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Abstract Agent based models are very widely used in different disciplines. In finan-
cial markets, they can be used to explain well known features called stylised facts and
fit statistical properties of data. For this reason, they can model price movements bet-
ter than standard models using gaussianity. Calibration and validation are essential
issues in agent-based modeling. However, calibrating such models is not yet suffi-
ciently considered in the literature. In this paper, a Nelder–Mead simplex algorithm
coupled with threshold accepting algorithm (Gilli and Winker in Comput Stat Data
Anal 42:299–312, 2003) and a genetic algorithm have been implemented to calibrate
the model presented by Farmer and Joshi (J Econ Behav Org 49:149–171, 2002) and
the outcomes have been compared and discussed. The data used are closing prices of
S&P500 Composite index and a particular attention has been devoted to the choice of
the objective function.

Keywords Agent based model · Artificial markets · Calibration · Genetic algorithm

JEL Classification C13 · C52 · G10

1 Introduction

In recent years, an increasing number of researches have focused on Agent Based
Models (ABMs). Traditional economic models adopt Gaussian distribution consid-
ering extreme events as outliers or, alternatively, building a statistical process that is
able to reproduce market features without providing any understanding of how these
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features are observed; while ABMs drop classical ideas of the representative agent
and market efficiency to focus on describing agents’ behaviours and interactions.

ABM are widely used in social science and economics (Gallegati et al. 2003;
Raberto et al. 2011; Delli Gatti et al. 2011). The agent-based approach considers
a population of intelligent adaptive agents or firms and lets them interact in order to
maximise their financial performances. For financial markets, they place attention on
interactions, learning dynamics, herding behaviour (Lux and Marchesi 1999) or differ-
ent approaches to trade (Day and Huang 1990). Some use simplified technical trading
rules (Farmer and Joshi 2002), and others focus on the price formation mechanism,
i.e. the order matching mechanism, to argue what matters in reproducing stylised facts
(Pellizzari and Dal Forno 2007). For financial markets, a comprehensive view of the
literature of ABM can be found in Hommes (2006) and LeBaron (2000).

ABMs are able to reproduce some of the statistical properties of returns seen in real
stock markets (Cont 2001). These features include distribution of returns that is more
peaked than the Gaussian distribution, periods of persistent high volatility, periods of
persistent high trading volume and correlation between volatility and trading volume.
Moreover, ABMs can help to identify the causes which such features can be attributed
to.

Since ABMs are useful in reproducing market features, validation and calibration
can play an important role. Indeed, as stated by Leombruni and Richiardi (2005),
Leombruni et al. (2006) and Marks (2007), a better validation of ABM would reduce
scepticism about their results and their usefulness. According to Tesfatsion’s web
site (http://www2.econ.iastate.edu/tesfatsi/empvalid.htm), there are three alternative
ways of validating computational models: a descriptive output validation; a predictive
output validation; and an input validation. But how can these be done in a scientifically
meaningful manner?

Generally speaking, ABMs can be validated if the statistical properties of simulated
data match those of real data and the two series can be said to belong to the same dis-
tribution, but it is difficult to justify choosing one specification of model parameters
instead of another. Therefore, calibration is useful either for predictive purposes or to
provide criteria for the best choice of the parameter set reproducing real data. This
can be used as a discriminant in choosing between two models. Indeed, ABMs can
have different features and not any of them can fit the stylised facts, qualitatively and
quantitatively well (Veryzhenko et al. 2010).

