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what is Inflation?

what is the nature of dark matter?

what is the nature of dark energy?                         
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Planck Collaboration: The Planck mission

Fig. 15. The SMICA CMB map, with 3 % of the sky replaced by a constrained Gaussian realization. For the non-Gaussianity analysis
(Sect. 9.2 and Planck Collaboration XXIV 2014), 73 % of the sky was used. Apart from filling of the blanked pixels, this is the same
map as shown in Fig. 1 of Planck Collaboration XII (2014).

Fig. 16. Spatial distribution of the noise RMS on a color scale
of 25 µK for the SMICA CMB map, from the noise map ob-
tained by running SMICA through the half-ring maps and taking
the half-di↵erence. The average RMS noise is 17 µK. SMICA
does not produce CMB values in the blanked pixels. They are
replaced by a constrained Gaussian realization.

on the 353 GHz Planck polarization data changes the parameters
extracted from the likelihood by less than 1�.

At smaller scales, 50 < ` < 2500, we compute the power
spectra of the multi-frequency Planck temperature maps and
their associated covariance matrices using the 100, 143, and
217 GHz channels, and cross-spectra between these channels12.
Given the limited frequency range used in this part of the analy-
sis, the Galaxy is conservatively masked to avoid contamination

12 Interband calibration uncertainties with respect to 143 GHz have
been estimated by comparing directly the cross spectra and found to be
within 2.4 and 3.4 ⇥ 10�3 for 100 and 217 GHz, respectively.

Fig. 17. Angular spectra for the SMICA CMB products, eval-
uated over the confidence mask, and after removing the beam
window function: spectrum of the CMB map (dark blue), spec-
trum of the noise in that map from the half-rings (magenta), their
di↵erence (grey), and a binned version of it (red).

by Galactic dust, retaining 58 % of the sky at 100 GHz and 37 %
at 143 and 217 GHz.

Bright extragalactic “point” sources detected in the fre-
quency range 100 to 353 GHz are also masked. Even after
masking, extragalactic (including thermal and kinetic Sunyaev-
Zeldovich) sources contribute significantly to the power spec-
tra at the smallest angular scales probed by Planck. We model
this extra power as the sum of multiple emission components,
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The CMB anisotropies
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The CMB anisotropies

E-modes 

Planck 

CMB polarization signal: orders of magnitude weaker than temperature
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Polarization 

B-modes 

• Electric type polarization field.  
!

• Generated by scalar density 
perturbations.

• Magnetic type polarization field.  
!

• Can be generated only by 
primordial tensor modes i.e. 
primordial gravitational waves 
!

• Contribution from lensing



REIONIZATION

DECOUPLING

Generation of the CMB polarization

Thomson scattering 
optical depth: 

Planck Collaboration: Reionisation history

the diffuse gas in the Universe is mostly ionized up to a redshift
of 6 (Fan et al. 2006).

The cosmological evolution of galaxies, of the star formation
rate and of the integrated luminosity of AGNs as a function of
redshift is constrained by surveys of individual galaxies in the ul-
traviolet (HST), visible light (HST and large ground based tele-
scopes), far-infrared and sub-millimeter wavelengths (space ob-
servatories ISO, SPITZER, HERSCHEL), and millimeter (with
ground based millimeter telescopes SPT, ACT). The formation
of structures in the universe predicts that small masses detach
form the general expansion to collapse and virialize and if they
reach a high enough temperature to excite the lowest electronic
level of hydrogen enough cool and eventually form population
III stars and dwarf galaxies. This can take place at rather high
redshifts (15 to 30). Population III has been looked for in the
near infrared Cosmic Infrared Background and only but no con-
vincing evidence was found yet.
In this new context with a smaller optical depth, popIII stars,
which are thought to have initiated the reionisation process,
should have had different properties (e.g., lower masses and/or
softer spectra) or the atomic-cooling halos would have had
smaller UV escape fractions.

The goal of this paper is to investigate the early reionisa-
tion history of our universe combining all CMB constraints and
comparing them with astrophysical probes. First we extract the
maximum possible information that reionisation imprinted in the
low ` polarisation data alone. We derive the constraints based on
CMB anisotropies with a single-stage model, a physically moti-
vated parametrisation, and a non-parametric reconstruction (us-
ing bins in redshifts or PCA analysis). In combination with kSZ
constraints, we give an indication for a rapid transition from neu-
tral to ionised medium. The analysis combining amplitude of the
kSZ component from the high multipole measurements with the
low-` part of the polarized power spectra translates into con-
straints on the duration of reionisation for a simple single-stage
transition as used in LCDM. Finally we combine CMB data with
astrophysical external constraints in order to discuss the impli-
cations of these results on the reionisation process and the star
formation.

We illustrate our results using both LFI and HFI data.
Robustness tests are also being performed (e.g., comparison with
polarised component separation combined with classical brute-
force pixel-based likelihood, etc). The robustness tests are for
the time being in Appendix A.

2. Model for reionisation history

The reionisation process is a balance between the recombina-
tion of free electrons with protons to form neutral hydrogen
and the ionisation of hydrogen atoms by photons with energies
E > 13.6 eV. Models of the reionisation have a long history.
Early empirical, analytic and numerical models of the reionisa-
tion process (e.g., Aghanim et al. 1996; Gruzinov & Hu 1998;
Madau et al. 1999; Gnedin 2000; Ciardi et al. 2003) highlighted
the essential physics that give rise to the ionised intergalactic
medium (IGM) at late times and provided predictions on the ef-
fects on CMB at small angular scales.

Reionisation leaves imprints in the CMB power spectra, both
in polarisation and in intensity through the kinetic Sunyaev-
Zeldovich (kSZ) effect, due to the re-scattering of photons off
newly liberated electrons (see Aghanim et al. (2008) and ref-
erences therein). One of the relevant physical, and the most
commonly used quantities to characterise reionisation is the

Thomson scattering optical depth

⌧ =

Z ⌘0

0
ane�T d⌘, (1)

where ne is the number density of free electrons at a conformal
time ⌘, �T is the Thomson scattering cross-section, a is the scale
factor and ⌘0 is the conformal time today. The reionisation his-
tory is conveniently expressed in terms of the ionised fraction
xe(z) = ne(z)/nH(z) where nH(z) is the Hydrogen number den-
sity.

In the following, we define the beginning and the end of
the reionisation history by the redshifts z10% and z90% at which
xe = 0.1 max(xe) and 0.9 max(xe) respectively. As is custom-
ary, we call redshift of reionisation, and define z50% (sometimes
also referred to by zre) as the redshift at which xe = 0.5 max(xe).
Note that we take into account the electrons injected into the
Intergalactic Medium by the first ionisation of Helium, and
therefore max xe ' 1.08 by the end of reionisation.

2.1. Single-stage reionisation

The parametrisation widely used by the CMB community is
available in the publicly available code CAMB (Lewis et al.
2000). The reionisation history is described by a step-like transi-
tion between an essentially vanishing ionised fraction xe at early
times (it is actually matched to the relic fraction from recom-
bination) to a unit value at low redshifts. The tanh-based fitting
function is described in ?. The key parameters are zre and Dz
which measure, respectively, the redshift at which the ionised
fraction reaches half its maximum (typically 1.08, not including
the second reionisation of Helium that occurs at z ⇠ 3.5 and con-
tributes a tiny amount to the total optical depth) and the duration
of the transition. Note that the standard “instantaneous” reion-
isation model used in ? and in the Planck Cosmo Parameters
Paper assumes �z = 0.5 (which corresponds, in this parametri-
sation, to the transition between xe ⇠ 0.29 and xe ⇠ 0.79). This
parametrisation allows us to compute the optical depth of Eq. (1)
in a one-stage redshift symmetric reionisation model, in which
the redshift interval between the onset of the reionisation process
and its half-completion is by construction equal to the second in-
terval until full-completion. In the present analysis, we allow ⌧
and �z to vary.

2.2. Two-stage reionisation

Given the decline in the abundance of quasars beyond redshift
z ⇠ 6, they cannot be a significant contributor to reionisation
(e.g., ??). Star-forming galaxies at redshifts z & 6 have there-
fore long been postulated as the likely sources of reionisation,
and their time-dependent abundance and spectral properties are
crucial ingredients for understanding how intergalactic hydrogen
became reionised (for reviews, see ???).

In a parametrisation proposed by Ilić et al. (2014, in prep),
we encode in a convenient and economic way a two-stage reion-
isation process. The first stage is slow and progressive, at-
tributable to the “soft” ionising photons produced by the first
stars and primordial dwarf galaxies. The second stage is faster
and accelerated, leading by z ⇠ 6 to the completion of Hydrogen
and first Helium Reionisation by quasars that produce “harder”
ionising photons. This parametrisation allows for multiple pop-
ulations of ionising sources, including early Population III stars.
It accounts for the possibility of a z-asymmetric reionisation his-
tory as shown in Fig. 1 and agrees in shape with the most recent
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Enhancement of the E&B 
modes at large angular scales: 

REIONIZATION BUMP



The CMB angular power spectra

CℓTT

CℓTE

CℓEE

CℓBB

lensing

REIONIZATION bump(s)!
2<l<15

CMB anisotropies:

r=0.3

r=0.03

r=0.1
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∝r=tensor-to-scalar ratio



➡ The next challenge: !
    the CMB polarization at large angular scales!
     Why it is interesting  
     Statistical method(s)  
     Results

➡ PLANCK 2015: overview of general results

OUTLINE
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The Planck and Bicep2 results  



The Planck satellite
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➡ 9 frequency bands 
➡ Two instruments: !
    LFI:  30GHz, 44GHz, 70GHz 
    HFI: 100GHz, 143GHz, 217GHz !

353GHz, 545GHz, 857GHz



The Planck satellite
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➡ 9 frequency bands 
➡ Two instruments: !
    LFI:                 44GHz, 70GHz 
    HFI: 100GHz, 143GHz, 217GHz !

Foregrounds 
characterization

Channels for CMB 
charcterization

30GHz,

353GHz, 545GHz, 857GHz



What’s new
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2013&2014&

preliminary&

2015

Improvements: 
➡  data calibration 
➡  better control of systematics 
➡  better beam characterization 
➡  full mission data

ΛCDM best fit (Planck Temperature spectrum)
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Planck Collaboration: Cosmological parameters
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Fig. 3. The frequency averaged TE and EE spectra (without fitting for T -P leakage). The theoretical TE and EE spectra plotted in
the upper panel are computed from the TT best fit model of Fig. 1. Resduals with respect to this theoretical model are shown in the
lower panels. The error bars show ±1� errors. The green lines in the lower panels show the best fit T -P leakage model of Equ. 12
fitted separately to the TE and EE spectra.

Fig. 4. The black lines in show the expected TE and EE spectra given the TT data. The shaded areas show the 1 and 2� ranges
computed from Equ. 16. The blue points show the residuals for the measured TE and EE spectra.

sion of the TT likelihood using the analytic covariance matrices
given by Efstathiou (2006) and Hamimeche & Lewis (2008).
[2] Polarization spectra and residual systematics

Maximum likelihood frequency coadded TE and EE spec-
tra are shown in Fig. 3. The theoretical curves plotted in these
figuresare the TE and EE spectra computed from the best-fit
base ⇤CDM model fitted to the temperature spectra (Planck
TT+lowP) as plotted in Fig. 1. The lower panels in each fig-
ure show the residuals with respect to this model. The theoret-
ical model provides a very good fit to the TE and EE spectra.
Table 2 lists �2 statistics for the TE and EE spectra for each fre-
quency comination. (Note that TE and ET spectra for each fre-
quency combination have been coadded.) Some of these �2 val-
ues are unusually high, for example the 100⇥100 and 143⇥217
TE spectra and the 100 ⇥ 143 EE spectrum all have low PTEs.
The Planck TE and EE spectra for di↵erent frequency combina-
tions are not as internally consistent as the Planck TT spectra.
Intercomparison of the TE and EE spectra at di↵erent frequen-

cies is much more straightforward than for the temperature spec-
tra because unresolved foregrounds are unimportant in the polar-
ization spectra. The high �2 listed in Table 2 therefore provide
clear evidence of residual systematics in the TE and EE spectra.

With our present understanding of the Planck polarization
data, we believe that the dominant source of systematic error in
the polarization spectra is caused by beam mismatch which gen-
erates leakage from temperature to polarization (recall that the
HFI polarization maps are generated by di↵erencing signals be-
tween quadruplets of polarization sensitive bolometers). In prin-
ciple, with accurate knowledge of the beams this leakage could
be described by e↵ective polarized beam window functions. For
the 2014 papers, we use the TT beams rather than polarized
beams, and characterise temperature to polarization leakage us-
ing a simplified model. The impact of beam mismatch on the

12

TE polarization EE polarization

What’s new

Planck 2015, first release of polarization data:!
➡  only LFI 30,44,70 GHz + 353GHz HFI 
➡  HFI EE, TE data used for analysis 
➡  No release of HFI 100,143, 217 GHz polarized data 
➡  HFI higher resolution: still systematics at large angular scales

The next challenge 

ΛCDM best fit (Planck Temperature spectrum)
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Planck 2015: the ΛCDM model 
The base 6 parameters:

Baryon energy density
Cold Dark Matter energy density
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Spectral index

of the 
primordial 
scalar  
perturbations

Optical depth to reionization

characteristic angular size of the CMB fluctuations

Planck Collaboration: Cosmological parameters

2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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Planck Collaboration: Gravitational lensing by large-scale structures with Planck

�0.5

0

0.5

1

1.5

2

1 10 100 500 1000 2000

[L
(L

+
1)

]2
C

�
�

L
/2

�
[�

10
7
]

L

Planck (2015)
Planck (2013)

SPT
ACT

Fig. 6 Planck 2015 full-mission MV lensing potential power spectrum measurement, as well as earlier measurements using the
Planck 2013 nominal-mission temperature data (Planck Collaboration XVII 2014), the South Pole Telescope (SPT, van Engelen
et al. 2012), and the Atacama Cosmology Telescope (ACT, Das et al. 2013). The fiducial ⇤CDM theory power spectrum based on
the parameters given in Sect. 2 is plotted as the black solid line.

space of ⌦m, H0, and �8. Figure 7 shows the corresponding
constraints from CMB lensing, along with tighter constraints
from combining with additional external baryon acoustic oscil-
lation (BAO) data, compared to the constraints from the Planck
CMB power spectra. The contours overlap in a region of accept-
able Hubble constant values, and hence are compatible. To show
the multi-dimensional overlap region more clearly, the red con-
tours show the lensing constraint when restricted to a reduced-
dimensionality space with ✓MC fixed to the value accurately mea-
sured by the CMB power spectra; the intersection of the red and
black contours gives a clearer visual indication of the consis-
tency region in the ⌦m–�8 plane.

The lensing-only constraint defines a band in the ⌦m–�8
plane, with the well-constrained direction corresponding ap-
proximately to the constraint

�8⌦
0.25
m = 0.591 ± 0.021 (lensing only; 68 %). (13)

This parameter combination is measured with approximately
3.5% precision.

The dependence of the lensing potential power spectrum on
the parameters of the ⇤CDM model is discussed in detail in
Appendix E; see also Pan et al. (2014). Here, we aim to use
simple physical arguments to understand the parameter degen-
eracies of the lensing-only constraints. In the flat ⇤CDM model,
the bulk of the lensing signal comes from high redshift (z > 0.5)
where the Universe is mostly matter-dominated (so potentials are
nearly constant), and from lenses that are still nearly linear. For
fixed CMB (monopole) temperature, baryon density, and ns, in
the ⇤CDM model the broad shape of the matter power spectrum
is determined mostly by one parameter, keq ⌘ aeqHeq / ⌦mh2.

The matter power spectrum also scales with the primordial am-
plitude As; keeping As fixed, but increasing keq, means that the
entire spectrum shifts sideways so that lenses of the same typ-
ical potential depth  lens become smaller. Theoretical ⇤CDM
models that keep `eq ⌘ keq �⇤ fixed will therefore have the same
number (proportional to keq �⇤) of lenses of each depth along
the line of sight, and distant lenses of the same depth will also
maintain the same angular correlation on the sky, so that the
shape of the spectrum remains roughly constant. There is there-
fore a shape and amplitude degeneracy where `eq ⇡ constant,
As ⇡ constant, up to corrections from sub-dominant changes in
the detailed lensing geometry, changes from late-time potential
decay once dark energy becomes important, and nonlinear ef-
fects. In terms of standard ⇤CDM parameters around the best-fit
model, `eq / ⌦0.6

m h, with the power-law dependence on ⌦m only
varying slowly with ⌦m; the constraint `eq / ⌦0.6

m h = constant
defines the main dependence of H0 on ⌦m seen in Fig. 7.

The argument above for the parameter dependence of the
lensing power spectrum ignores the e↵ect of baryon suppres-
sion on the small-scale amplitude of the matter power spectrum
(e.g., Eisenstein & Hu 1998). As discussed in Appendix E, this
introduces an explicit dependence of the lensing power spectrum
on ⌦mh2. However, since the parameter dependence of `eq is
close to (⌦mh2)1/2, we can still think of As and `eq as giving
the dominant dependence of C��L on parameters.

In practice the shape of C��L is not measured perfectly, and
there is also some degeneracy between As, which directly in-
creases the amplitude, and `eq, which increases the amplitude via
an increase in the number of lenses along the line of sight and in-
directly by changing the depth of potential wells of a given size.
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Fig. 1. The skew-C` spectrum for the lensing-ISW e↵ect (red
line with data points), from the temperature map. The blue curve
is the theoretically-expected spectrum. Note that the points be-
yond ` = 1500 are significantly correlated.

relation does not lead to a bias compared to the other estimators.
We will use the KSW results to draw our conclusions.

We see that temperature results from the full mis-
sion are consistent with the 2013 nominal mission re-
sults (Planck Collaboration XXIV 2014). Including polarization
yields results that also appear consistent and decrease the error
bars. However, for now the T+E result should be considered pre-
liminary, for the reasons related to polarization data discussed in
detail in Sects. 6 and 7. The error bars will also improve when
measured with the other bispectrum estimators. As already seen
in 2013, the values for f LISW

NL are slightly low compared to the
expected value of 1, but not significantly so. On the other hand,
the detection of the lensing-ISW bispectrum is significant, even
with our conservative rescaling of the error bars. The hypoth-
esis of having no lensing-ISW bispectrum is excluded at 2.8�
using temperature alone, and improves to 3.0� with the current
preliminary result when including polarization. As mentioned
above, the latter result is likely to improve with further analysis
of the Planck data. In Fig. 1 we present the results of the skew-
C` analysis for lensing-ISW NG for the T map, which illustrates
that the instrument and data processing are not removing this
expected NG signal from the data.

