/A
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ition Algorithm

Given: search space X and f : X — R to be minimized
Choose: p(.[f)on X, e N,n>0,w:[0,1] - R
Initialize: 6
While not happy

1. Sample p(z|0) — x1,...,2, € X

2. Evaluate x1,...,x, on f — f(x1),..., f(x))

3. Update parameters
preference weight

999"‘77)\ Z (rank Tr) — 1/2) v, logp(ack\é’)

dlrectlon for z,
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ization Algorithm

Given: search space X and f : X — R to be minimized
Choose: p(.|f)on X, A e N, n >0, w :[0,1] = R
Initialize: 6
While not happy

1. Sample p(z|0) — x1,...,2, € X

2. Evaluate x1,...,x, on f — f(x1),..., f(x))

3. Update parameters
preference weight

Q%Q—I—??)\Z (rank Tk —1/2) Vglogp(xk\é’)

dlrectlon for a .

not covered (but relevant in practice):

- different learning rates for different components of
* low pass filtering over several iteration steps

 the principle is insufficient for step-size control!?
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crete case

let x, x3. ~ p(.|0:), then the update of 0; reads

Ot+1

A
— arg mgxx (n% Z W (f(xg))logp(zr|d) + (1 —n) QE(logp(:vI@)))
k=1

Y

cross entropy E(— log p(x|0)) = entropy(6:) + KL(6¢ ||0)

A
—argmax (75 > W(f(on) logp(anlo) + (1= / p(al0r) log p(a|0)d
k=1 JX

J/

J/ vV

Y

maximal if p(.|6) resembles W (f(.)) maximal for 6 = 6,

A\ preference weight

1 ——
=00+ n ) W) Vo logp(we|0)
k=1 ~

+ O(n?) (for n small enough)
=0

Vv
direction for x,

Key observation: trade off between minimal change of 6; and bias towards W ( f(.))
Cross entropy method (CEM) forn =1
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Given an objective function f and a family of probability
distributions p(.|#) on an arbitrary search domain

e we can derive a randomized (stochastic) search algorithm
under a minimal amount of arbitrary decisions, based on
iInvariance principles, in particular invariance under

— (re-)parametrization
— order-preserving f-transformations

o A key property: we get maximal improvement for minimal
change of the distribution

Known algorithms
e Covariance Matrix Adaptation Evolution Strategy (CMA-ES)
e Population Based Incremental Learning (PBIL)
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e starting point for theoretical investigations

e guide to construct new algorithms, namely a “CMA”

with linear number of parameters
IGO is a necessary but not sufficient

requirement
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Furious activity is no substitute for

understanding.

Albert Einstein
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