On the one hand, a simulation model can be set up on theoretical considerations
or ad-hoc assumptions. On the other hand, the model can be set up on empirical data.
The adopted approach must often motivated by the aim of the model, i.e. predictive
purposes, experimentation or better understanding of dynamics and causes. So far
there are in the literature only a limited number of contributions dealing with a sys-
tematic way of calibration. An interesting and wide discussion of the literature can be
found in Windrum et al. (2007) and in Fagiolo et al. (2007). Most of these methods are
descriptive or heuristic, generally based on similarity of generated sample data (Palin
2002). In fact, a qualitative calibration can be sufficient when validating a model for
better understanding the general nature and/or origin of some phenomena. In con-
trast, a quantitative calibration is needed when a selected model must be applied for
predictive purposes.
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Some interesting quantitative examples are in Alfarano et al. (2005), in Bianchi
et al. (2007) and Mike and Farmer (2008). In Alfarano et al. (2005), an asymmetric
version of Kirman’s model is proposed; for such a model a closed form solution of the
distributions of returns can be derived. Hence, the model parameters can be estimated
by applying the maximum likelihood method. In Bianchi et al. (2007, 2008), some
parameters of CATS model (see Gallegati et al. 2003) are calibrated via indirect infer-
ence (Gourieoux and Monfort 1997) and a minimisation method proposed by Gilli
and Winker (2003). Analogous approaches are proposed in Delli Gatti et al. (2011)
and Cirillo and Gallegati (2012), too. In Mike and Farmer (2008), each component of
a model, used to simulate the price formation under a continuous double auction, is
validated against real data; in fact using data from the order book, they can fit the dis-
tribution of orders signs , prices and cancellation frequency. However, it is not always
possible to have a closed form for the returns distribution as in Alfarano et al. (2005)
or a direct simulation of some observables like in Mike and Farmer (2008), and hence
a more general method for calibration is needed. In Bianchi et al. (2007), once the
auxiliary model is chosen, they deal with the minimisation of the distance between
distribution using Gilli and Winker (2003), which is in itself an interesting attempt
to provide a general solution to ABM calibration problems. Indeed, Gilli and Winker
(2003) proposed a Nelder–Mead simplex algorithm coupled with a local search heu-
ristic called Threshold Accepting. The Kirman’s model has been calibrated using an
objective function combining estimation errors on kurtosis and ARCH(1)-effect. In
Fabretti (2011), such a method has been replicated for a model with fundamentalists
and chartists agents (Farmer and Joshi 2002) and some drawbacks have been high-
lighted. In particular, in Gilli and Winker (2003) and Fabretti (2011), the objective
function is naive, the kurtosis and ARCH(1) effect are insufficient to represent statisti-
cal properties of data and their weights have been arbitrarily set. In order to capture the
main features of data, the objective function must be a blend of higher moments and
other statistics. According to Winker et al. (2007), the moments and the statistics must
be robust, reflect statistical properties of data and exhibit the potential to discriminate
between alternative models or parameter values.

Other heuristic methods, such as Genetic Algorithms (GAs) (Holland 1975; Gold-
berg 1989), appear to be promising (Calvez and Hutzler 2005; Rogers and Von Tessin
2004). GAs take inspiration from the evolutionary process and select the best set of
parameter with respect to a fitness function, which must reflect the goodness of the
set parameters. GAs differ from traditional search or optimisation algorithms because
they are able to evaluate at the same time a population of points (instead of a single
point) and they do not require any analytical tractability of the objective function or
additional information (Goldberg 1989).

The present paper offers just one frame of the compelling and extensive issue of
parameters estimation for ABMs. The discussion does not claim to be exhaustive.
However, a wider view on experiments and comparison of the methodology proposed
by Gilli and Winker (2003) and of Genetic Algorithms is provided in the case of a
model with a large set of parameters, no closed form solution for distribution and only
one observable; at this scope the model proposed by Farmer and Joshi (2002) has been
selected. The model is able to reproduce some market dynamics even if more complex
and realistic mechanism of price formation could be considered. An indirect inference
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approach as in Bianchi et al. (2007) has also been taken in consideration. This approach
would allow to be avoided problems related to the choices of the moments and the
statistics in the objective function; however, the choice of the auxiliary model is seri-
ously tricky and the minimisation of the distance between auxiliary model parameters
and FJ model parameters would re-address to Gilli and Winker (2003) procedure.
For such reasons, the direct application of Gilli and Winker (2003) method has been
preferred and indirect inference has been left for future research. As we explain later
in detail, the two approaches proposed in parameters estimating for FJ model remain
between the hypothetical approach (some parameters are set according to some the-
oretical assumptions) and the empirical approach (parameters are evaluated by using
empirical data). Using Brenner and Werker (2007) taxonomy, such approaches can be
classified closed to a microsimulations one.

The complexity and the stochasticity of the problem does not allow to be produced
an exact solution in any case with certainty. However, a stochastic approximation of a
global optimum can be more useful than a deterministic local minimum. In the stud-
ied case, it appears reasonable to accept that a unique global minimum does not exist,
while a minimum region exists. In fact, both the two methods reach a minimum region,
where a slight perturbation of the set of parameters generates a negligible difference
in the objective function and in the observed properties of data.