4.2. Non-Gaussianity from extragalactic point sources

The auto-bispectra of extragalactic point sources are a potential
contaminant to primordial NG estimates at Planck frequencies.
The basic modelling and methodology of this section follows the
corresponding section in Planck Collaboration XXIV (2014).

Extragalactic point sources are divided into populations
of unclustered and clustered sources. The former are radio
and late-type infrared galaxies (see e.g., To↵olatti et al. 1998;
González-Nuevo et al. 2005), while the latter are dusty star-
forming galaxies constituting the cosmic infrared background
(CIB; Lagache et al. 2005). The contamination due to both types
of sources in NG estimators is handled via dedicated bispectrum
templates which are fitted jointly with the primordial NG tem-
plates.
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Fig. 2. The skew-C` spectrum for unclustered point sources (red
line with data points), from the temperature map. The blue curve
is the theoretical spectrum, given the amplitude determined with
the KSW estimator.

The unclustered sources have a white noise distribution, and
hence constant polyspectra. Their reduced angular bispectrum
template is thus

bunclust
`1`2`3

= constant. (49)
This constant is usually noted bPS or bsrc in the literature (e.g.,
Komatsu & Spergel 2001). This constant template is valid in po-
larization as well as temperature, since the polarization angles of
point sources do not show any more correlation than their fluxes.
However, since not all these point sources are polarized, we do
not measure the same sources in temperature and in polarization.
In fact, there is no detection of unclustered point sources in the
cleaned Planck polarization map, unlike in the temperature map,
where Table 3 (binned bispectrum estimator) and Fig. 2 (skew-
C`s) show a clear detection.

The clustered sources (CIB) have a more complex bispec-
trum in temperature, reflecting the distribution of the large-
scale structure and the clustering of galaxies in dark matter
halos (Argüeso et al. 2003; Lacasa et al. 2012). The Planck re-
sults have allowed the measurement of the CIB bispectrum at
frequencies 217, 353, 545 GHz in the range ` ⇠ 200–700
(Planck Collaboration XXX 2014). In this multipole range, a
power law was found to fit the measurement, with an expo-
nent consistent between frequencies. However, at lower mul-
tipoles theoretical models for the CIB power spectrum (e.g.,
Planck Collaboration XXX 2014) and bispectrum (Lacasa et al.
2014; Pénin et al. 2014) predict a flattening of the CIB power.
We thus take the TTT CIB bispectrum template to be a broken
power law,

bCIB
`1`2`3

/
"

(1 + `1/`break)(1 + `2/`break)(1 + `3/`break)
(1 + `0/`break)3

#q

, (50)

where the index is q = 0.85, the break is located at `break = 70,
and `0 = 320 is the pivot scale for normalization. Dusty star-
forming galaxies emit with a low polarization fraction, so that
the CIB is negligibly polarized. We thus take vanishing tem-
plates for its polarized bispectra

bCIB,TT E
`1`2`3

= bCIB,T EE
`1`2`3

= bCIB,EEE
`1`2`3

= 0. (51)
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an oscillatory behaviour and peaked on squeezed configura-
tions — that is a well-known contaminant to the primordial
NG signal (Hanson & Lewis 2009; Mangilli & Verde 2009;
Lewis et al. 2011; Mangilli et al. 2013). The temperature-
only 2013 Planck results (Planck Collaboration XXIV 2014;
Planck Collaboration XIX 2014; Planck Collaboration XVII
2014) showed evidence for the first time for the lensing-
ISW CMB bispectrum and associated bias. Based on the
same methodology used for the 2013 Planck data analysis
(Planck Collaboration XXIV 2014), here we update the compu-
tation of the lensing-ISW bispectrum and its bias to include the
full mission temperature and polarization data.

As shown by Cooray & Melchiorri (2006), the direct
lensing-ISW correlation in E-polarization due to rescattering of
the temperature quadrupole generated by the ISW e↵ect is neg-
ligible. However, as explained in Lewis et al. (2011), there is
an important correlation between the lensing potential and the
large-scale E-polarization generated by scattering at reioniza-
tion. Because the lensing potential is highly correlated with the
ISW signal, this also leads to a non-zero lensing-ISW bispec-
trum in polarization.

To determine f LISW
NL , the amplitude parameter of the lensing-

ISW bispectrum, one simply inserts the theoretical template for
this shape into the general expression Eq. (38). The template is
given by (Hu 2000; Lewis et al. 2011)

bX1X2X3,LISW
`1`2`3

= CX2�
`2

C̃X1X3
`3

f X1
`1`2`3

+CX3�
`3

C̃X1X2
`2

f X1
`1`3`2

+CX1�
`1

C̃X2X3
`3

f X2
`2`1`3

+CX3�
`3

C̃X1X2
`1

f X2
`2`3`1

+CX1�
`1

C̃X2X3
`2

f X3
`3`1`2

+CX2�
`2

C̃X1X3
`1

f X3
`3`2`1
. (46)

Here CT�
` and CE�

` are the temperature/polarization-lensing po-
tential cross power spectra, and the tilde on C̃TT

` , C̃T E
` , C̃EE

` in-
dicates that it is the lensed TT , T E, EE power spectrum. The
functions f T,E

`1`2`3
are defined by

f T
`1`2`3

=
1
2

[`2(`2 + 1) + `3(`3 + 1) � `1(`1 + 1)] ,

f E
`1`2`3

=
1
2

[`2(`2 + 1) + `3(`3 + 1) � `1(`1 + 1)]

⇥
 

`1 `2 `3
2 0 �2

!  

`1 `2 `3
0 0 0

!�1

, (47)

if `1 + `2 + `3 is even and `1, `2, `3 satisfy the triangle inequality,
and zero otherwise.

In this paper our main concern with the lensing-ISW bispec-
trum is not so much to determine its amplitude, although that is
also of great interest, but to compute its influence on the primor-
dial shapes. The bias � f P

NL due to the lensing-ISW bispectrum
on the estimation of a given primordial amplitude f P

NL is given
by

� f P
NL =

hbLISW, bPi
hbP, bPi , (48)

where the inner product is defined in Eq. (39).
The values for the bias are given in Table 1. It should

be noted that these are the results as computed exactly with
Eq. (48). They can di↵er slightly from the ones used in e.g.,
Table 10, where each estimator uses values computed using
the approximations appropriate to the method. However, these
di↵erences are completely insignificant. As seen already in
Planck Collaboration XXIV (2014), for T-only the bias is very
significant for local and to a lesser extent for orthogonal NG. For

Table 1. Bias in the three primordial fNL parameters due to the
lensing-ISW signal for the four component separation methods.

lensing-ISW fNL bias

Shape SMICA SEVEM NILC Commander

T Local . . . . . . . . 7.5 7.5 7.3 7.0
T Equilateral . . . . . 1.1 1.2 1.3 1.8
T Orthogonal . . . . �27 �27 �26 �26

E Local . . . . . . . . 1.0 1.1 1.0 1.1
E Equilateral . . . . . 2.6 2.7 2.5 2.9
E Orthogonal . . . . �1.3 �1.3 �1.2 �1.5

T+E Local . . . . . . 5.2 5.5 5.1 4.9
T+E Equilateral . . 3.4 3.4 3.4 3.6
T+E Orthogonal . . �10 �11 �10 �10

Table 2. Results for the amplitude of the lensing-ISW bis-
pectrum from the SMICA, SEVEM, NILC, and Commander
foreground-cleaned maps, for di↵erent bispectrum estimators.
Error bars are 68 % CL; see the main text for how they have
been determined.

lensing-ISW amplitude

Method SMICA SEVEM NILC Commander

T
KSW . . . . 0.79 ± 0.28 0.78 ± 0.28 0.78 ± 0.28 0.84 ± 0.28
Binned . . . 0.59 ± 0.33 0.60 ± 0.33 0.68 ± 0.34 0.65 ± 0.35
Modal2 . . 0.72 ± 0.26 0.73 ± 0.26 0.73 ± 0.26 0.78 ± 0.27

T+E
Binned . . . 0.82 ± 0.27 0.75 ± 0.28 0.85 ± 0.27 0.84 ± 0.28

local NG the bias is larger than the error bars on fNL. We see that
for E-only the e↵ect is non-zero but not significant. For the full
T+E case, the bias is smaller than for T-only, but large enough
that it is important to take into account.

The results for f LISW
NL can be found in Table 2. The polarized

version of the template has only been implemented in the binned
bispectrum estimator. Error bars have been determined based on
FFP8 simulations as usual, except for the NILC results of the
binned estimator. In that case the error bar is determined based
on rescaling the Fisher error bar with the scaling observed for the
other methods.12 The KSW estimator implements the lensing-
ISW template exactly, while the binned and modal estimators
use approximations, as explained in Sect. 3. In particular for the
binned estimator the correlation between the binned and exact
lensing-ISW template is relatively low, since it is a di�cult tem-
plate to bin (unlike all the other templates considered in this pa-
per), which is reflected in the larger error bars. Tests performed
on FFP8, as well as other tests, demonstrate that the lower cor-

12 The average value of the lensing-ISW amplitude determined from
the FFP8 simulations is around 0.85. This value is very consistent across
bispectrum estimators and component separation methods, which pro-
vides a useful consistency test in its own right. Except for this e↵ect,
all other tests on the temperature FFP8 maps show them to be very ro-
bust and to behave as expected, for example in the determination of the
lensing-ISW bias on the local shape. We took this e↵ect into account by
increasing all error bars in the table by the appropriate factor (i.e., by
dividing them by ⇠ 0.85).

12
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Fig. 4. Note these are Nominal Mission results only ...
Comparison between the bispectrum reconstruction in the three
alternative basis representations plotted in the signal-dominated
regime with `lmax < 1500. Upper plot is nmax = 301 hybrid
Fourier basis ??, middle is nmax = 601 hybrid polynomial and
the lower is the nmax = 501 sinlog basis. Ten evenly spaced
contours have been plotted ranging from negative (blue) to posi-
tive (red). Although the reconstructions have independent bases
with di↵erent resolutions, the bispectrum signal exhibits qualita-
tively similar features, including the apparent banding or oscil-
lations varying in the quantity ˜̀ = (`1 + `2 + `3)/2. Note that the
sin-log basis has variable resolution which is higher for ˜̀ small.

Table 9. Results for the fNL parameters of the primordial lo-
cal, equilateral, and orthogonal shapes, determined by the KSW
estimator from the SMICA foreground-cleaned map. Both inde-
pendent single-shape results and results with the ISW-lensing
bias subtracted are reported; error bars are 68% CL . The final
reported results of the paper are shown in bold face.

fNL(KSW)

Shape and method Independent ISW-lensing subtracted

SMICA (T)
Local . . . . . . . . . 9.5 ± 5.6 1.8 ± 5.6
Equilateral . . . . . �10 ± 69 �9.2 ± 69
Orthogonal . . . . . �43 ± 33 �20 ± 33
SMICA (T+E)

Local . . . . . . . . . 6.5 ± 5.1 0.71 ± 5.1
Equilateral . . . . . �8.9 ± 44 �9.5 ± 44
Orthogonal . . . . . �35 ± 22 �25 ± 22

8. Other non-Gaussianity Shapes for fNL

This section will present limits on fNL for other shapes:

8.1. Isocurvature non-Gaussianity

We now show the results obtained for a study of the isocurvature
NG in the Planck 2014 Smica map using the binned bispectrum
estimator. As explained in Sec. 2.4, we only investigate isocurva-
ture NG of the local type, and in addition always consider only
one isocurvature mode (either cold dark matter, neutrino den-
sity, or neutrino velocity isocurvature) in addition to the adia-
batic mode. In that case there are 6 di↵erent fNL parameters: a
purely adiabatic one (a,aa, which correponds to the result from
Sec. 6), a purely isocurvature one (i,ii), and four mixed ones (see
Sec. 2.4 for an explanation of the notation).

The results are given in Table 10.7 Looking at these results
we see no clear signs of any isocurvature NG. There are a few
values that deviate from zero by up to about 2.5�, but such a
small deviation, in particular when it is not present in both T
and T+E, cannot be considered a detection. We do see that many
constraints are tightened considerably when including polariza-
tion, by up to the predicted factor of about six for the cold dark
matter a,ii, i,ai, and i,ii modes in the joint analysis.

8.2. Feature models

An interesting class of scale-dependent bispectra is given by lin-
ear oscillations of the shape given in Eq. (11) known as the fea-
ture model. In [Planck 2013 NG] we performed an initial search
for such models by means of the modal expansion. This search
was limited to kc > 0.01 by the native resolution of our im-
plementation of the modal estimator (using 600 modes). With
the improved resolution of the modal estimator (now using 2000
modes) we are able to achieve convergence over a broader range
up to kc = 0.02. We perform a frequency scan of 500 sampling

7 Compared to definitions in the literature based on ⇣ and S (see
e.g. Langlois & van Tent (2012)), here we adopt definitions based on
�adi = 3⇣/5 and �iso = S/5, in order to make the link with the stan-
dard adiabatic result more direct. Conversion factors to obtain results
based on ⇣ and S are 6/5, 2/5, 2/15, 18/5, 6/5, and 2/5, for the six modes
respectively.
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Fig. 4. Note these are Nominal Mission results only ...
Comparison between the bispectrum reconstruction in the three
alternative basis representations plotted in the signal-dominated
regime with `lmax < 1500. Upper plot is nmax = 301 hybrid
Fourier basis ??, middle is nmax = 601 hybrid polynomial and
the lower is the nmax = 501 sinlog basis. Ten evenly spaced
contours have been plotted ranging from negative (blue) to posi-
tive (red). Although the reconstructions have independent bases
with di↵erent resolutions, the bispectrum signal exhibits qualita-
tively similar features, including the apparent banding or oscil-
lations varying in the quantity ˜̀ = (`1 + `2 + `3)/2. Note that the
sin-log basis has variable resolution which is higher for ˜̀ small.

Table 9. Results for the fNL parameters of the primordial lo-
cal, equilateral, and orthogonal shapes, determined by the KSW
estimator from the SMICA foreground-cleaned map. Both inde-
pendent single-shape results and results with the ISW-lensing
bias subtracted are reported; error bars are 68% CL . The final
reported results of the paper are shown in bold face.

fNL(KSW)

Shape and method Independent ISW-lensing subtracted

SMICA (T)
Local . . . . . . . . . 9.5 ± 5.6 1.8 ± 5.6
Equilateral . . . . . �10 ± 69 �9.2 ± 69
Orthogonal . . . . . �43 ± 33 �20 ± 33
SMICA (T+E)

Local . . . . . . . . . 6.5 ± 5.1 0.71 ± 5.1
Equilateral . . . . . �8.9 ± 44 �9.5 ± 44
Orthogonal . . . . . �35 ± 22 �25 ± 22

8. Other non-Gaussianity Shapes for fNL

This section will present limits on fNL for other shapes:

8.1. Isocurvature non-Gaussianity

We now show the results obtained for a study of the isocurvature
NG in the Planck 2014 Smica map using the binned bispectrum
estimator. As explained in Sec. 2.4, we only investigate isocurva-
ture NG of the local type, and in addition always consider only
one isocurvature mode (either cold dark matter, neutrino den-
sity, or neutrino velocity isocurvature) in addition to the adia-
batic mode. In that case there are 6 di↵erent fNL parameters: a
purely adiabatic one (a,aa, which correponds to the result from
Sec. 6), a purely isocurvature one (i,ii), and four mixed ones (see
Sec. 2.4 for an explanation of the notation).

The results are given in Table 10.7 Looking at these results
we see no clear signs of any isocurvature NG. There are a few
values that deviate from zero by up to about 2.5�, but such a
small deviation, in particular when it is not present in both T
and T+E, cannot be considered a detection. We do see that many
constraints are tightened considerably when including polariza-
tion, by up to the predicted factor of about six for the cold dark
matter a,ii, i,ai, and i,ii modes in the joint analysis.

8.2. Feature models

An interesting class of scale-dependent bispectra is given by lin-
ear oscillations of the shape given in Eq. (11) known as the fea-
ture model. In [Planck 2013 NG] we performed an initial search
for such models by means of the modal expansion. This search
was limited to kc > 0.01 by the native resolution of our im-
plementation of the modal estimator (using 600 modes). With
the improved resolution of the modal estimator (now using 2000
modes) we are able to achieve convergence over a broader range
up to kc = 0.02. We perform a frequency scan of 500 sampling

7 Compared to definitions in the literature based on ⇣ and S (see
e.g. Langlois & van Tent (2012)), here we adopt definitions based on
�adi = 3⇣/5 and �iso = S/5, in order to make the link with the stan-
dard adiabatic result more direct. Conversion factors to obtain results
based on ⇣ and S are 6/5, 2/5, 2/15, 18/5, 6/5, and 2/5, for the six modes
respectively.

16

Preliminary*

= amplitude of non-Gaussian signal

Temperature + Polarization

Temperature only

Anna Mangilli (IAS & LAL) - LAL 10th February 2015



Planck Collaboration: Cosmological parameters

Fig. 29. Samples from the Planck TT+lowP posterior in theP
m⌫–H0 plane, colour-coded by �8. Higher

P
m⌫ damps

the matter fluctuation amplitude �8, but also decreases H0
(grey bands show the direct measurement H0 = (70.6 ±
3.3) km s�1Mpc�1, Eq. 30). Solid black contours show the con-
straint from Planck TT+lowP+lensing (which mildly prefers
larger masses), and filled contours show the constraints from
Planck TT+lowP+lensing+BAO.

smaller with the alternative CamSpec likelihood) so we consider
the TT results to be our most reliable constraints.

The constraint of Eq. (55b) is consistent with the 95 % limit
of
P

m⌫ < 0.23 eV reported in PCP13 for Planck+BAO. The
limits are similar because the linear CMB is insensitive to the
mass of neutrinos that are relativistic at recombination. There is
little to be gained from improved measurement of the CMB tem-
perature power spectra, though improved external data can help
to break the geometric degeneracy to higher precision. CMB
lensing can also provide additional information at lower red-
shifts, and future high resolution CMB polarization measure-
ments that accurately reconstruct the lensing potential can probe
much smaller masses (see e.g. Abazajian et al. 2015).

