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R. Brault, F. d’Alché Buc (Paris-Savlay) Opera-Lib CDS OSI, 2015 2 / 15



Goals

Learning input/output vector/structured data, e.g.:

Predict molecule activity on a line of diseases,

Learning vector-field,

Recommendation system,

...

How to use the information in the input/output and overtake
independent prediction?

Neural-Networks,

Random forests,

Kernel Methods (OVK).

R. Brault, F. d’Alché Buc (Paris-Savlay) Opera-Lib CDS OSI, 2015 3 / 15



Outline

1 Introduction

2 Operator-valued kernels (OVKs)

3 Examples

4 Future extensions
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A word about OVKs

Idea

Extend scalar kernels to vector-valued learning

Scalar Operator-Valued

Space k(x , x ′) ∈ R K (x , x ′) ∈ L(R)
Symmetry k(x , x ′) = k(x , x ′) k(x , x ′) = k(x , x ′)T

Positivity
∑

i ,j yik(xi , xj)yj
∑

i ,j〈yi , k(xi , xj)yj〉

Mercer theorem, representer theorem, universality... (Micchelli and
Pontil [2005], Carmeli et al. [2010]).
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Kernel engineering

Construction

K (x , x ′) = A, A psd. → is an OVK.

Let ks be a scalar kernel and K be an OVK → ks(x , x ′)K (x , x ′) is an
OVK.

K1, K2 OVKs → K1(x , x ′) + K2(x , x ′) is an OVK

Example

Decomposable kernel: K (x , x ′) = ks(x , x ′)A.

Curl-free kernel: K (x , x ′) = −∇∇Tks(x , x ′).

Divergence-free kernel: K (x , x ′) = (∇∇T −∇T∇)ks(x , x ′).

Álvarez et al. [2012], Caponnetto et al. [2008], Macedo and Castro [2008].
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Learning

Problem

arg min
C

n∑
i=1

∣∣∣∣∣∣
∣∣∣∣∣∣

n∑
j=1

K (xi , xj)Cj − yi

∣∣∣∣∣∣
∣∣∣∣∣∣
2

+
K∑

k=1

λk fk(C ) + µg(C )

.

fk :

Ridge.

Lasso.

Group-Lasso.

Elastic-net.

Optimisation

→ Proximal gradient descent.
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Sample Code

import o p e r a l i b , o p e r a l i b . K e r n e l
import o p e r a l i b . Model , o p e r a l i b . R i s k
import o p e r a l i b . O p t i m i z e r

A = numpy . a r r a y ( g r o u n d t r u t h )

k = o p e r a l i b . K e r n e l . Decomposab leKerne l (gamma , d , A)
r s k = o p e r a l i b . R i s k . Ridge ( 0 )
model = o p e r a l i b . Model . Model ( k , x )
L = o p e r a l i b . L i p s c h i t z c o n s t a n t ( model )
opt = o p e r a l i b . O p t i m i z e r . FISTA ( rsk , L , 1 , 50)

opt . f i t ( model , X t r a i n , y )
opt ( X t e s t )
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Results

10000 points, γ = 0.5, random psd A.
MSE with prior: 0.17 ∗ 10−6,

MSE without prior: 0.26 ∗ 10−3
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Structure learning

Extract structure using a sum of curl-free / div-free kernel.
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More structure

POKR (Output kernel regression) (Brouard et al. [2011]).

OKVAR (Autoregressive model) (Lim et al. [2015]).

MKL (Multiple kernel) (Kadri et al. [2012, 2013]).

Scaling the method to larger dataset (Audiffren and Kadri [2013]).

https://github.com/RomainBrault/Operalib-2
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