The simulated data show less fat tails and less volatility clustering. However, the
failure to reproduce the leptokurtosis of real data is more likely to be attributable to
the model. Moreover, the model is quite complex to be properly tested and it could be
the case that we have an over parameterisation. For this reason, the test for accuracy
and complexity (see Marks 2007), evaluation of the model, could be useful to shed
light on this point, which is nevertheless beyond the scope of this paper.

The paper is organised as follows: Sect. 2 presents Farmer Joshi Model; Sect. 3
explains the objective function choice, the methodologies and data; Sect. 4 explains
the results; and finally Sect. 5 concludes.

2 The Farmer Joshi model

In the following the agent based model chosen to be calibrated is described. The model
(Farmer and Joshi 2002) considers two types of agents characterised by widespread
strategies in the market: fundamentalist and chartist. In order to aggregate demands
the model also includes a risk neutral market maker.

A single time step t in the trading process can be decomposed into two parts:

(1) the traders observe the most recent prices Pt , Pt−1, . . . Pt−d and the information
It and submit an order ωi

t ;
(2) the market maker fills all the orders at the new price Pt+1.

Let N be the number of agents, the market maker bases the price formation only on
the net order:

ωt =
N∑

i=1

ωi
t .
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The market maker fills the price for the net order using the so-called market impact
function:

Pt+1 = Pt · e
ωt
λ (1)

where λ is called the liquidity parameter.
Letting pt = log Pt , and adding a noise term ξt+1, Eq. (1) becomes

pt+1 = pt + 1

λ

N∑

i=1

ωi
t + ξt+1. (2)

The quantity ωi
t is a function of pt , pt−1 . . . , It and is

ωi
t (pt , pt−1 . . . , It ) = xi

t − xi
t−1, (3)

where xi
t = xi

t (pt , pt−1 . . . , It ) is the position at time t of the i-th trader. Each agent
i set xi

t according to his strategy, chartist or fundamentalist.
Trend followers invest based on the belief that price changes have inertia. A trend

strategy takes a positive (long) position if prices have recently been going up, and a
negative (short) position if they have recently been going down, hence

xi
t+1 = c(pt − pt−d), (4)

where c is a positive constant and d is the time lag.
Value investors make a subjective assessment of the value in relation to price. They

believe that their perceived value may not be fully reflected in the current price, and
that future prices will move towards their perceived value. They attempt to make prof-
its by taking positive (long) positions when they think the market is undervalued and
negative (short) positions when they think the market is overvalued.

Let be vt the logarithm of the fundamental value, it follows a random walk:

vt+1 = vt + ηt+1, (5)

where ηt is a noise process IID with mean μη and standard deviation ση. The value
investor takes the position

xi
t+1 = c(vt − pt ), (6)

where c > 0 is a constant proportional to the trading capital.
From the point of view of a practitioner, a concern with the simple position-based

value strategies and the simple trend follower strategies is excessive transaction costs.
Trades are made whenever the mispricing changes. To ameliorate this problem and
reduce trading frequency strategies, a threshold can be used for entering a position
and another threshold for exiting. Such strategies are based on the belief that the price
will revert to the value. By only entering a position when the mispricing is large,
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and only exiting when it is small, the goal is to trade only when the expected price
movement is large enough to beat transaction costs. Assume that a short position −w

is entered when the mispricing exceeds a threshold T and exited when it goes below a
threshold τ . Similarly, a long position w is entered when the mispricing drops below
a threshold −T and exited when it exceeds −τ . Thus, this strategy depends on its own
position as well as the mispricing. In general, different traders will choose different
entry and exit thresholds. Let trader i have entry threshold T i and exit threshold τ i

extracted from a uniform distribution of entry thresholds ranging from Tmin to Tmax

and uniform density of exit thresholds ranging from τmin to τmax . Finally, parameter
c, in (4) and (6), is chosen so that c = a(T − τ), where a is a positive constant called
scale parameter for capital assignment.

3 Data and methodology

In the following the choice of the objective function and the optimisation methods are
discussed in detail.