As discussed in detail in PCP13 and Sect. 5.1, the Planck
CMB power spectra prefer somewhat more lensing smoothing
than predicted in⇤CDM (allowing the lensing amplitude to vary
gives AL > 1 at just over 2�). The neutrino mass constraint
from the power spectra is therefore quite tight, since increas-
ing the neutrino mass lowers the predicted smoothing even fur-
ther compared to base ⇤CDM. On the other hand the lensing
reconstruction data, which directly probes the lensing power,
prefers lensing amplitudes slightly below (but consistent with)
the base ⇤CDM prediction (Eq. 18). The Planck+lensing con-
straint therefore pulls the constraints slightly away from zero to-
wards higher neutrino masses, as shown in Fig. 30. Although the
posterior has less weight at zero, the lensing data are incompati-
ble with very large neutrino masses so the Planck+lensing 95 %
limit is actually tighter than the Planck TT+lowP result:
X

m⌫ < 0.68 eV (95%,Planck TT+lowP+lensing). (56)

Adding the polarization spectra improves this constraint slightly
to
X

m⌫ < 0.59 eV (95%,Planck TT,TE,EE+lowP+lensing).
(57)
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Fig. 30. Constraints on
P

m⌫ for various data combinations.

We take the combined constraint including BAO, JLA and H0
(“ext”) as our best limit
X

m⌫ < 0.23 eV

⌦⌫h2 < 0.0025

9>>=
>>; 95%, Planck TT+lowP+lensing+ext.

(58)
This is slightly weaker than the constraint from Planck
TT,TE,EE+lowP+lensing+BAO, (which is tighter in both the
CamSpec and Plik likelihoods) but is immune to low level
systematics that might a↵ect the constraints from the Planck
polarization spectra. Eq. (58) is therefore a conservative limit.
Marginalizing over the range of neutrino masses, the Planck con-
straints on the late-time parameters are then22

H0 = 67.7 ± 0.6

�8 = 0.810+0.015
�0.012

9>=
>; Planck TT+lowP+lensing+ext. (59)

For this restricted range of neutrino masses, the impact on the
other cosmological parameters is small and, in particular, low
values of �8 will remain in tension with the parameter space
preferred by Planck.

The constraint of Eq. (58) is weaker than the constraint of
Eq. (55b) excluding lensing, but there is no good reason to disre-
gard the Planck lensing information while retaining other astro-
physical data. The CMB lensing signal probes very-nearly lin-
ear scales and passes many consistency checks over the multi-
pole range used in the Planck lensing likelihood (see Sect. 5.1
and Planck Collaboration XV (2015)). The situation with weak
galaxy lensing is rather di↵erent, as discussed in Sect. 5.5.2. In
addition to possible observational systematics, the weak lensing
data probe lower redshifts than CMB lensing, and smaller spa-
tial scales where uncertainties in modelling nonlinearities in the
matter power spectrum and baryonic feedback become impor-
tant (Harnois-Déraps et al. 2014).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis

22To simplify the displayed equations, H0 is given in units of
km s�1Mpc�1 in this section.
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of Samushia et al. (2014), as shown in Fig. 17. Weak galaxy
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high redshift quasars. Palanque-Delabrouille et al. (2014)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95%CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the
photon density ⇢� at T ⌧ 1 MeV by

⇢ = Ne↵
7
8

 
4

11

!4/3

⇢�. (60)

The numerical factors in this equation are included so that
Ne↵ = 3 for three standard model neutrinos that were thermal-
ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
actually Ne↵ = 3.046, since neutrinos are not completely de-
coupled at electron-positron annihilation and are subsequently
slightly heated (Mangano et al. 2002).

In this section we focus on additional density from mass-
less particles. In addition to massless sterile neutrinos, a variety
of other particles could contribute to Ne↵ . We assume that the
additional massless particles are produced well before recombi-
nation, and neither interact nor decay, so that their energy den-
sity scales with the expansion exactly like massless neutrinos.
An additional �Ne↵ = 1 could correspond to a fully thermal-
ized sterile neutrino that decoupled at T <⇠ 100 MeV; for ex-
ample any sterile neutrino with mixing angles large enough to
provide a potential resolution to short baseline reactor neutrino
oscillation anomalies would most likely thermalize rapidly in the
early Universe. However, this solution to the neutrino oscillation
anomalies requires approximately 1 eV sterile neutrinos, rather
than the massless case considered in this section; exploration of
the two parameters Ne↵ and

P
m⌫ is reported in Sect. 6.4.3. For

a review of sterile neutrinos see Abazajian et al. (2012).
More generally the additional radiation does not need to be

fully thermalized, for example there are many possible models
of non-thermal radiation production via particle decays (see e.g.,
Hasenkamp & Kersten 2013; Conlon & Marsh 2013). The radi-
ation could also be produced at temperatures T > 100 MeV,
in which case typically �Ne↵ < 1 for each additional species,
since heating by photon production at muon annihilation (at
T ⇡ 100 MeV) decreases the fractional importance of the ad-
ditional component at the later times relevant for the CMB. For
particles produced at T � 100 MeV the density would be di-
luted even more by numerous phase transitions and particle anni-
hilations, and give �Ne↵ ⌧ 1. Furthermore, if the particle is not

Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Note that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of solid vertical line) require photon heating after neutrino de-
coupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

fermionic, the factors entering the entropy conservation equation
are di↵erent, and even thermalized particles could give specific
fractional values of �Ne↵ . For example Weinberg (2013) consid-
ers the case of a thermalized massless boson, which contributes
�Ne↵ = 4/7 ⇡ 0.57 if it decouples in the range 0.5 MeV < T <
100 MeV like the neutrinos, or �Ne↵ ⇡ 0.39 if it decouples at
T > 100 MeV (before the photon production at muon annihila-
tion, hence undergoing fractional dilution).

In this paper we follow the usual phenomenological ap-
proach where we constrain Ne↵ as a free parameter with a wide
flat prior, though we comment on a few discrete cases separately
below. Values of Ne↵ < 3.046 are less well motivated, since they
would require the standard neutrinos to be incompletely thermal-
ized or additional photon production after neutrino decoupling,
but we include this range for completeness.

Fig. 31 shows that Planck is entirely consistent with the stan-
dard value Ne↵ = 3.046. However, a significant density of addi-
tional radiation is still allowed, with the (68 %) constraints:

Ne↵ = 3.13 ± 0.32 Planck TT+lowP ; (61a)
Ne↵ = 3.15 ± 0.23 Planck TT+lowP+BAO ; (61b)
Ne↵ = 2.99 ± 0.20 Planck TT,TE,EE+lowP ; (61c)
Ne↵ = 3.04 ± 0.18 Planck TT,TE,EE+lowP+BAO . (61d)

Note the significantly tighter constraint with the inclusion of
Planck high-` polarization, with �Ne↵ < 1 at over 4� from
Planck alone. This constraint is not very stable between like-
lihoods, with the CamSpec likelihood giving a roughly 0.8�
lower value of Ne↵ . However, the strong limit from polarization
is also consistent with the joint Planck TT+lowP+BAO result,
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Fig. 18. Samples in the �8–⌦m plane from the H13 CFHTLenS
data (with angular cuts as discussed in the text), coloured by the
value of the Hubble parameter, compared to the joint constraints
when the lensing data are combined with BAO (blue), and BAO
with the CMB acoustic scale parameter fixed to ✓MC = 1.0408
(green). For comparison the Planck TT+lowP constraint con-
tours are shown in black. The grey band show the constraint from
Planck CMB lensing.

2013; Fu et al. 2014; MacCrann et al. 2014), that apparently
strong discrepancies with Planck appear.

The situation is summarized in Fig. 18. The sample points
show parameter values in the �8–⌦m plane for the ⇤CDM base
model, computed from the Heymans et al. (2013, hereafter H13)
tomographic measurements of ⇠±. These data consist of correla-
tion function measurements in six photometric redshift bins ex-
tending over the redshift range 0.2–1.3. We use the blue galaxy
sample, since H13 find that this sample shows no evidence for
intrinsic galaxy alignments (simplifying the comparison with
theory) and we apply the “conservative” cuts of H13, intended
to reduce sensitivity to the nonlinear part of the power spec-
trum; these cuts eliminate measurements with ✓ < 30 for any
redshift combinations involving the lowest two redshift bins.
Here we have used the halofit prescription of Takahashi et al.
(2012) to model the nonlinear power spectrum, but do not in-
clude any model of baryon feedback or intrinsic alignments.
For the lensing-only constraint we also impose additional pri-
ors in a similar way to the CMB lensing analysis described
in Planck Collaboration XV (2015), i.e., Gaussian priors⌦bh2 =
0.0223 ± 0.0009 and ns = 0.96 ± 0.02, where the exact values
(chosen to span reasonable ranges given CMB data) have little
impact on the results. The sample range shown also restricts the
Hubble parameter to 0.2 < h < 1; note that when comparing
with constraint contours, the location of the contours can change
significantly depending on the H0 prior range assumed. Here we
only show lensing contours after the samples have been pro-
jected into the space allowed by the BAO data (blue contours),
or also additionally restricting to the reduced space where ✓MC
is fixed to the Planck value, which is accurately measured. The
black contours show the constraints from Planck TT+lowP.

The lensing samples just overlap with Planck, and super-
ficially one might conclude that the two data sets are con-
sistent. But the weak lensing constraints approximately define
a 1-dimensional degeneracy in the 3-dimensional ⌦m–�8–H0
space, so consistency of the Hubble parameter at each point in

the projected space must also be considered (see appendix E1
of Planck Collaboration XV 2015). Comparing the contours in
Fig. 18 (the regions where the weak lensing constraints are con-
sistent with BAO observations) the CFHTLenS data favour a
lower value of �8 than the Planck data (and much of the area
of the blue contours also has higher ⌦m). However, even with
the conservative angular cuts applied by H13, the weak lens-
ing constraints depend on the nonlinear model of the power
spectrum and on the possible influence of baryonic feedback
in reshaping the matter power spectrum at small spatial scales
(Harnois-Déraps et al. 2014; MacCrann et al. 2014). The impor-
tance of these e↵ects can be reduced by imposing even more
conservative angular cuts on ⇠±, but of course, this weakens the
statistical power of the weak lensing data. The CFHTLenS data
are not used in combination with Planck in this paper (apart
from Sects. 6.3 and 6.4.4) and, in any case, would have little
impact on most of the extended ⇤CDM constraints discussed
in Sect. 6. Weak lensing can, however, provide important con-
straints on dark energy and modified gravity. The CFHTLenS
data are therefore used in combination with Planck in the com-
panion paper (Planck Collaboration XIV 2015) which explores
several halofit prescriptions and the impact of applying more
conservative angular cuts to the H13 measurements.

5.5.3. Planck cluster counts

In 2013 we noted a possible tension between our primary CMB
constraints and those from the Planck SZ cluster counts, with the
clusters preferring lower values of �8 in the base ⇤CDM model
in some analyses (Planck Collaboration XX 2014). The compar-
ison is interesting because the cluster counts directly measure �8
at low redshift; any tension could signal the need for extensions
of the base model, such as non-minimal neutrino mass (though
see Sect. 6.4). However, limited knowledge of the scaling rela-
tion between SZ signal and mass have hampered the interpreta-
tion of this result.

With the full mission data we have created a larger cata-
logue of SZ clusters with a more accurate characterization of
its completeness (Planck Collaboration XXIV 2015). By fitting
the counts in redshift and signal-to-noise, we are able to si-
multaneously constrain the slope of the SZ signal-mass scal-
ing relation and the cosmological parameters. A major uncer-
tainty, however, remains the overall mass calibration, which
in Planck Collaboration XX (2014) we quantified with a bias
parameter, (1 � b), with a fiducial value of 0.8 and a range
0.7 < (1 � b) < 1. In the base ⇤CDM model, the primary
CMB constraints prefer a normalization below the lower end
of this range, (1 � b) ⇡ 0.6. The recent, empirical normaliza-
tion of the relation by the Weighing the Giants lensing program
(WtG; von der Linden et al. 2014) gives 0.69 ± 0.07 for the 22
clusters in common with the Planck cluster sample. This cali-
bration reduces the tension with the primary CMB constraints in
base ⇤CDM. In contrast, correlating the entire Planck 2015 SZ
cosmology sample with Planck CMB lensing gives 1/(1 � b) =
1±0.2 (Planck Collaboration XXIV 2015), toward the upper end
of the range adopted in Planck Collaboration XX (2014) (though
with a large uncertainty). An alternative lensing calibration by
the Canadian Cluster Comparison Project, which uses 37 clus-
ters in common with the Planck cluster sample (Hoekstra et al.,
in preparation), finds (1 � b) = 0.80 ± 0.05 (stat) ± 0.06 (syst),
in between the other two mass calibrations. These calibrations
are not yet definitive and the situation will continue to evolve
with improvements in mass measurements from larger samples
of clusters.
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have adopted the prior of Eq. (30) in preference to using the
LMC and MW distance anchors.18

Direct measurements of the Hubble constant have a long and
sometimes contentious history (see e.g., Tammann et al. 2008).
The controversy continues to this day and one can find “high”
values (e.g., H0 = (74.3 ± 2.6) km s�1Mpc�1, Freedman et al.
2012) and “low” values (e.g., H0 = (63.7 ± 2.3) km s�1Mpc�1,
Tammann & Reindl 2013) in the literature. The key point that we
wish to make is that the Planck only estimates of Eqs. (21) and
(27), and the Planck+BAO estimate of Eq. (28) all have small
errors and are consistent. If a persuasive case can be made that
a direct measurement of H0 conflicts with these estimates, then
this will be strong evidence for additional physics beyond the
base ⇤CDM model.

Finally, we note that in a recent analysis Bennett et al. (2014)
derive a “concordance” value of H0 = (69.6±0.7) km s�1Mpc�1

for base ⇤CDM by combining WMAP9+SPT+ACT+BAO
with a slightly revised version of the R11 H0 value (73.0 ±
2.4 km s�1Mpc�1). The Bennett et al. (2014) central value for
H0 di↵ers from the Planck value of Eq. (28) by nearly 3 % (or
2.5�). The reason for this di↵erence is that the Planck data are
in tension with the Story et al. (2013) SPT data (as discussed in
Appendix B of PCP13; note that the tension is increased with the
Planck full mission data) and with the revised R11 H0 determi-
nation. Both tensions drive the Bennett et al. (2014) value of H0
away from the Planck solution.

5.5. Additional data

5.5.1. Redshift space distortions

Transverse versus line-of-sight anisotropies in the redshift-space
clustering of galaxies induced by peculiar motions can, poten-
tially, provide a powerful way of constraining the growth rate
of structure. A number of studies of redshift space distortions
(RSD) have been conducted to measure the parameter combina-
tion f�8(z), where for models with scale-independent growth

f (z) =
d ln D
d ln a

, (32)

and D is the linear growth rate of matter fluctuations. Note that
the parameter combination f�8 is insensitive to di↵erences be-
tween the clustering of galaxies and dark matter, i.e., to galaxy
bias (Song & Percival 2009). In the base ⇤CDM cosmology, the
growth factor f (z) is well approximated as f (z) = ⌦m(z)0.545.
More directly, in linear theory the quadrupole of the redshift-
space clustering anisotropy actually probes the density-velocity
correlation power spectrum, and we therefore define

f�8(z) ⌘
h
�(vd)

8 (z)
i2

�(dd)
8 (z)

, (33)

18As this paper was nearing completion, results from the Nearby
Supernova Factory have been presented that indicate a correlation be-
tween the peak brightness of Type Ia SNe and the local star-formation
rate (Rigault et al. 2014). These authors argue that this correlation in-
troduces a systematic bias of ⇠ 1.8 km s�1Mpc�1 in the SNe/Cepheid
distance scale measurement of H0 . For example, according to these
authors, the estimate of Eq. 30 should be lowered to H0 = (68.8 ±
3.3) km s�1Mpc�1, a downward shift of ⇠ 0.5�. Clearly, further work
needs to be done to assess the important of such a bias on the distance
scale. It is ignored in the rest of this paper.
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Fig. 16. Constraints on the growth rate of fluctuations from
various redshift surveys in the base ⇤CDM model: green star
(6dFGRS, Beutler et al. 2012); purple square (SDSS MGS,
Howlett et al. 2014); cyan cross (SDSS LRG, Oka et al. 2014);
red triangle (BOSS LOWZ survey, Chuang et al. 2013); large red
circle (BOSS CMASS, as analysed by Samushia et al. 2014);
blue circles (WiggleZ, Blake et al. 2012); and green diamond
(VIPERS, de la Torre et al. 2013). The points with dashed red
error bars (o↵set for clarity) correspond to alternative analy-
ses of BOSS CMASS from Beutler et al. (2014b, small circle)
and Chuang et al. (2013, small square). The BOSS CMASS
points are based on the same data set and are therefore not in-
dependent. The grey bands show the range allowed by Planck
TT+lowP+lensing in the base ⇤CDM model. Where available
(for SDSS MGS and BOSS CMASS), we have plotted condi-
tional constraints on f�8 assuming a Planck⇤CDM background
cosmology. The WiggleZ points are plotted conditional on the
mean Planck cosmology prediction for FAP (evaluated using the
covariance between f�8 and FAP given in Blake et al. (2012)).
The 6dFGS point is at su�ciently low redshift that it is insensi-
tive to the cosmology.

as an approximate proxy for the quantity actually being mea-
sured. Here �(vd)

8 measures the smoothed density-velocity corre-
lation and is defined analogously to�8 ⌘ �(dd)

8 , but using the cor-
relation power spectrum Pvd(k), where v = �r · vN/H and vN is
the Newtonian-gauge (peculiar) velocity of the baryons and dark
matter, and d is the total matter density perturbation. This defi-
nition assumes that the observed galaxies follow the flow of the
cold matter, not including massive neutrino velocity e↵ects. For
models close to ⇤CDM, where the growth is nearly scale inde-
pendent, it is equivalent to defining f�8 in terms of the growth of
the baryon+CDM density perturbations (excluding neutrinos).

The use of RSD as a measure of the growth of structure is
still under active development and is considerably more di�cult
than measuring the positions of BAO features. Firstly, adopt-
ing the wrong fiducial cosmology can induce an anisotropy in
the clustering of galaxies via the Alcock-Paczynski (AP) e↵ect
that is strongly degenerate with the anisotropy induced by pecu-
liar motions. Secondly, much of the RSD signal currently comes
from scales where nonlinear e↵ects and galaxy bias are signifi-
cant and must be accurately modelled in order to relate the den-
sity and velocity fields (see e.g., the discussions in Bianchi et al.
2012; Okumura et al. 2012; Reid et al. 2014; White et al. 2014).
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Fig. 28. Marginalized posterior distribution for (w0,wa) using
Planck TT+lowP in combination with BAO, JLA, H0 (“ext”),
and an ultra-conservative cut of the CFHTLenS data, as de-
scribed in the text (denoted “WL”). Dashed grey lines show the
parameter values corresponding to a cosmological constant.

and 95 % contours in the w0–wa plane for Planck TT+lowP com-
bined with the CFHTLenS H13 data. In this example, we have
applied “ultra-conservative” cuts, excluding ⇠� entirely and ex-
cluding measurements with ✓ < 170 in ⇠+ for all tomographic
redshift bins. As discussed in Planck Collaboration XIV (2015),
with these cuts the CFHTLenS data are insensitive to modelling
the nonlinear evolution of the power spectrum, but this reduc-
tion in sensitivity comes at the expense of reducing the statistical
power of the weak lensing data. Nevertheless, Fig. 28 shows that
the combination of Planck+CFHTLenS pulls the contours into
the phantom domain and is discrepant with base⇤CDM at about
the 2� level. The Planck+CFHTLenS data also favours a high
value of H0. If we add the (relatively weak) H0 prior of Eq. (30),
the contours (shown in cyan) in Fig. 28 shift towards w = �1.
It therefore seems unlikely that the tension between Planck and
CFHTLenS can be resolved by allowing a time-variable equa-
tion of state for dark energy.

A much more extensive investigation of models of dark
energy and also models of modified gravity can be found in
Planck Collaboration XIV (2015). The main conclusions of that
analysis are as follows:

• an investigation of more general time-variations of the equa-
tion of state shows a high degree of consistency with w = �1;
• a study of several dark energy and modified gravity models

either finds compatibility with base⇤CDM, or mild tensions,
which are driven mainly by external data sets.

6.4. Neutrino physics and constraints on relativistic
components

In the following subsections, we update Planck constraints on
the mass of standard (active) neutrinos, additional relativistic de-
grees of freedom, models with a combination of the two, and
models with massive sterile neutrinos. In each subsection we
emphasize the Planck-only constraint, and the implications of

the Planck result for late-time cosmological parameters mea-
sured from other observations. We then give a brief discussion of
tensions between Planck and some discordant external data, and
assess whether any of these model extensions can help to resolve
them. Finally we provide constraints on neutrino interactions.

6.4.1. Constraints on the total mass of active neutrinos

Detection of neutrino oscillations has proved that neutrinos have
mass (see e.g., Lesgourgues & Pastor 2006, for a review). The
Planck base ⇤CDM model assumes a normal mass hierarchy
with

P
m⌫ ⇡ 0.06 eV (dominated by the heaviest neutrino mass

eigenstate) but there are other possibilities including a degen-
erate hierarchy with

P
m⌫ >⇠ 0.1 eV. At this time there are no

compelling theoretical reasons to strongly prefer any of these
possibilities, so allowing for larger neutrino masses is perhaps
one of the most well motivated extensions to base ⇤CDM con-
sidered in this paper. There has also been significant interest
recently in larger neutrino masses as a possible way to lower
�8, the late-time fluctuation amplitude, and thereby reconcile
Planck with weak lensing measurements and the abundance of
rich clusters (see Sects. 5.5 and 5.6). Though model dependent,
neutrino mass constraints from cosmology are already signifi-
cantly stronger than those from tritium beta decay experiments
(see e.g., Drexlin et al. 2013).

Here we give constraints assuming three species of degener-
ate massive neutrinos, neglecting the small di↵erences in mass
expected from the observed mass splittings. At the level of sensi-
tivity of Planck this is an accurate approximation, but note that it
does not quite match continuously on to the base ⇤CDM model
(which assumes two massless and one massive neutrino withP

m⌫ = 0.06 eV). We assume that the neutrino mass is con-
stant, and that the distribution function is Fermi-Dirac with zero
chemical potential.

Masses well below 1 eV have only a mild e↵ect on the shape
of the CMB power spectra, since they became non-relativistic af-
ter recombination. The e↵ect on the background cosmology can
be compensated by changes in H0 to ensure the same observed
acoustic peak scale ✓⇤. There is, however, some sensitivity of
the CMB anisotropies to neutrino masses as the neutrinos start
to become less relativistic at recombination (modifying the early
ISW e↵ect), and from the late-time e↵ect of lensing on the power
spectrum. The Planck power spectrum (95 %) constraints are:
X

m⌫ < 0.72 eV Planck TT+lowP ; (55a)
X

m⌫ < 0.21 eV Planck TT+lowP+BAO ; (55b)
X

m⌫ < 0.49 eV Planck TT,TE,EE+lowP ; (55c)
X

m⌫ < 0.17 eV Planck TT,TE,EE+lowP+BAO . (55d)

The Planck TT+lowP constraint has a broad tail to high masses,
as shown in Fig. 29, which also illustrates the acoustic scale
degeneracy with H0. Larger masses imply a lower �8 through
the e↵ects of neutrino free streaming on structure formation,
but the larger masses also require a lower Hubble constant,
leading to possible tensions with direct measurements of H0.
Masses below about 0.4 eV can provide an acceptable fit to
the direct H0 measurements, and adding the BAO data helps
to break the acoustic scale degeneracy and tightens the con-
straint on

P
m⌫ substantially. Adding Planck polarization data at

high multipoles produces a relatively small improvement to the
Planck TT+lowP+BAO constraint (and the improvement is even
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Fig. 27. Samples from the distribution of the dark energy pa-
rameters w0 and wa using Planck TT+lowP+BAO+JLA data,
colour-coded by the value of the Hubble parameter H0. Contours
show the corresponding 68 % and 95 % limits. Dashed grey lines
intersect at the point in parameter space corresponding to a cos-
mological constant.

Fig. 26 illustrates these results in the ⌦m–⌦⇤ plane. We
adopt Eq. (51) as our most reliable constraint on spatial curva-
ture. Our Universe appears to be spatially flat to an accuracy of
0.5%.

6.3. Dark energy

The physical explanation for the observed accelerated expansion
of the Universe is currently not known. In standard ⇤CDM the
acceleration is provided by a cosmological constant satisfying an
equation of state w ⌘ pDE/⇢DE = �1. However, there are many
possible alternatives, typically described either in terms of extra
degrees of freedom associated with scalar fields or modifications
of general relativity on cosmological scales (for reviews see e.g.,
Copeland et al. 2006; Tsujikawa 2010). A detailed study of these
models and the constraints imposed by Planck and other data is
presented in a separate paper, Planck Collaboration XIV (2015).

Here we will limit ourselves to the most basic extensions
of ⇤CDM, which can be phenomenologically described in
terms of the equation of state parameter w alone. Specifically
we will use the camb implementation of the “parameterized
post-Friedmann” (PPF) framework of Hu & Sawicki (2007) and
Fang et al. (2008) to test whether there is any evidence that w
varies with time. This framework aims to recover the behaviour
of canonical (i.e., those with a standard kinetic term) scalar field
cosmologies minimally coupled to gravity when w � �1, and
accurately approximates them for values w ⇡ �1. In these mod-
els the speed of sound is equal to the speed of light so that the
clustering of the dark energy inside the horizon is strongly sup-
pressed. The advantage of using the PPF formalism is that it is
possible to study the “phantom domain”, w < �1, including tran-
sitions across the “phantom barrier”, w = �1, which is not pos-
sible for canonical scalar fields.

The CMB temperature data alone does not strongly constrain
w, because of a strong geometrical degeneracy even for spatially

flat models. From Planck we find

w = �1.54+0.62
�0.50 (95%,Planck TT+lowP), (52)

i.e., almost a 2� shift into the phantom domain. This is partly,
but not entirely, a parameter volume e↵ect, with the average ef-
fective �2 improving by h��2i ⇡ 2 compared to base ⇤CDM.
This is consistent with the preference for a higher lensing am-
plitude discussed in Sect. 5.1.2, improving the fit in the w < �1
region, where the lensing smoothing amplitude becomes slightly
larger. However, the lower limit in Eq. (52) is largely determined
by the (arbitrary) prior H0 < 100 km s�1Mpc�1, chosen for the
Hubble parameter. Much of the posterior volume in the phan-
tom region is associated with extreme values for cosmological
parameters,which are excluded by other astrophysical data. The
mild tension with base ⇤CDM disappears as we add more data
that break the geometrical degeneracy. Adding Planck lensing
and BAO, JLA and H0 (“ext”) gives the 95 % constraints:

w = �1.023+0.091
�0.096 Planck TT+lowP+ext ; (53a)

w = �1.006+0.085
�0.091 Planck TT+lowP+lensing+ext ; (53b)

w = �1.019+0.075
�0.080 Planck TT,TE,EE+lowP+lensing+ext .

(53c)

The addition of Planck lensing, or using the full Planck tem-
perature+polarization likelihood together with the BAO, JLA,
and H0 data does not substantially improve the constraint of
Eq. (53a). All of these data set combinations are compatible with
the base ⇤CDM value of w = �1. In PCP13, we conservatively
quoted w = �1.13+0.24

�0.25, based on combining Planck with BAO,
as our most reliable limit on w. The errors in Eqs. (53a)–(53c) are
substantially smaller, mainly because of the addition of the JLA
SNe data, which o↵er a sensitive probe of the dark energy equa-
tion of state at z <⇠ 1. In PCP13, the addition of the SNLS SNe
data pulled w into the phantom domain at the 2� level, reflecting
the tension between the SNLS sample and the Planck 2013 base
⇤CDM parameters. As noted in Sect. 5.3, this discrepancy is no
longer present, following improved photometric calibrations of
the SNe data in the JLA sample. One consequence of this is the
tightening of the errors in Eqs. (53a)–(53c) around the ⇤CDM
value w = �1 when we combine the JLA sample with Planck.

If w di↵ers from �1, it is likely to change with time. We
consider here the case of a Taylor expansion of w at first order in
the scale factor, parameterized by

w = w0 + (1 � a)wa. (54)

More complex models of dynamical dark energy are discussed
in Planck Collaboration XIV (2015). Figure 27 shows the 2D
marginalized posterior distribution for w0 and wa for the com-
bination Planck+BAO+JLA. The JLA SNe data are again cru-
cial in breaking the geometrical degeneracy at low redshift and
with these data we find no evidence for a departure from the
base ⇤CDM cosmology. The points in Fig. 27 show samples
from these chains colour-coded by the value of H0. From these
MCMC chains, we find H0 = (68.2 ± 1.1) km s�1Mpc�1. Much
higher values of H0 would favour the phantom regime, w < �1.

As pointed out in Sects. 5.5.2 and 5.6 the CFHTLenS weak
lensing data are in tension with the Planck base ⇤CDM parame-
ters. Examples of this tension can be seen in investigations of
dark energy and modified gravity, since some of these mod-
els can modify the growth rate of fluctuations from the base
⇤CDM predictions. This tension can be seen even in the sim-
ple model of Eq. (54). The green regions in Fig. 28 show 68 %
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Planck Collaboration: Dust polarization at high latitudes

Fig. 9: Planck 353 GHz DBB

` angular power spectrum computed on MB2 defined in Sect. 6.1 and extrapolated to 150 GHz (box
centres). The shaded boxes represent the ±1� uncertainties: blue for the statistical uncertainties from noise; and red adding in
quadrature the uncertainty from the extrapolation to 150 GHz. The Planck 2013 best-fit ⇤CDMDBB

` CMB model based on temper-
ature anisotropies, with a tensor amplitude fixed at r = 0.2, is overplotted as a black line.

Appendix D.1 confirms that the result does not depend on the
method of computing the power spectrum.

This power spectrum is extrapolated to 150 GHz as in
Sect. 6.2, with an extrapolation uncertainty estimated from the
inferred dispersion of �d. Our final estimate of the DBB

` spec-
trum is presented in Fig. 9, together with its 1� error budget.
For the first bin, `= 40–120, the expected level of dust polarized
DBB

` , as extrapolated to 150 GHz, is 1.32⇥ 10�2 µK2
CMB (Fig. 9).

The statistical error, estimated from Monte Carlo simulations of
inhomogeneous Planck noise (presented in Appendix A for this
particular binning), is ± 0.29⇥10�2 µK2

CMB, so that the dustDBB

`
spectrum is statistically detected at 4.5� in this broad ` bin.

In order to assess the potential contribution from systemat-
ics, we have computed the dust DBB

` spectrum on MB2 on dif-
ferent subsets of the data and performed null tests, which are
presented in Appendix D.3. In this lowest bin of `, we do not ob-
serve any departure from what is allowed by noise. Nevertheless,
we stress that below the noise level our cross-spectra could be
subject to a positive or negative bias due to systematic e↵ects.
For example, if instead of taking the DetSets cross-spectra (as
we have done throughout this paper) we take the mean value
computed from the DetSets, HalfRings, and Years cross-spectra
(presented in Appendix D.3), the statistical significance of our
measurement is decreased from 4.5� to 3.6�.

The uncertainty coming from the MB2 definition (presented
in Appendix D.2) is 0.04 ⇥ 10�2 µK2

CMB for this bin, thus much
less than the statistical error. For this reason, it is not added to
the error budget. However, the spectral extrapolation to 150 GHz
adds an additional uncertainty (+0.28,�0.24) ⇥ 10�2 µK2

CMB to
the estimated power in MB2, added in quadrature in Fig. 9.

The expected value in this lowest-` bin from direct compu-
tation of theDBB

` power spectrum on MB2, as shown in Fig. 9, is
lower than (but consistent with) the statistical expectation from
the analysis of the 352 high Galactic latitude patches presented
in Sects. 5.2 and 6.2. This indicates that MB2 is not one of the
outliers of Fig. 7 and therefore its dust B-mode power is well rep-
resented by its mean dust intensity through the empirical scaling
lawD / hI353i1.9.

These values of the DBB

` amplitude in the ` range of the pri-
mordial recombination bump are of the same magnitude as those
reported by BICEP2 Collaboration (2014b). Our results empha-
size the need for a dedicated joint analysis of the B-mode po-
larization in this region incorporating all pertinent observational
details of the Planck and BICEP2 data sets, which is in progress.

6.4. Frequency dependence

We complement the power spectrum analysis of the 353 GHz
map with Planck data at lower frequencies. As in the analysis
in Sect. 4.5, we compute the frequency dependence of the BB

power measured by Planck at HFI frequencies in the BICEP2
field, using the patch MB2 as defined in Sect. 6.1.

We compute on MB2 the Planck DBB

` auto- and cross-power
spectra from the three Planck HFI bands at 100, 143, 217, and
353 GHz, using the two DetSets with independent noise at each
frequency, resulting in ten angular power spectra (100 ⇥ 100,
100⇥143, 100⇥217, 100⇥353, 143⇥143, 143⇥217, 143⇥353,
217 ⇥ 217, 217 ⇥ 353, and 353 ⇥ 353), constructed by combin-
ing the cross-spectra as presented in Sect. 3.2. We use the same
multipole binning as in Sect. 6.3. To each of these DBB

` spectra,
we fit the amplitude of a power law in ` with a fixed exponent
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FIG. 6. Likelihood results from a basic lensed-⇤CDM+r+dust model, fitting BB auto- and cross-spectra taken between maps
at 150GHz, 217, and 353GHz. The 217 and 353GHz maps come from Planck. The primary results (heavy black) use the
150GHz combined maps from BICEP2/Keck. Alternate curves (light blue and red) show how the results vary when the
BICEP2 and Keck Array only maps are used. In all cases a Gaussian prior is placed on the dust frequency spectrum parameter
�d = 1.59± 0.11. In the right panel the two dimensional contours enclose 68% and 95% of the total likelihood.

variation at high latitude, as explained in Sec. VA.
Nevertheless, it is important to appreciate that the
r constraint curves shown in Fig. 6 shift left (right)
when assuming a lower (higher) value of �d. For
�d = 1.3 ± 0.11 the peak is at r = 0.021 and for
�d = 1.9± 0.11 the peak is at r = 0.073.

• Varying the dust power spectrum shape: in
the fiducial analysis the dust spatial power spec-
trum is assumed to be a power law with D` /
`�0.42. Marginalizing over spectral indices in the
range �0.8 to 0 we find little change in the r con-
straint (see also Sec. IVB for an alternate relax-
ation of the assumptions regarding the spatial prop-
erties of the dust pattern).

• Using Gaussian determinant likelihood: the
fiducial analysis uses the HL likelihood approx-
imation, as described in Sec. III A. An alterna-
tive is to recompute the covariance matrix C at
each point in parameter space and take L =
det (C)�1/2 exp (�(dTC�1d)/2), where d is the de-
viation of the observed bandpowers from the model
expectation values. This results in an r constraint
which peaks slightly lower, as shown in Fig. 7. Run-
ning both methods on the simulated realizations
described in Sec. IVA, indicates that such a dif-
ference is not unexpected and that there may be
a small systematic downward bias in the Gaussian
determinant method.

• Varying the HL fiducial model: as mentioned
in Sec. IIIA the HL likelihood formulation requires
that the expectation values and bandpower co-
variance matrix be provided for a single “fiducial
model” (not to be confused with the “fiducial anal-
ysis” of Sec. III B). Normally we use the lensed-
⇤CDM+dust simulations described in Sec. IVA be-
low. Switching this to lensed-⇤CDM+r=0.2 pro-
duces no change on average in the simulations, al-

though it does cause any given realization to shift
slightly—the change for the real data case is shown
in Fig. 7.

• Adding synchrotron: BK-I took the WMAP K -
band (23GHz) map, extrapolated it to 150GHz ac-
cording to ⌫�3.3 (mean value within the BICEP2
field of the MCMC “Model f” spectral index map
provided by WMAP [2]), and found a negligible
predicted contribution (rsync,150 = 0.0008±0.0041).
Figure 3 does not o↵er strong motivation to reex-
amine this finding—the only significant detections
of correlated BB power are in the BK150⇥P353
and, to a lesser extent, BK150⇥P217 spectra. How-
ever, here we proceed to a fit including all the
polarized bands of Planck (as shown in Fig. 3)
and adding a synchrotron component to the base
lensed-⇤CDM+noise+r+dust model. We take syn-
chrotron to have a power law spectrum D` /
`�0.6 [23], with free amplitude Async, where Async is
the amplitude at ` = 80 and at 150GHz, and scal-
ing with frequency according to ⌫�3.3. In such a
scenario we can vary the degree of correlation that
is assumed between the dust and synchrotron sky
patterns. Figure 8 shows results for the uncorre-
lated and fully correlated cases. Marginalizing over
r and Ad we find Async < 0.0003µK2 at 95% con-
fidence for the uncorrelated case, and many times
smaller for the correlated. This last is because once
one has a detection of dust it e↵ectively becomes
a template for the synchrotron. This synchrotron
limit is driven by the Planck 30 GHz band—we ob-
tain almost identical results when adding only this
band, and a much softer limit when not including it.
If we instead assume synchrotron scaling of ⌫�3.0

the limit on Async is approximately doubled for the
uncorrelated case and reduced for the correlated.
(Because the DS1⇥DS2 data-split is not available
for the Planck LFI bands we switch to Y1⇥Y2 for
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FIG. 6. Likelihood results from a basic lensed-⇤CDM+r+dust model, fitting BB auto- and cross-spectra taken between maps
at 150GHz, 217, and 353GHz. The 217 and 353GHz maps come from Planck. The primary results (heavy black) use the
150GHz combined maps from BICEP2/Keck. Alternate curves (light blue and red) show how the results vary when the
BICEP2 and Keck Array only maps are used. In all cases a Gaussian prior is placed on the dust frequency spectrum parameter
�d = 1.59± 0.11. In the right panel the two dimensional contours enclose 68% and 95% of the total likelihood.

variation at high latitude, as explained in Sec. VA.
Nevertheless, it is important to appreciate that the
r constraint curves shown in Fig. 6 shift left (right)
when assuming a lower (higher) value of �d. For
�d = 1.3 ± 0.11 the peak is at r = 0.021 and for
�d = 1.9± 0.11 the peak is at r = 0.073.

• Varying the dust power spectrum shape: in
the fiducial analysis the dust spatial power spec-
trum is assumed to be a power law with D` /
`�0.42. Marginalizing over spectral indices in the
range �0.8 to 0 we find little change in the r con-
straint (see also Sec. IVB for an alternate relax-
ation of the assumptions regarding the spatial prop-
erties of the dust pattern).

• Using Gaussian determinant likelihood: the
fiducial analysis uses the HL likelihood approx-
imation, as described in Sec. III A. An alterna-
tive is to recompute the covariance matrix C at
each point in parameter space and take L =
det (C)�1/2 exp (�(dTC�1d)/2), where d is the de-
viation of the observed bandpowers from the model
expectation values. This results in an r constraint
which peaks slightly lower, as shown in Fig. 7. Run-
ning both methods on the simulated realizations
described in Sec. IVA, indicates that such a dif-
ference is not unexpected and that there may be
a small systematic downward bias in the Gaussian
determinant method.

• Varying the HL fiducial model: as mentioned
in Sec. IIIA the HL likelihood formulation requires
that the expectation values and bandpower co-
variance matrix be provided for a single “fiducial
model” (not to be confused with the “fiducial anal-
ysis” of Sec. III B). Normally we use the lensed-
⇤CDM+dust simulations described in Sec. IVA be-
low. Switching this to lensed-⇤CDM+r=0.2 pro-
duces no change on average in the simulations, al-

though it does cause any given realization to shift
slightly—the change for the real data case is shown
in Fig. 7.

• Adding synchrotron: BK-I took the WMAP K -
band (23GHz) map, extrapolated it to 150GHz ac-
cording to ⌫�3.3 (mean value within the BICEP2
field of the MCMC “Model f” spectral index map
provided by WMAP [2]), and found a negligible
predicted contribution (rsync,150 = 0.0008±0.0041).
Figure 3 does not o↵er strong motivation to reex-
amine this finding—the only significant detections
of correlated BB power are in the BK150⇥P353
and, to a lesser extent, BK150⇥P217 spectra. How-
ever, here we proceed to a fit including all the
polarized bands of Planck (as shown in Fig. 3)
and adding a synchrotron component to the base
lensed-⇤CDM+noise+r+dust model. We take syn-
chrotron to have a power law spectrum D` /
`�0.6 [23], with free amplitude Async, where Async is
the amplitude at ` = 80 and at 150GHz, and scal-
ing with frequency according to ⌫�3.3. In such a
scenario we can vary the degree of correlation that
is assumed between the dust and synchrotron sky
patterns. Figure 8 shows results for the uncorre-
lated and fully correlated cases. Marginalizing over
r and Ad we find Async < 0.0003µK2 at 95% con-
fidence for the uncorrelated case, and many times
smaller for the correlated. This last is because once
one has a detection of dust it e↵ectively becomes
a template for the synchrotron. This synchrotron
limit is driven by the Planck 30 GHz band—we ob-
tain almost identical results when adding only this
band, and a much softer limit when not including it.
If we instead assume synchrotron scaling of ⌫�3.0

the limit on Async is approximately doubled for the
uncorrelated case and reduced for the correlated.
(Because the DS1⇥DS2 data-split is not available
for the Planck LFI bands we switch to Y1⇥Y2 for
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We report the results of a joint analysis of data from BICEP2/Keck Array and Planck. BICEP2
and Keck Array have observed the same approximately 400 deg2 patch of sky centered on RA
0h, Dec. �57.5�. The combined maps reach a depth of 57 nKdeg in Stokes Q and U in a band
centered at 150GHz. Planck has observed the full sky in polarization at seven frequencies from
30 to 353GHz, but much less deeply in any given region (1.2µKdeg in Q and U at 143GHz).
We detect 150⇥353 cross-correlation in B-modes at high significance. We fit the single- and cross-
frequency power spectra at frequencies above 150GHz to a lensed-⇤CDM model that includes dust
and a possible contribution from inflationary gravitational waves (as parameterized by the tensor-to-
scalar ratio r). We probe various model variations and extensions, including adding a synchrotron
component in combination with lower frequency data, and find that these make little di↵erence to
the r constraint. Finally we present an alternative analysis which is similar to a map-based cleaning
of the dust contribution, and show that this gives similar constraints. The final result is expressed
as a likelihood curve for r, and yields an upper limit r0.05 < 0.12 at 95% confidence. Marginalizing
over dust and r, lensing B-modes are detected at 7.0� significance.

PACS numbers: 98.70.Vc, 04.80.Nn, 95.85.Bh, 98.80.Es

I. INTRODUCTION

The cosmic microwave background (CMB) [1], is an
essential source of information about all epochs of the
Universe. In the past several decades, characterization
of the temperature and polarization anisotropies of the
CMB has helped to establish the standard cosmological
model (⇤CDM) and to measure its parameters to high
precision (see for example Refs. [2, 3]).

An extension to the standard big bang model, inflation,
postulates a short period of exponential expansion in the
very early Universe, naturally setting the initial condi-
tions required by ⇤CDM, as well as solving a number of
additional problems in standard cosmology. Inflation’s
basic predictions regarding the Universes large-scale ge-
ometry and structure have been borne out by cosmo-
logical measurements to date (see Ref. [4] for a review).
Inflation makes an additional prediction, the existence
of a background of gravitational waves, or tensor mode
perturbations [5–8]. At the recombination epoch, the in-
flationary gravitational waves (IGW) contribute to the
anisotropy of the CMB in both total intensity and linear
polarization. The amplitude of tensors is conventionally
parameterized by r, the tensor-to-scalar ratio at a fidu-
cial scale. Theoretical predictions of the value of r cover
a very wide range. Conversely, a measurement of r can
discriminate between models of inflation.

Tensor modes produce a small increment in the tem-
perature anisotropy power spectrum over the standard
⇤CDM scalar perturbations at multipoles ` <⇠ 60; mea-

suring this increment requires the large sky coverage tra-
ditionally achieved by space-based experiments, and an
understanding of the other cosmological parameters. The
e↵ects of tensor perturbations on B-mode polarization is
less ambiguous than on temperature or E-mode polar-
ization over the range ` <⇠ 150. The B-mode polarization
signal produced by scalar perturbations is very small and
is dominated by the weak lensing of E-mode polarization
on small angular scales, making the detection of an IGW
contribution possible [9–12].
Planck [13] was the third generation CMB space mis-

sion, which mapped the full sky in polarization in seven
bands centered at frequencies from 30GHz to 353GHz
to a resolution of 33 to 5 arcminutes [14, 15]. The Planck
collaboration has published the best limit to date on ten-
sor modes using CMB data alone [3]: r0.002 < 0.11 (at
95% confidence) using a combination of Planck, SPT and
ACT temperature data, plus WMAP polarization, al-
though the Planck r limit is model-dependent, with run-
ning of the scalar spectral index or additional relativistic
degrees of freedom being well-known degeneracies which
allow larger values of r.
Interstellar dust grains produce thermal emission, the

brightness of which increases rapidly from the 100–
150 GHz frequencies favored for CMB observations, be-
coming dominant at � 350 GHz even at high galactic lat-
itude. The dust grains align with the Galactic magnetic
field to produce emission with a degree of linear polariza-
tion [16]. The observed degree of polarization depends on
the structure of the Galactic magnetic field along the line

< 0.12 95% CL
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FIG. 6. Likelihood results from a basic lensed-⇤CDM+r+dust model, fitting BB auto- and cross-spectra taken between maps
at 150GHz, 217, and 353GHz. The 217 and 353GHz maps come from Planck. The primary results (heavy black) use the
150GHz combined maps from BICEP2/Keck. Alternate curves (light blue and red) show how the results vary when the
BICEP2 and Keck Array only maps are used. In all cases a Gaussian prior is placed on the dust frequency spectrum parameter
�d = 1.59± 0.11. In the right panel the two dimensional contours enclose 68% and 95% of the total likelihood.

variation at high latitude, as explained in Sec. VA.
Nevertheless, it is important to appreciate that the
r constraint curves shown in Fig. 6 shift left (right)
when assuming a lower (higher) value of �d. For
�d = 1.3 ± 0.11 the peak is at r = 0.021 and for
�d = 1.9± 0.11 the peak is at r = 0.073.

• Varying the dust power spectrum shape: in
the fiducial analysis the dust spatial power spec-
trum is assumed to be a power law with D` /
`�0.42. Marginalizing over spectral indices in the
range �0.8 to 0 we find little change in the r con-
straint (see also Sec. IVB for an alternate relax-
ation of the assumptions regarding the spatial prop-
erties of the dust pattern).

• Using Gaussian determinant likelihood: the
fiducial analysis uses the HL likelihood approx-
imation, as described in Sec. III A. An alterna-
tive is to recompute the covariance matrix C at
each point in parameter space and take L =
det (C)�1/2 exp (�(dTC�1d)/2), where d is the de-
viation of the observed bandpowers from the model
expectation values. This results in an r constraint
which peaks slightly lower, as shown in Fig. 7. Run-
ning both methods on the simulated realizations
described in Sec. IVA, indicates that such a dif-
ference is not unexpected and that there may be
a small systematic downward bias in the Gaussian
determinant method.

• Varying the HL fiducial model: as mentioned
in Sec. IIIA the HL likelihood formulation requires
that the expectation values and bandpower co-
variance matrix be provided for a single “fiducial
model” (not to be confused with the “fiducial anal-
ysis” of Sec. III B). Normally we use the lensed-
⇤CDM+dust simulations described in Sec. IVA be-
low. Switching this to lensed-⇤CDM+r=0.2 pro-
duces no change on average in the simulations, al-

though it does cause any given realization to shift
slightly—the change for the real data case is shown
in Fig. 7.

• Adding synchrotron: BK-I took the WMAP K -
band (23GHz) map, extrapolated it to 150GHz ac-
cording to ⌫�3.3 (mean value within the BICEP2
field of the MCMC “Model f” spectral index map
provided by WMAP [2]), and found a negligible
predicted contribution (rsync,150 = 0.0008±0.0041).
Figure 3 does not o↵er strong motivation to reex-
amine this finding—the only significant detections
of correlated BB power are in the BK150⇥P353
and, to a lesser extent, BK150⇥P217 spectra. How-
ever, here we proceed to a fit including all the
polarized bands of Planck (as shown in Fig. 3)
and adding a synchrotron component to the base
lensed-⇤CDM+noise+r+dust model. We take syn-
chrotron to have a power law spectrum D` /
`�0.6 [23], with free amplitude Async, where Async is
the amplitude at ` = 80 and at 150GHz, and scal-
ing with frequency according to ⌫�3.3. In such a
scenario we can vary the degree of correlation that
is assumed between the dust and synchrotron sky
patterns. Figure 8 shows results for the uncorre-
lated and fully correlated cases. Marginalizing over
r and Ad we find Async < 0.0003µK2 at 95% con-
fidence for the uncorrelated case, and many times
smaller for the correlated. This last is because once
one has a detection of dust it e↵ectively becomes
a template for the synchrotron. This synchrotron
limit is driven by the Planck 30 GHz band—we ob-
tain almost identical results when adding only this
band, and a much softer limit when not including it.
If we instead assume synchrotron scaling of ⌫�3.0

the limit on Async is approximately doubled for the
uncorrelated case and reduced for the correlated.
(Because the DS1⇥DS2 data-split is not available
for the Planck LFI bands we switch to Y1⇥Y2 for

DustPrimordial signal Combined
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We report the results of a joint analysis of data from BICEP2/Keck Array and Planck. BICEP2
and Keck Array have observed the same approximately 400 deg2 patch of sky centered on RA
0h, Dec. �57.5�. The combined maps reach a depth of 57 nKdeg in Stokes Q and U in a band
centered at 150GHz. Planck has observed the full sky in polarization at seven frequencies from
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scalar ratio r). We probe various model variations and extensions, including adding a synchrotron
component in combination with lower frequency data, and find that these make little di↵erence to
the r constraint. Finally we present an alternative analysis which is similar to a map-based cleaning
of the dust contribution, and show that this gives similar constraints. The final result is expressed
as a likelihood curve for r, and yields an upper limit r0.05 < 0.12 at 95% confidence. Marginalizing
over dust and r, lensing B-modes are detected at 7.0� significance.
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I. INTRODUCTION

The cosmic microwave background (CMB) [1], is an
essential source of information about all epochs of the
Universe. In the past several decades, characterization
of the temperature and polarization anisotropies of the
CMB has helped to establish the standard cosmological
model (⇤CDM) and to measure its parameters to high
precision (see for example Refs. [2, 3]).

An extension to the standard big bang model, inflation,
postulates a short period of exponential expansion in the
very early Universe, naturally setting the initial condi-
tions required by ⇤CDM, as well as solving a number of
additional problems in standard cosmology. Inflation’s
basic predictions regarding the Universes large-scale ge-
ometry and structure have been borne out by cosmo-
logical measurements to date (see Ref. [4] for a review).
Inflation makes an additional prediction, the existence
of a background of gravitational waves, or tensor mode
perturbations [5–8]. At the recombination epoch, the in-
flationary gravitational waves (IGW) contribute to the
anisotropy of the CMB in both total intensity and linear
polarization. The amplitude of tensors is conventionally
parameterized by r, the tensor-to-scalar ratio at a fidu-
cial scale. Theoretical predictions of the value of r cover
a very wide range. Conversely, a measurement of r can
discriminate between models of inflation.

Tensor modes produce a small increment in the tem-
perature anisotropy power spectrum over the standard
⇤CDM scalar perturbations at multipoles ` <⇠ 60; mea-

suring this increment requires the large sky coverage tra-
ditionally achieved by space-based experiments, and an
understanding of the other cosmological parameters. The
e↵ects of tensor perturbations on B-mode polarization is
less ambiguous than on temperature or E-mode polar-
ization over the range ` <⇠ 150. The B-mode polarization
signal produced by scalar perturbations is very small and
is dominated by the weak lensing of E-mode polarization
on small angular scales, making the detection of an IGW
contribution possible [9–12].
Planck [13] was the third generation CMB space mis-

sion, which mapped the full sky in polarization in seven
bands centered at frequencies from 30GHz to 353GHz
to a resolution of 33 to 5 arcminutes [14, 15]. The Planck
collaboration has published the best limit to date on ten-
sor modes using CMB data alone [3]: r0.002 < 0.11 (at
95% confidence) using a combination of Planck, SPT and
ACT temperature data, plus WMAP polarization, al-
though the Planck r limit is model-dependent, with run-
ning of the scalar spectral index or additional relativistic
degrees of freedom being well-known degeneracies which
allow larger values of r.
Interstellar dust grains produce thermal emission, the

brightness of which increases rapidly from the 100–
150 GHz frequencies favored for CMB observations, be-
coming dominant at � 350 GHz even at high galactic lat-
itude. The dust grains align with the Galactic magnetic
field to produce emission with a degree of linear polariza-
tion [16]. The observed degree of polarization depends on
the structure of the Galactic magnetic field along the line

< 0.10  95% CL
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I. INTRODUCTION

The cosmic microwave background (CMB) [1], is an
essential source of information about all epochs of the
Universe. In the past several decades, characterization
of the temperature and polarization anisotropies of the
CMB has helped to establish the standard cosmological
model (⇤CDM) and to measure its parameters to high
precision (see for example Refs. [2, 3]).

An extension to the standard big bang model, inflation,
postulates a short period of exponential expansion in the
very early Universe, naturally setting the initial condi-
tions required by ⇤CDM, as well as solving a number of
additional problems in standard cosmology. Inflation’s
basic predictions regarding the Universes large-scale ge-
ometry and structure have been borne out by cosmo-
logical measurements to date (see Ref. [4] for a review).
Inflation makes an additional prediction, the existence
of a background of gravitational waves, or tensor mode
perturbations [5–8]. At the recombination epoch, the in-
flationary gravitational waves (IGW) contribute to the
anisotropy of the CMB in both total intensity and linear
polarization. The amplitude of tensors is conventionally
parameterized by r, the tensor-to-scalar ratio at a fidu-
cial scale. Theoretical predictions of the value of r cover
a very wide range. Conversely, a measurement of r can
discriminate between models of inflation.

Tensor modes produce a small increment in the tem-
perature anisotropy power spectrum over the standard
⇤CDM scalar perturbations at multipoles ` <⇠ 60; mea-

suring this increment requires the large sky coverage tra-
ditionally achieved by space-based experiments, and an
understanding of the other cosmological parameters. The
e↵ects of tensor perturbations on B-mode polarization is
less ambiguous than on temperature or E-mode polar-
ization over the range ` <⇠ 150. The B-mode polarization
signal produced by scalar perturbations is very small and
is dominated by the weak lensing of E-mode polarization
on small angular scales, making the detection of an IGW
contribution possible [9–12].
Planck [13] was the third generation CMB space mis-

sion, which mapped the full sky in polarization in seven
bands centered at frequencies from 30GHz to 353GHz
to a resolution of 33 to 5 arcminutes [14, 15]. The Planck
collaboration has published the best limit to date on ten-
sor modes using CMB data alone [3]: r0.002 < 0.11 (at
95% confidence) using a combination of Planck, SPT and
ACT temperature data, plus WMAP polarization, al-
though the Planck r limit is model-dependent, with run-
ning of the scalar spectral index or additional relativistic
degrees of freedom being well-known degeneracies which
allow larger values of r.
Interstellar dust grains produce thermal emission, the

brightness of which increases rapidly from the 100–
150 GHz frequencies favored for CMB observations, be-
coming dominant at � 350 GHz even at high galactic lat-
itude. The dust grains align with the Galactic magnetic
field to produce emission with a degree of linear polariza-
tion [16]. The observed degree of polarization depends on
the structure of the Galactic magnetic field along the line

< 0.08  95% CL
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Early Universe physics summary

Constraint from temperature alone are model dependent!
!

Direct measurement of r from B-modes is really important!
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Planck Collaboration: Cosmological parameters
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Fig. 21. Left: Constraints on the tensor-to-scalar ratio r0.002 in the ⇤CDM model, using Planck TT+lowP and Planck
TT+lowP+lensing+BAO+JLA+H0 (red and blue, respectively) assuming negligible running and the inflationary consistency rela-
tion. The result is model-dependent; for example, the grey contours show how the results change if there were additional relativistic
degrees of freedom with �Ne↵ = 0.39 (disfavoured, but not excluded, by Planck). Dotted lines show loci of approximately con-
stant e-folding number N, assuming simple V / (�/mPl)p single-field inflation. Solid lines show the approximate ns–r relation for
quadratic and linear potentials to first order in slow roll; red lines show the approximate allowed range assuming 50 < N < 60 and
a power-law potential for the duration of inflation. The solid black line (corresponding to a linear potential) separates concave and
convex potentials. Right: Equivalent constraints in the ⇤CDM model when adding B-mode polarization results corresponding to the
default configuration of the BICEP2/Keck Array/Planck (BKP) likelihood. These exclude the quadratic potential at a higher level
of significance compared to the Planck-alone constraints.

for base ⇤CDM (r = 0), the value of ns is

ns = 0.9655 ± 0.0062, Planck TT+lowP. (38)

We highlight this number here since ns, a key parameter for in-
flationary cosmology, shows one of the largest shifts of any pa-
rameter in base ⇤CDM between the Planck 2013 and Planck
2015 analyses (about 0.7�). As explained in Sect. 3.1, part of
this shift was caused by the ` ⇡ 1800 systematic in the nominal
mission 217 ⇥ 217 spectrum used in PCP13.

The red contours in Fig. 21 show the constraints from Planck
TT+lowP. These are similar to the constraints shown in Fig. 23
of PCP13, but with ns shifted to slightly higher values. The ad-
dition of BAO or the Planck lensing data to Planck TT+lowP
lowers the value of ⌦ch2, which at fixed ✓⇤ increases the small-
scale CMB power. To maintain the fit to the Planck tempera-
ture power spectrum for models with r = 0, these parameter
shifts are compensated by a change in amplitude As and the tilt
ns (by about 0.4�). The increase in ns to match the observed
power on small scales leads to a decrease in the scalar power
on large scales, allowing room for a slightly larger contribution
from tensor modes. The constraints shown by the blue contours
in Fig. 21, which add Planck lensing, BAO, and other astrophys-
ical data, are therefore tighter in the ns direction and shifted to
slightly higher values, but marginally weaker in the r-direction.
The 95 % limits on r0.002 are

r0.002 < 0.10, Planck TT+lowP, (39a)
r0.002 < 0.11, Planck TT+lowP+lensing+ext, (39b)

consistent with the results reported in PCP13. Note that we as-
sume the second-order slow-roll consistency relation for the ten-
sor spectral index. The result in Eqs. (39a) and (39b) are mildly
scale dependent, with equivalent limits on r0.05 being weaker by
about 5 %.

PCP13 noted a mismatch between the best-fit base ⇤CDM
model and the temperature power spectrum at multipoles ` <⇠ 40,
partly driven by the dip in the multipole range 20 <⇠ ` <⇠ 30. If
this mismatch is simply a statistical fluctuation of the ⇤CDM
model (and there is no compelling evidence to think otherwise),
the strong Planck limit (compared to forecasts) is the result of
chance low levels of scalar mode confusion. On the other hand if
the dip represents a failure of the ⇤CDM model, the 95 % limits
of Eqs. (39a) and (39b) may be underestimates. These issues are
considered at greater length in Planck Collaboration XX (2015)
and will not be discussed further in this paper.

As mentioned above, the Planck temperature constraints on
r are model-dependent and extensions to ⇤CDM can give sig-
nificantly di↵erent results. For example, extra relativistic de-
grees of freedom increase the small-scale damping of the CMB
anisotropies at a fixed angular scale, which can be compensated
by increasing ns, allowing a larger tensor mode. This is illus-
trated by the grey contours in Fig. 21, which show the constraints
for a model with �Ne↵ = 0.39. Although this value of �Ne↵ is
disfavoured by the Planck data (see Sect. 6.4.1) it is not excluded
at a high significance level.

This example emphasizes the need for direct tests of
tensor modes based on measurements of a large-scale B-
mode pattern in CMB polarization. Planck B-mode constraints
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Reionization “status”

Planck, future CMB polarization and Large Scale Structures 
experiments are expected to provide more precise answers

Reionization process not fully understood

Thomson scattering optical depth: 

Planck Collaboration: Reionisation history

the diffuse gas in the Universe is mostly ionized up to a redshift
of 6 (Fan et al. 2006).

The cosmological evolution of galaxies, of the star formation
rate and of the integrated luminosity of AGNs as a function of
redshift is constrained by surveys of individual galaxies in the ul-
traviolet (HST), visible light (HST and large ground based tele-
scopes), far-infrared and sub-millimeter wavelengths (space ob-
servatories ISO, SPITZER, HERSCHEL), and millimeter (with
ground based millimeter telescopes SPT, ACT). The formation
of structures in the universe predicts that small masses detach
form the general expansion to collapse and virialize and if they
reach a high enough temperature to excite the lowest electronic
level of hydrogen enough cool and eventually form population
III stars and dwarf galaxies. This can take place at rather high
redshifts (15 to 30). Population III has been looked for in the
near infrared Cosmic Infrared Background and only but no con-
vincing evidence was found yet.
In this new context with a smaller optical depth, popIII stars,
which are thought to have initiated the reionisation process,
should have had different properties (e.g., lower masses and/or
softer spectra) or the atomic-cooling halos would have had
smaller UV escape fractions.

The goal of this paper is to investigate the early reionisa-
tion history of our universe combining all CMB constraints and
comparing them with astrophysical probes. First we extract the
maximum possible information that reionisation imprinted in the
low ` polarisation data alone. We derive the constraints based on
CMB anisotropies with a single-stage model, a physically moti-
vated parametrisation, and a non-parametric reconstruction (us-
ing bins in redshifts or PCA analysis). In combination with kSZ
constraints, we give an indication for a rapid transition from neu-
tral to ionised medium. The analysis combining amplitude of the
kSZ component from the high multipole measurements with the
low-` part of the polarized power spectra translates into con-
straints on the duration of reionisation for a simple single-stage
transition as used in LCDM. Finally we combine CMB data with
astrophysical external constraints in order to discuss the impli-
cations of these results on the reionisation process and the star
formation.

We illustrate our results using both LFI and HFI data.
Robustness tests are also being performed (e.g., comparison with
polarised component separation combined with classical brute-
force pixel-based likelihood, etc). The robustness tests are for
the time being in Appendix A.

2. Model for reionisation history

The reionisation process is a balance between the recombina-
tion of free electrons with protons to form neutral hydrogen
and the ionisation of hydrogen atoms by photons with energies
E > 13.6 eV. Models of the reionisation have a long history.
Early empirical, analytic and numerical models of the reionisa-
tion process (e.g., Aghanim et al. 1996; Gruzinov & Hu 1998;
Madau et al. 1999; Gnedin 2000; Ciardi et al. 2003) highlighted
the essential physics that give rise to the ionised intergalactic
medium (IGM) at late times and provided predictions on the ef-
fects on CMB at small angular scales.

Reionisation leaves imprints in the CMB power spectra, both
in polarisation and in intensity through the kinetic Sunyaev-
Zeldovich (kSZ) effect, due to the re-scattering of photons off
newly liberated electrons (see Aghanim et al. (2008) and ref-
erences therein). One of the relevant physical, and the most
commonly used quantities to characterise reionisation is the

Thomson scattering optical depth

⌧ =

Z ⌘0

0
ane�T d⌘, (1)

where ne is the number density of free electrons at a conformal
time ⌘, �T is the Thomson scattering cross-section, a is the scale
factor and ⌘0 is the conformal time today. The reionisation his-
tory is conveniently expressed in terms of the ionised fraction
xe(z) = ne(z)/nH(z) where nH(z) is the Hydrogen number den-
sity.

In the following, we define the beginning and the end of
the reionisation history by the redshifts z10% and z90% at which
xe = 0.1 max(xe) and 0.9 max(xe) respectively. As is custom-
ary, we call redshift of reionisation, and define z50% (sometimes
also referred to by zre) as the redshift at which xe = 0.5 max(xe).
Note that we take into account the electrons injected into the
Intergalactic Medium by the first ionisation of Helium, and
therefore max xe ' 1.08 by the end of reionisation.

2.1. Single-stage reionisation

The parametrisation widely used by the CMB community is
available in the publicly available code CAMB (Lewis et al.
2000). The reionisation history is described by a step-like transi-
tion between an essentially vanishing ionised fraction xe at early
times (it is actually matched to the relic fraction from recom-
bination) to a unit value at low redshifts. The tanh-based fitting
function is described in ?. The key parameters are zre and Dz
which measure, respectively, the redshift at which the ionised
fraction reaches half its maximum (typically 1.08, not including
the second reionisation of Helium that occurs at z ⇠ 3.5 and con-
tributes a tiny amount to the total optical depth) and the duration
of the transition. Note that the standard “instantaneous” reion-
isation model used in ? and in the Planck Cosmo Parameters
Paper assumes �z = 0.5 (which corresponds, in this parametri-
sation, to the transition between xe ⇠ 0.29 and xe ⇠ 0.79). This
parametrisation allows us to compute the optical depth of Eq. (1)
in a one-stage redshift symmetric reionisation model, in which
the redshift interval between the onset of the reionisation process
and its half-completion is by construction equal to the second in-
terval until full-completion. In the present analysis, we allow ⌧
and �z to vary.

2.2. Two-stage reionisation

Given the decline in the abundance of quasars beyond redshift
z ⇠ 6, they cannot be a significant contributor to reionisation
(e.g., ??). Star-forming galaxies at redshifts z & 6 have there-
fore long been postulated as the likely sources of reionisation,
and their time-dependent abundance and spectral properties are
crucial ingredients for understanding how intergalactic hydrogen
became reionised (for reviews, see ???).

In a parametrisation proposed by Ilić et al. (2014, in prep),
we encode in a convenient and economic way a two-stage reion-
isation process. The first stage is slow and progressive, at-
tributable to the “soft” ionising photons produced by the first
stars and primordial dwarf galaxies. The second stage is faster
and accelerated, leading by z ⇠ 6 to the completion of Hydrogen
and first Helium Reionisation by quasars that produce “harder”
ionising photons. This parametrisation allows for multiple pop-
ulations of ionising sources, including early Population III stars.
It accounts for the possibility of a z-asymmetric reionisation his-
tory as shown in Fig. 1 and agrees in shape with the most recent
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Constraint from CMB. So far (Planck 2013 
& WMAP) pointed to high τ values: first 
stars formed early

Constraint from astrophysical 
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FIG 2.15.—Left: ionization histories for three physically-motivated models of reionization, each having the same
optical depth (xe is the fractional abundance of ionized hydrogen). Right: large-scale E-mode polarization power
spectra for the different ionization histories, with all other parameters held fixed. Cosmic variance errors for a full-sky
experiment are plotted for the model shown in black. (Figures modified from Holder et al. 2003).

would provide a firm observational link with physics of the early Universe.
Sensitivity to B-polarization allows for rigorous hypothesis testing for the existence of ten-

sor modes. In the presence of the much larger E-polarization signal, the most reliable way
to conduct such a test is to adopt a set of variables that unambiguously probes only the B-
polarization field. This procedure is non-trivial if parts of the sky are excluded, e.g., because of
strong Galactic contamination, since the decomposition of the polarization field into E and B
parts is ambiguous when there are boundaries. Methods have now been developed to overcome
this obstacle (e.g., Chiueh & Ma 2002; Lewis, Challinor & Turok 2002; Bunn et al. 2003).
Results of applying the methods of Lewis (2003) to simulated Planck data are presented in Fig-
ure 2.16, which shows the probability of detecting a given tensor amplitude (at 95% confidence)
with Planck observations using 65% of the sky, for different values of the epoch of (abrupt)
reionization. The same assumptions about instrument characteristics have been made as in
previous sections. It is striking how the additional large-angle power arising from early reion-
ization improves the detectability of tensor modes. In particular, for τ = 0.17, as suggested by
WMAP, the power of the null hypothesis test that there are no tensor modes exceeds 80% for
Planck if r > 0.05. This value corresponds to an energy scale of inflation V 1/4 = 1.6×1016 GeV
(see § 2.3.2).

Figure 2.17 shows the forecasted errors on CB
ℓ for a model with r = 0.1 and τ = 0.17. These

errors are modelled by Equation 2.25 with CB
ℓ replacing CE

ℓ . Note that with such early reioniza-
tion almost half the total power in primordial B-polarization is generated at reionization. The
figure suggests that for r = 0.1 Planck can characterise the primordial CB

ℓ in around four bands.
For this model, the B-polarization generated by weak gravitational lensing (Zaldarriaga & Sel-
jak 1998) of the much-larger E-mode polarization signal dominates above ℓ ∼ 150. However,
the amplitude of the lensing contribution to CB

ℓ scales as A2
S, and so the expected amplitude

can be predicted with confidence. On large scales, the pixel noise of Planck is around a factor
of ten higher than the rms of lensing-induced B-polarization, so lensing will not confuse the
detection of any primordial B-mode signal. However, the high-ℓ side of Figure 2.17 shows that
Planck should make a detection of lensing through its effect on the B-mode power spectrum on
small scales. This would be of considerable cosmological interest in its own right.

The results presented in this section show that Planck is capable of making extremely ac-
curate measurements of the polarization power spectra. The TE and EE power spectra should
be measurable to near cosmic variance up to multipoles ℓ ∼ 1000, provided systematic errors

Ideal full sky CMB experiment
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FIG 2.14.—Forecasts for the ±1σ errors on the E-mode polarization power spectrum CE
ℓ from WMAP and B2K

(left) and Planck (right). The cosmological model, and the assumptions about instrument characteristics, are the
same as in Figure 2.13. For WMAP and B2K, flat band powers are estimated with ∆ℓ = 150 (with finer resolution
on large scales for WMAP in the inset). For Planck we have used the same ℓ-resolution as in Figure 2.13.

history than its cross-correlation with temperature. In particular, the height of the peak scales
as the square of the optical depth to reionization, and, in models with abrupt reionization, the
position of the peak can be used to constrain the reionization epoch. The high value of τ implied
by the one-year WMAP data, when combined with observations of the Gunn-Peterson trough
in high-redshift quasar spectra (e.g., Becker et al. 2002; Fan et al. 2002; Songaila 2004), suggests
an extended period of partial ionization, rather than abrupt reionization. Figure 2.15 (modified
from Holder et al. 2003) shows the ionization histories of three physically-motivated models of
reionization, all constructed to have the same optical depth together with their resulting large-
angle E-mode polarization power spectra. The three models assume different efficiencies for star
formation in dark halos at high redshift and different metallicities of these early stars. Although
the main reionization peak is similar in these models, the secondary peak structure near ℓ = 20
differs by more than cosmic variance showing that CMB polarization can probe more than a
single optical depth parameter. For Planck, the uncertainty in CE

ℓ arising from instrument
noise is comparable to the cosmic variance at around ℓ = 20 in these models. Nevertheless, it
should be possible to extract valuable information on the reionisation history beyond a simple
sharp transition (Holder et al. 2003; Hu & Holder, 2003).

The ability of large-angle polarization observations to constrain the optical depth to reion-
ization breaks important parameter degeneracies present in measurements of the temperature
anisotropies alone. For example, as shown in Figure 2.7, the scalar spectral index nS is strongly
degenerate with the optical depth parameter τ . More troubling is the near-exact degeneracy
involving the tensor to scalar ratio r, the optical depth, and the scalar normalisation AS. As
explained in § 2.3.2, breaking these degeneracies is essential if one is to attempt to discriminate
between the many proposed inflationary models. Accurate measurements of the E-mode polar-
ization can improve constraints in the r–nS plane by partially lifting degeneracies involving τ .
To improve constraints on r further, it is necessary to get around the problem that the tensor
contribution to the temperature and polarization is only significant on large scales (ℓ < 100),
and so is generally lost in the cosmic variance of any scalar contribution. A decomposition
of polarization measurements into E and B-modes is therefore essential for detecting tensor
modes generated during inflation. Since scalar perturbations do not contribute to the B-mode
of polarization in linear theory, B-mode polarization can in principle provide direct constraints
on r, limited only by our ability to deal with foreground and secondary polarization.

2.3.3.4 B-mode polarization with Planck

The most ambitious goal of CMB polarimetry experiments is to map the B-mode polarization. A
detection of a large-angle signal with a thermal spectrum would provide a smoking-gun signature
of a stochastic background of gravitational waves. In models of inflation, the amplitude of the
B-mode of polarization is a direct measure of the inflationary energy scale, and so a detection

PLANCK forecast 
(BlueBook)
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by the one-year WMAP data, when combined with observations of the Gunn-Peterson trough
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an extended period of partial ionization, rather than abrupt reionization. Figure 2.15 (modified
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reionization, all constructed to have the same optical depth together with their resulting large-
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differs by more than cosmic variance showing that CMB polarization can probe more than a
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noise is comparable to the cosmic variance at around ℓ = 20 in these models. Nevertheless, it
should be possible to extract valuable information on the reionisation history beyond a simple
sharp transition (Holder et al. 2003; Hu & Holder, 2003).

The ability of large-angle polarization observations to constrain the optical depth to reion-
ization breaks important parameter degeneracies present in measurements of the temperature
anisotropies alone. For example, as shown in Figure 2.7, the scalar spectral index nS is strongly
degenerate with the optical depth parameter τ . More troubling is the near-exact degeneracy
involving the tensor to scalar ratio r, the optical depth, and the scalar normalisation AS. As
explained in § 2.3.2, breaking these degeneracies is essential if one is to attempt to discriminate
between the many proposed inflationary models. Accurate measurements of the E-mode polar-
ization can improve constraints in the r–nS plane by partially lifting degeneracies involving τ .
To improve constraints on r further, it is necessary to get around the problem that the tensor
contribution to the temperature and polarization is only significant on large scales (ℓ < 100),
and so is generally lost in the cosmic variance of any scalar contribution. A decomposition
of polarization measurements into E and B-modes is therefore essential for detecting tensor
modes generated during inflation. Since scalar perturbations do not contribute to the B-mode
of polarization in linear theory, B-mode polarization can in principle provide direct constraints
on r, limited only by our ability to deal with foreground and secondary polarization.

2.3.3.4 B-mode polarization with Planck

The most ambitious goal of CMB polarimetry experiments is to map the B-mode polarization. A
detection of a large-angle signal with a thermal spectrum would provide a smoking-gun signature
of a stochastic background of gravitational waves. In models of inflation, the amplitude of the
B-mode of polarization is a direct measure of the inflationary energy scale, and so a detection
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The challenge

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

➡ Data quality!
     Control of systematics!
! Accurate foreground subtraction/modeling!
    !
     Planck 2015: !
     No HFI polarization data released 
     Still residual systematics @ large scales

➡ Data analysis !
     Statistical method(s) optimized to CMB analysis  
     @ large angular scales

Mangilli, Plaszczynski, Tristram. In prep.



CMB map:!
!
!
!

pixel based 
likelihood

CMB power spectrum:!
!
!

[X,Y]={T,E,B}

spectra based 
likelihood

Temperature map

Temperature power spectrum

Large-scale CMB polarization likelihoods 3

DEADLINE DRAFT 18th DECEMBER 2014:
By that date we should:

(i) Have all the plots uploaded
(ii) Have all the sections written even if it is still in draft form

(iii) Have all the relevant literature included in the text

Tasks:

1) Anna

• Writing: Conclusions, full TEB analysis Sect. 5
• Analysis: update existing plots with new sims
• include tests on impact of changing the o↵sets

2) Stephane

• Writing: results analytic,edgeworth+comparison
(Sect. 4.1,Sect. 4.2, Sect. 4.4)
• Introduction help literature
• file fiducial power spectra with (⌧,r) sampling , ? As

3) Matt

• Writing: sims Sect. 3 +help beginning Sect. 2
• Pixel based comparison: nice to have

Color code for cross-spectra plots:
WMAPx70=orange,
WMAPx100=gold,
WMAPx143=purple,
70x100=red,
70x143=blue,
100x143=dark green

1 INTRODUCTION

The Cosmic Microwave Background radiation (CMB) is a very
powerful cosmological probe. Di↵erent CMB experiments with in-
creasing sensitivity as COBE, WMAP (Bennett 2013), Planck ?
and planned experiments as CoRE mapped and will map the CMB
sky in both temperature and polarization allowing to characterize
the Universe’s properties and evolution with higher and higher ac-
curacy. So far this characterization basically relied on the com-
pression of the CMB data into one observable, the angular power
spectrum of the CMB temperature and polarization fields. This is
defined as the two points correlation function in harmonic space:
ĈXY
` = haX

`maY
`0m0 i�``0 , where a`m are the coe�cients of the spher-

ical harmonic decomposition, such that the map of the CMB sky
in pixel space M(p) can be defined as M(p) =

P
`m a`mY`m(p)

and [X,Y]={T,E,B} denote, respectively, the CMB temperature, E-
mode and B-mode polarization fields. The connection between the
measured CMB power spectrum and the theory is done through the
CMB likelihood function L(C`) = P(d|C`(↵)) that quantifies the
match between the data d and a given theoretical model C`(↵), al-
lowing to constrain a set of cosmological parameters ↵.

One of the main challenge left for the present and the future
CMB experiments is the high precision measurement of the CMB
polarization at large angular scales. The CMB polarization at large
angular scales is extremely interesting because it encodes unique
informations about the ionization history of the Universe and the
inflationary epoch. The accurate measurement of the reionization
bump in the CMB polarization EE and BB power spectra allows to
improve the constraints of the cosmological parameters, in particu-
lar ⌧, the optical depth to reionization parameter and r, the tensor-

to-scalar ratio parameter that quantifies the amount of the primor-
dial tensor modes. Nevertheless, in order to achieve this goal, the
CMB E and B spectra must be reconstructed with an extremely high
accuracy, with a precision down to 0.1µK2. In this era of precision
cosmology it is therefore crucial to carefully asses each step of the
data analysis and its interpretation.

So far the analysis of the CMB anisotropies at large angu-
lar scales has been based on methods that exploit the reduced di-
mensionality of the problem (tipically `max < 30) to use an exact
evaluation of the CMB likelihood in pixel space. This approach is
based on the fact that given that the CMB anisotropies are very
close to be gaussianly distributed with random phases, the a`m have
a multi-variate Gaussian distribution. The likelihood and the pos-
terior functions can therefore be determined exactly. The problem
of this approach is that, in the case of a real experiment as Planck,
the CMB maps accounts for a combination of signal and noise and
must account for the incomplete sky coverage necessary to mini-
mize the impact of foregrounds contaminations. In order to achieve
the required accuracy at low-`, the noise matrix in pixel space must
be reconstructed with extremely high accuracy in order to avoid
spurious bias on the parameters reconstruction. However this can
be extremely hard to achieve given the unavoidable residuals sys-
tematics related to the instrument, the scanning strategy and the
residual foregrounds.

In this paper we propose to extend a cross-spectra based ap-
proach for the analysis of the CMB temperature and polarization
anisotropies at large angular scales. The advantage of working in
harmonic space and in particular of using the cross-spectra re-
lies on the fact that this approach allows to get rid of noise bi-
ases and to minimize the residuals systematics e↵ects by exploit-
ing the cross-correlation between di↵erent CMB maps, e.g. cross-
frequency/detsets. The method allows to access the cosmological
information encoded in the CMB maps at di↵erent frequencies and
to combine di↵erent CMB datasets in a more powerful way with
respect to the pixel based approach. The challenge in this case is to
find a solution that correctly model the non-Gaussianity of the dis-
tribution of the Ĉ` estimators at low-`. In fact, in harmonic space
the Ĉ` consist in the sum of the square of the harmonic coe�cients
a`m and they have a reduced-�-squared distribution. Therefore the
likelihood of a theoretical power spectrum as a function of the mea-
sured Ĉ` is non-Gaussian. The CMB low-` analysis is particularly
concerned by this issue given that the central limit theorem cannot
be invoked.

In this paper we present three solutions to deal with the non-
Gaussianity of the Ĉ` estimators at large angular scales. In Sect. 2.1
we first present the analytic solution and a solution based on the
Edgeworth expansion method in the case of a single CMB field
(i.e. the EE-only polarization field). We then present a more general
method that allows to easily deal with a joint temperature and po-
larization analysis accounting for both mode-mode correlations and
field-field correlations (TE, TB, EB). This more general method is
based on the extension of the Hamimeche & Lewis (2008) (H&L)
approach at large angular scale and it relies on a re-definition of the
H&L variable transformation allowing to approximate the CMB
likelihood function by a multivariate Gaussian at low multipoles
and for cross-spectra. We present the general formalism for the
modified H&L solution (hereafter abbreviated as oHL) in Sec. 2.2.
In Sec. 3 we describe the simulations that we use to test the di↵er-
ent methods and in Sec. 4 we present the results for the one-field
EE-only case with the three methods (analytic, Edgeworth expan-
sion and oHL). The results for the general oHL case with all cor-
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1 INTRODUCTION

The Cosmic Microwave Background radiation (CMB) is a very
powerful cosmological probe. Di↵erent CMB experiments with in-
creasing sensitivity as COBE, WMAP (Bennett 2013), Planck ?
and planned experiments as CoRE mapped and will map the CMB
sky in both temperature and polarization allowing to characterize
the Universe’s properties and evolution with higher and higher ac-
curacy. So far this characterization basically relied on the com-
pression of the CMB data into one observable, the angular power
spectrum of the CMB temperature and polarization fields. This is
defined as the two points correlation function in harmonic space:
ĈXY
` = haX

`maY
`0m0 i�``0 , where a`m are the coe�cients of the spher-

ical harmonic decomposition, such that the map of the CMB sky
in pixel space M(p) can be defined as M(p) =

P
`m a`mY`m(p)

and [X,Y]={T,E,B} denote, respectively, the CMB temperature, E-
mode and B-mode polarization fields. The connection between the
measured CMB power spectrum and the theory is done through the
CMB likelihood function L(C`) = P(d|C`(↵)) that quantifies the
match between the data d and a given theoretical model C`(↵), al-
lowing to constrain a set of cosmological parameters ↵.

One of the main challenge left for the present and the future
CMB experiments is the high precision measurement of the CMB
polarization at large angular scales. The CMB polarization at large
angular scales is extremely interesting because it encodes unique
informations about the ionization history of the Universe and the
inflationary epoch. The accurate measurement of the reionization
bump in the CMB polarization EE and BB power spectra allows to
improve the constraints of the cosmological parameters, in particu-
lar ⌧, the optical depth to reionization parameter and r, the tensor-

to-scalar ratio parameter that quantifies the amount of the primor-
dial tensor modes. Nevertheless, in order to achieve this goal, the
CMB E and B spectra must be reconstructed with an extremely high
accuracy, with a precision down to 0.1µK2. In this era of precision
cosmology it is therefore crucial to carefully asses each step of the
data analysis and its interpretation.

So far the analysis of the CMB anisotropies at large angu-
lar scales has been based on methods that exploit the reduced di-
mensionality of the problem (tipically `max < 30) to use an exact
evaluation of the CMB likelihood in pixel space. This approach is
based on the fact that given that the CMB anisotropies are very
close to be gaussianly distributed with random phases, the a`m have
a multi-variate Gaussian distribution. The likelihood and the pos-
terior functions can therefore be determined exactly. The problem
of this approach is that, in the case of a real experiment as Planck,
the CMB maps accounts for a combination of signal and noise and
must account for the incomplete sky coverage necessary to mini-
mize the impact of foregrounds contaminations. In order to achieve
the required accuracy at low-`, the noise matrix in pixel space must
be reconstructed with extremely high accuracy in order to avoid
spurious bias on the parameters reconstruction. However this can
be extremely hard to achieve given the unavoidable residuals sys-
tematics related to the instrument, the scanning strategy and the
residual foregrounds.

In this paper we propose to extend a cross-spectra based ap-
proach for the analysis of the CMB temperature and polarization
anisotropies at large angular scales. The advantage of working in
harmonic space and in particular of using the cross-spectra re-
lies on the fact that this approach allows to get rid of noise bi-
ases and to minimize the residuals systematics e↵ects by exploit-
ing the cross-correlation between di↵erent CMB maps, e.g. cross-
frequency/detsets. The method allows to access the cosmological
information encoded in the CMB maps at di↵erent frequencies and
to combine di↵erent CMB datasets in a more powerful way with
respect to the pixel based approach. The challenge in this case is to
find a solution that correctly model the non-Gaussianity of the dis-
tribution of the Ĉ` estimators at low-`. In fact, in harmonic space
the Ĉ` consist in the sum of the square of the harmonic coe�cients
a`m and they have a reduced-�-squared distribution. Therefore the
likelihood of a theoretical power spectrum as a function of the mea-
sured Ĉ` is non-Gaussian. The CMB low-` analysis is particularly
concerned by this issue given that the central limit theorem cannot
be invoked.

In this paper we present three solutions to deal with the non-
Gaussianity of the Ĉ` estimators at large angular scales. In Sect. 2.1
we first present the analytic solution and a solution based on the
Edgeworth expansion method in the case of a single CMB field
(i.e. the EE-only polarization field). We then present a more general
method that allows to easily deal with a joint temperature and po-
larization analysis accounting for both mode-mode correlations and
field-field correlations (TE, TB, EB). This more general method is
based on the extension of the Hamimeche & Lewis (2008) (H&L)
approach at large angular scale and it relies on a re-definition of the
H&L variable transformation allowing to approximate the CMB
likelihood function by a multivariate Gaussian at low multipoles
and for cross-spectra. We present the general formalism for the
modified H&L solution (hereafter abbreviated as oHL) in Sec. 2.2.
In Sec. 3 we describe the simulations that we use to test the di↵er-
ent methods and in Sec. 4 we present the results for the one-field
EE-only case with the three methods (analytic, Edgeworth expan-
sion and oHL). The results for the general oHL case with all cor-
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Polarized CMB from 70 GHz 

1. Low ell CMB polarization in Planck 
2014 comes from 70 GHz.  

2. Out of eight surveys, we exclude 
from the dataset survey 2 and 4 
because the exhibit unusual B mode 
excess, presumably connected with 
sidelobe contamination. 

3. Templates (30 and 353) are built 
from full mission data. 

4. Working resolution is nside = 16, 
down sampled from high resolution 
through noise weighting. No 
smoothing is applied in polarization 

5. The analysis mask retains 47% of the 
sky. 
 

Stokes Q 

Stokes U 

Preliminary 

Q

Low-l Commander temperature map 

• As in 2013, the low-l temperature likelihood is based on 
the foreground-cleaned Commander map 
 

• But unlike 2013, the 2014 map also incorporates the 9-
year WMAP data and the 408 MHz Haslam map 
• More frequencies � better fg model � more clean sky 

• See Wehus’ talk tomorrow for more details 
 

•    Analysis chain: 

1. Perform component separation at 1q resolution 

2. Define narrow F2–based processing mask to 
remove obvious residuals 

3. Fill mask with a constrained Gaussian realization 

4. Smooth to 440’ FWHM, and repixelize at Nside=16 

5. Define proper F2–based confidence mask at 
Nside=256 

– This year fsky = 0.93, which is up from 0.87 in 2013 

6. Downgrade mask, and apply to Nside=16 map 
– Range of different F2 thresholds considered; no systematic 

biases or trends found in power spectrum until fsky | 0.97 
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Polarized CMB from 70 GHz 

1. Low ell CMB polarization in Planck 
2014 comes from 70 GHz.  

2. Out of eight surveys, we exclude 
from the dataset survey 2 and 4 
because the exhibit unusual B mode 
excess, presumably connected with 
sidelobe contamination. 

3. Templates (30 and 353) are built 
from full mission data. 

4. Working resolution is nside = 16, 
down sampled from high resolution 
through noise weighting. No 
smoothing is applied in polarization 

5. The analysis mask retains 47% of the 
sky. 
 

Stokes Q 

Stokes U 

Preliminary 

U

m=[T,Q,U], here e.g. Planck 2015. Polarization from 70GHz only:

Planck maps= signal+Noise

The “pixel-based” likelihood:

Constraining the CMB at large scales

Few multipoles. Gaussian likelihood, can be computed exactly. 

Difficult handling of noise bias/residual systematics: 
can compromise parameter reconstruction 

Methodology  

1. Multivariate Gaussian likelihood in the m=[T,Q,U] maps, with CMB 
signal plus noise covariance matrix M : 

 

 

2. T,Q,U maps are cleaned of foreground emission and residual 
systematics: 

a. In T, Commander multiband CMB solution  

b. In Q,U polarized CMB is provided by Planck 70 GHz, after 
template fitting for polarized synchrotron and dust, based 
on Planck 30 and 353 GHz, and their polarization leakage 
corrections.  
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The “spectra-based” likelihood

Used at small angular scales (50<l<2000)

Mangilli, Plaszczynski, Tristram. In prep.

The likelihood is non-Gaussian @ large angular scales

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

Constraining the CMB at large scales

Large-scale CMB cross-spectra likelihoods 5
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Figure 2. Dependence of the f AB
sky factor on the mask. The two distinct

groups (full and dashed lines) represents the f AB
sky values fitted to the dis-

tributions obtained respectively on the small mask ( fsky=0.77) and large
( fsky=0.49) mask. The fskyvalues are represented as constant lines. The dif-
ferent colors label the cross-spectra in the following way: WMAP⇥70GHz:
gray,WMAP⇥100GHz: red, WMAP⇥143GHz: blue, 70GHz⇥100GHz:
green, 70GHz⇥143GHz: magenta,100GHz⇥143GHz: orange.
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Figure 3. Dependence of the f AB
sky factor on the fiducial model. The

full and dashed lines represent, respectively, the f AB
sky factor as a func-

tion of the multipole when model 1 and model 2 are used as input
cosmology in the simulations. As in Fig. 2, the colors label the cross-
spectra in the following way: WMAP⇥70GHz: gray,WMAP⇥100GHz:
red, WMAP⇥143GHz: blue, 70GHz⇥100GHz: green, 70GHz⇥143GHz:
magenta,100GHz⇥143GHz: orange.

4.1.2 Edgeworth expansion

In order to avoid constructing the f AB
sky (`) function, we also propose

another approach, noticing that only the first three central moments
contributes essentially to the estimator distribution above ` & 4.

We first slightly modifies the coeficients of the Cth
` -polynomial

of the full-sky cumulants (Eq. (A14) in Appendix A) to match the
ones reconstructed from the silmualtion. We use this time the clas-
sical and constant value of fskyfor N = (2` + 1) fsky
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Figure 4. Normalized histograms (in black) of the 100⇥143 PCL estima-
tor in the ` 2 [2, 16] range are compared to our analytic full-sky based
description, for model1 (blue) and model2 (red). The number of degree of
freedom N(`) = (2` + 1) f AB

sky (`) is reduced according to the values obtained
on model2 only (Fig 3).

1(Ĉ`
AB) = Cth

`

2(Ĉ`
AB) =

1.5(Cth
` )2 + 2Cth

` (NA
` + NB

` ) + NA
` NB
`

N
(15)

3(Ĉ`
AB) = Cth

`

6(Cth
` )2 + 12Cth

` (NA
` + NB

` ) + 10NA
` NB
`

N2 .

The optimization has been performed for the HFI100⇥143
cross-spectrum, which is the most challenging one to describe due
to its rtaher large skewness, with the fsky=0.77 mask. It is however
much independent from the cross-spectrum as will be demonstrated
in the likelihood tests Sect. ??. Note that this parametrization just
depends on constant values of the polynomial coe�cients.

Fig. 5 shows the 2 (variance) and 3 (skewness) comparison
to the sumulations for the two models. The agreement is excellent
in both cases. We emphasize that the 3 tuning is not mandatory
(one may use the one from Eq. (A14)) since it drops rapidly.

Now we have a model-independent parametrization of the first
cumulants we proceed in writing an analytical description of the es-
timator p.d.f using an Edgeworth Series expansion ((e.g. ?)). Using

the normalized variable y =
Ĉ` � µ
�

where µ = 1 and � =
p
2,

the truncated expansion reads:

f (y|Cth
` ,N

A
` ,N

B
` ) = N(y)

✓
1 +

3
6�3 H3(y)

◆
, (16)

where N denote sthe normal distribution and H3 is the 3d order
‘probabilistic’ Hermite polynomial (?). Each µ,�, 3 is computed
from Eq. (15) and depends only on Cth

` ,N
A
` ,N

B
` .

A classical issue with truncating an Edgeworth expansion is
that,despite being properly normalised to 1, it may lead to negative
values so that Eq. (16) is not really a p.d.f and may lead to potential
problems when constructing a ln(L ) function.

We adopt an elegant solution to olve this problem, that was
originally proposed by ?. Their idea is based on the solutions of the
quantum harmonic oscillator, that exhibits non-gaussianity above
the ground level. For one extra-level the wawe-function (i.e. a p.d.f)
is of the form:

P(x) = N(x)
 
↵0 +

↵3p
6

H3(x)
!2

, (17)
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The “spectra-based” likelihood

Used at small angular scales (50<l<2000)

The likelihood is non-Gaussian @ large angular scales

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

Constraining the CMB at large scales

          Use CROSS-SPECTRA:

Large-scale CMB polarization likelihoods 3

DEADLINE DRAFT 18th DECEMBER 2014:
By that date we should:

(i) Have all the plots uploaded
(ii) Have all the sections written even if it is still in draft form

(iii) Have all the relevant literature included in the text

Tasks:

1) Anna

• Writing: Conclusions, full TEB analysis Sect. 5
• Analysis: update existing plots with new sims
• include tests on impact of changing the o↵sets

2) Stephane

• Writing: results analytic,edgeworth+comparison
(Sect. 4.1,Sect. 4.2, Sect. 4.4)
• Introduction help literature
• file fiducial power spectra with (⌧,r) sampling , ? As

3) Matt

• Writing: sims Sect. 3 +help beginning Sect. 2
• Pixel based comparison: nice to have

Color code for cross-spectra plots:
WMAPx70=orange,
WMAPx100=gold,
WMAPx143=purple,
70x100=red,
70x143=blue,
100x143=dark green

1 INTRODUCTION

The Cosmic Microwave Background radiation (CMB) is a very
powerful cosmological probe. Di↵erent CMB experiments with in-
creasing sensitivity as COBE, WMAP (Bennett 2013), Planck ?
and planned experiments as CoRE mapped and will map the CMB
sky in both temperature and polarization allowing to characterize
the Universe’s properties and evolution with higher and higher ac-
curacy. So far this characterization basically relied on the com-
pression of the CMB data into one observable, the angular power
spectrum of the CMB temperature and polarization fields. This is
defined as the two points correlation function in harmonic space:
ĈXY
` = haX

`maY
`0m0 i�``0 , where a`m are the coe�cients of the spher-

ical harmonic decomposition, such that the map of the CMB sky
in pixel space M(p) can be defined as M(p) =

P
`m a`mY`m(p)

and [X,Y]={T,E,B} denote, respectively, the CMB temperature, E-
mode and B-mode polarization fields. The connection between the
measured CMB power spectrum and the theory is done through the
CMB likelihood function L(C`) = P(d|C`(↵)) that quantifies the
match between the data d and a given theoretical model C`(↵), al-
lowing to constrain a set of cosmological parameters ↵.

One of the main challenge left for the present and the future
CMB experiments is the high precision measurement of the CMB
polarization at large angular scales. The CMB polarization at large
angular scales is extremely interesting because it encodes unique
informations about the ionization history of the Universe and the
inflationary epoch. The accurate measurement of the reionization
bump in the CMB polarization EE and BB power spectra allows to
improve the constraints of the cosmological parameters, in particu-
lar ⌧, the optical depth to reionization parameter and r, the tensor-

to-scalar ratio parameter that quantifies the amount of the primor-
dial tensor modes. Nevertheless, in order to achieve this goal, the
CMB E and B spectra must be reconstructed with an extremely high
accuracy, with a precision down to 0.1µK2. In this era of precision
cosmology it is therefore crucial to carefully asses each step of the
data analysis and its interpretation.

So far the analysis of the CMB anisotropies at large angu-
lar scales has been based on methods that exploit the reduced di-
mensionality of the problem (tipically `max < 30) to use an exact
evaluation of the CMB likelihood in pixel space. This approach is
based on the fact that given that the CMB anisotropies are very
close to be gaussianly distributed with random phases, the a`m have
a multi-variate Gaussian distribution. The likelihood and the pos-
terior functions can therefore be determined exactly. The problem
of this approach is that, in the case of a real experiment as Planck,
the CMB maps accounts for a combination of signal and noise and
must account for the incomplete sky coverage necessary to mini-
mize the impact of foregrounds contaminations. In order to achieve
the required accuracy at low-`, the noise matrix in pixel space must
be reconstructed with extremely high accuracy in order to avoid
spurious bias on the parameters reconstruction. However this can
be extremely hard to achieve given the unavoidable residuals sys-
tematics related to the instrument, the scanning strategy and the
residual foregrounds.

In this paper we propose to extend a cross-spectra based ap-
proach for the analysis of the CMB temperature and polarization
anisotropies at large angular scales. The advantage of working in
harmonic space and in particular of using the cross-spectra re-
lies on the fact that this approach allows to get rid of noise bi-
ases and to minimize the residuals systematics e↵ects by exploit-
ing the cross-correlation between di↵erent CMB maps, e.g. cross-
frequency/detsets. The method allows to access the cosmological
information encoded in the CMB maps at di↵erent frequencies and
to combine di↵erent CMB datasets in a more powerful way with
respect to the pixel based approach. The challenge in this case is to
find a solution that correctly model the non-Gaussianity of the dis-
tribution of the Ĉ` estimators at low-`. In fact, in harmonic space
the Ĉ` consist in the sum of the square of the harmonic coe�cients
a`m and they have a reduced-�-squared distribution. Therefore the
likelihood of a theoretical power spectrum as a function of the mea-
sured Ĉ` is non-Gaussian. The CMB low-` analysis is particularly
concerned by this issue given that the central limit theorem cannot
be invoked.

In this paper we present three solutions to deal with the non-
Gaussianity of the Ĉ` estimators at large angular scales. In Sect. 2.1
we first present the analytic solution and a solution based on the
Edgeworth expansion method in the case of a single CMB field
(i.e. the EE-only polarization field). We then present a more general
method that allows to easily deal with a joint temperature and po-
larization analysis accounting for both mode-mode correlations and
field-field correlations (TE, TB, EB). This more general method is
based on the extension of the Hamimeche & Lewis (2008) (H&L)
approach at large angular scale and it relies on a re-definition of the
H&L variable transformation allowing to approximate the CMB
likelihood function by a multivariate Gaussian at low multipoles
and for cross-spectra. We present the general formalism for the
modified H&L solution (hereafter abbreviated as oHL) in Sec. 2.2.
In Sec. 3 we describe the simulations that we use to test the di↵er-
ent methods and in Sec. 4 we present the results for the one-field
EE-only case with the three methods (analytic, Edgeworth expan-
sion and oHL). The results for the general oHL case with all cor-
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X≠Y, [X,Y]={70GHz,100GHz,143GHz,WMAP, …}

Noise bias removed. Exploit cross dataset informations!
Better handling of residual systematics/foregrounds

Mangilli, Plaszczynski, Tristram. In prep.

Correct modeling of the non-Gaussian likelihood
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[h]

Figure 2. Unbiased ⌧ estimation with the oHL EE cross-spectra likeli-
hood. The plot shows the histograms of the ⌧ best fit of the 2000 simula-
tions in the case of 70GHz⇥100GHz (top), 70GHz⇥143GHz (middle) and
100GHz⇥143GHz (bottom). The red curves refer to the gaussian fit of the
histograms and the dashed line indicates the fiducial value of ⌧ used in the
simulations: ⌧ f iducial = 0.0566.

[!ht]

Figure 3. EE-only mask=20pc, fiducial model=model2

c� 0000 RAS, MNRAS 000, 000–000
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Figure 4. The plot shows the histograms of the standardized ⌧ estimates
(Eq. 15) of the 2000 simulations in the case of 70GHz⇥100GHz (top),
70GHz⇥143GHz (middle) and 100GHz⇥143GHz (bottom). In all cases the
oHL EE likelihood gives unbiased results and reasonable error estimates.

Figure 5. oHL T+E+B likelihood. Full TEB covmat including TE, TB and
EB correlations. Mask=20%

c� 0000 RAS, MNRAS 000, 000–000

The cross spectra-based approach
Mangilli, Plaszczynski, Tristram. In prep.

Best-fit τ, 2000 simulations for different cross spectra:

EE-only cross spectra

Full analysis: TT+EE+BB+TE+EB+TB!
Slight (∼7%) improvement on error-bar estimation

CℓEE

Best constraints expected from  
HFI 100x143GHz

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

Input simulations



HFI EE only, 100x143GHz

Error bars still not optimal because of residual systematics

Planck 2015: reionization optical depth from 
large scales polarization  

First constraints from large scale HFI polarization only!

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

Planck Temperature

Not public data



Planck 2015: reionization optical depth 

preliminary&

Constraints*on*reioniza9on*op9cal*depth*τ*

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

Planck Collaboration: Cosmological parameters
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Fig. 7. Marginalized constraints on parameters of the base ⇤CDM model for various data combinations of data, excluding low l EE.

Fig. 8. Marginalized constraints on the reionization optical depth
in the base ⇤CDM model for various data combinations of data.
Solid lines do not include low-` polarization, and the optical
depth is constrained by lensing. The dashed/dotted lines in-
clude LFI polarization (+lowP), or the combination of LFI and
WMAP polarization cleaned using 353 GHz as a dust template
(+lowP+WP).

redshift of reionization, partially alleviating the di�culties in
reionising the intergalactic medium using starlight from high
redshift galaxies. A key goal of the Planck 2015 analysis is to
assess whether these results are consistent with the HFI polar-
ization data at low multipoles.

We also report the constraints for ⌧ obtained when consider-
ing the dataset obtained from the LFI 70 GHz and WMAP polar-
ization maps cleaned with HFI 353 GHz as a polarized dust tem-
plate, as described above. From the joint Planck/WMAP lowP

likelihood (indicated as ‘lowP+WP’) we get

⌧ = 0.074+0.011
�0.013, zre = 9.6 ± 1.1, Planck TT+lowP+WP, (18a)

⌧ = 0.070+0.010
�0.012, zre = 9.2 ± 1.0, Planck TT (18b)

+lowP+WP+lensing,
⌧ = 0.069+0.009

�0.010, zre = 9.1 ± 0.9, Planck TT (18c)
+lowP+WP+lensing+BAO.

These results give our tightest constraints on the optical depth.
The first result is compared with the constraints from lowP and
lensing in Fig. 8.

18

Planck TT  +lowP+WP+lensing+BAO

Residual systematics in the Planck 2015 (low-l) polarization 
data: specific Planck analysis @ end 2015

… Planck results seems to point to lower τ. !
This has an implication also for the large scales B-modes detection



The Planck group @ LAL

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

!
➡ Strong involvement in:!
➡ Map making, spectra reconstruction 
➡ Data analysis and validation 
➡ Likelihood development @ large and small scales 
➡ Statistics tools: bayesian vs frequentist 
➡ Foreground modeling 
➡ CMB lensing 
➡ Reionization (in synergy with IAS) 
➡ Neutrinos  
➡ CMB non-Gaussianity 
➡ Constraint on tensor to scalar ratio, Planck-Bicep2

Planck Collaboration: Cosmological parameters
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…*and*beau9ful*lensing*spectra*

TT,*TE,*EE,*EB,*TB*spectra*(see*talk*by*Antony*Lewis)*

2.7 Lollipop

We performed a complementary analysis of the low-` polariza-
tion information using the HFI data. The level of systematic re-
siduals in the HFI maps is very low but still about the same level
as the statistical noise (see Planck Collaboration A09 2014). As
a consequence, we can not directly use a pixel-based approach
without a complete Monte Carlo analysis including all relevant
systematic effects. Instead, we use Lollipop, a low-` polar-
ized likelihood function based on cross-power spectra. The idea
behind this approach is that the systematics will considerably
reduce in cross-correlation compared to auto-correlation.

At low multipoles and for incomplete sky coverage, the
C` statistic is not gaussian and includes correlations between
modes. Lollipop uses the approximation presented in
Hamimeche & Lewis (2008) modified to apply to cross-power
spectra as described in Mangilli et al. (2014). We restrict to the
one-field approximation to derive a likelihood function only
based on the EE power spectrum at very low multipoles. The
likelihood function of the C` given the data C̃` reads as:

� 2lnL(C` |C̃`) =
X

``0
[Xg]T

` [M�1
f ]``0 [Xg]`0 , (1)

with the variable
h
Xg

i
`
=

q
C f
` + O` g

 
C̃` + O`
C` + O`

! q
C f
` + O` (2)

where g(x) =
p

2(x � ln(x) � 1), C f
` is a fiducial model and O`

is the offset needed in the case of cross spectra. This likelihood
have been extensively tested on Monte Carlo simulations includ-
ing both realistic signal and noise.

In order to extract some cosmological information from the
EE spectrum only, we need an important signal-to-noise ratio on
polarization maps. We thus restricted the analysis to the cross-
correlation between HFI 100 and 143 GHz maps which exhibit
the lowest variance. At large angular scales, the HFI maps are
contaminated by systematic residuals coming from I-to-P leak-
age (see Planck Collaboration A09 2014). We used our best es-
timate of the Q and U maps at 100 and 143 GHz on which we
correct for residual leakages coming from destriping uncertain-
ties, calibration mismatch and bandpass mismatch using tem-
plates as described in Planck Collaboration A09 (2014). Even
though the level of systematic is significantly reduced using this
procedure, we still have residuals showing up above the noise
level in jackknives tests at very low multipoles (` 6 4). To mit-
igate the effect on the likelihood, we restrict the range of multi-
poles used to ` = 5 � 20.

Cross-power spectra are computed on the 50% cleanest sky
fraction using a pseudo-C` estimate (Xpol an extension to polar-
ization of Tristram et al. (2005)). The mask used corresponds to
a threshold on the map of the diffuse polarized Galactic dust at
large scales. In addition, we also removed the pixels where the
intensity of diffuse Galactic dust and CO lines is strong. This en-
sures the bandpass leakage from dust and CO lines is not biasing
the polarization spectra (see Planck Collaboration A09 2014).

We constructed the C` correlation matrix on simulations in-
cluding CMB signal and realistic inhomogeneous and correl-
ated noise. In order to take into account the residual systematics,
we derive the noise level from the estimated BB auto-spectrum
where we neglect the cosmological signal. This over-estimates
the noise description and ensures conservative errors. However,
this estimation assumes by construction a gaussian contribution,
which is not a full description of the systematics at play.

We then sample the likelihood with respect to the reioniz-
ation optical depth ⌧, all other parameters being fixed to the
Planck 2014 best fit values (Planck Collaboration A15 2014).
Without any other data, the degeneracy between As and ⌧ is
broken by fixing the amplitude of the first peak of the TT spec-
trum (directly related to Ase�2⌧) at ` = 200. The distribution is
plotted in Fig. 1. The best fit value is

⌧ = 0.064+0.011
�0.012, zre = 8.7+1.0

�1.2 ,

in agreement with the current Planck baseline at low-` even if
this result does not include any constraints other than the EE
spectrum between ` = 5 and 20.
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Figure 1. distribution of the reionization optical depth ⌧ using
the Lollipop likelihood based on the cross-correlation of the
100 and 143 GHz channels.
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Planck Collaboration: Planck 2015 HFI Data Processing: 2 - Calibration & Temperature and Polarization Maps
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Figure 6. Planck-HFI full mission channel intensity maps at 100, 143 and 217 GHz (from top to bottom) after Zodiacal emission
removal.
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Summary
➡     Planck 2015: great results! !
!

•  General consistency with ΛCDM and Planck 2013: both 
temperature and polarization! 

!
•  Best detection so far of CMB lensing: 40σ! (x2 improvement) 

!
•  Lensing-ISW detection improved at 3σ 

!
•  No primordial Non-Gaussianity  

!
•  In general: simplest model of inflation favored 

!
•  Point to lower values of the reionization redshift 

!
•  Total neutrino mass bound: <0.23 eV (95%CL) 

!
•   Planck Temperature+B-modes+Bicep2: r<0.08 (95%CL)

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

➡   The challenge: CMB polarization at large angular scales
• Very interesting to constraint reionization (τ) and inflation (r)



➡  Main target: the CMB polarization at large angular scales     !
   

• Improving HFI data on the way 
• Better HFI systematics control at the map making level 
• New statistical method: extensive data validation  
• Constraints on reionization from HFI: τ error bars improved > X2  
• Upper bounds for r from the B-modes at reionization bump 
• Joint r-τ analysis from reionization bumps

Anna Mangilli (IAS & LAL) - LAL 10th February 2015

What’s next
At least 2 more releases by the end of 2015 and 2016:!
Overall improvement of polarization data

➡ QUBIC CMB ground telescope (end 2016?)

➡COrE+: ultimate CMB space mission (2026?)

 Future Large Scale structure Surveys: LSST, Euclid, SKA …



THANK YOU!

Anna Mangilli (IAS & LAL) - LAL 10th February 2015
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