3.1 Objective function

The objective function is a combination of estimation errors on some chosen quantities
(either moments or statistics). Therefore, the problem to be solved is a minimization
problem

min
θ∈Θ

f (θ), (7)

where θ is the vector parameters, Θ is the space of feasible parameters.
Two important issues arise: the choice of moments and statistics, the determination

of weights. According to Winker et al. (2007), the moments and the statistics must
assure the potential to reflect statistical properties of data. For example, in financial
data fat tails, volatility clustering and persistence are well known stylised facts. The
statistics are also required to be robust, however few of these measures are. Thus, the
estimation can be performed using moving block bootstrap and the obtained variance
can be used to weight each statistic in such a way that their contribution is equally
balanced in the determination of the function value.

Formally, denoting by me = (me
1, . . . , me

k)
′ and (ms |θ) = (ms

1, . . . , ms
k)

′ the vec-
tor of empirical moments and statistics of real and simulated data , respectively; the
estimation error is defined as

Ĝ(θ) = 1

R

R∑

i=1

[(ms|θ) − me].

Denoting by W the k × k matrix of weights of moments and statistics, the objective
function is hence defined as a quadratic form

f (θ) = Ĝ(θ)′WĜ(θ). (8)
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Following Winker et al. (2007), the matrix W is given by the inverse of the covari-
ance matrix obtained from the bootstrap distribution of moments using a window
length of b.

The statistics and moments involved in the objective function are the following:

– mean and standard deviation
– kurtosis
– Kolmogorov-Smirnov statistics
– Hurst exponent

The mean, the standard deviation, the kurtosis and the K-S statistics are chosen to
represent the overall shape of the data distribution. The Hurst exponent has been cho-
sen to represent the scaling properties of data. It has been largely investigated in the
literature because of its appealing feature to synthesise the scaling characteristic as a
unique index. Researches on the Hurst exponent have inspired many models for finan-
cial phenomena and many authors have proposed different methods for estimating it
(Peng et al. 1994). Hurst’s (1965) original method is called Rescaled Range Analysis.
However, this method is sensitive to outliers and the deriving statistic is not robust.
For this reason, the present study has adopted the generalised Hurst Exponent H(q)

with q = 1 (see Di Matteo et al. 2003; Di Matteo 2007).

3.2 Calibration methods

Standard methods are subject to fail because such objective function does not always
behave well to guarantee a global optimum solution. Indeed, an objective function built
taking into account the statistical properties of data is not smooth. In different fields of
science and engineering, heuristics optimisation have been applied successfully. Such
heuristics include simulated annealing, threshold accepting heuristic, neural networks
and genetic algorithms (Fonseca and Fleming 1993; Calvez and Hutzler 2005). These
kinds of methods require a strong computational power and thus are really time-con-
suming. Due to the complexity of the problems and the stochastic elements of the
algorithm and the model, they cannot produce an exact solution in every case with
certainty. However, a stochastic global optimum is probably more useful than a deter-
ministic local minimum provided by a classical method or even no solution at all.

In the following two methods are described: the methodology proposed in Gilli
and Winker (2003), which consists of a classical algorithm, such as the Nelder–Mead
simplex coupled with an heuristic called threshold accepting, and a genetic algorithm.

It should be noted that for both methodologies, any evaluation of the objective
function is performed on truncated means of the moments for R simulations of data.
The evaluation of the objective function requires a computational cost proportional to
the number of days simulated N T and the number of replications R. A high value of
R is preferable because it reduces the objective function variance.

3.2.1 Nelder–Mead with threshold accepting method

The method proposed by Gilli and Winker (2003) is a combination of the Nelder–
Mead (NM) simplex algorithm and a heuristic called threshold accepting (TA). While
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the NM provides an efficient way to identify the search direction, the TA helps to
avoid local minima. Gilli and Winker (2003) proposed different ways of coupling the
two mentioned methods. In the present study all the versions have been tested, but
description and results are reported only for the one reckoned to be most successful. At
each step, an NM search or a shift of the simplex by TA occurs with equal probability.

Given (n + 1) θ(i)’s vertices of the simplex, where n is the number of parameters
to be set, the θ ’s are sorted increasingly with respect to the correspondent objective
function values as the θ(1) is the set of parameters which has generated the lowest
value of f , while θ(n + 1) did the worst. The vertex θ(n + 1) is replaced by one
among the expansion, the reflection, the in or the out contraction points; if none of
them improves the value of f , the simplex shrinks (Nelder and Mead 1965).

Given a θ̄ the threshold algorithm explores nR rounds (with nS steps for each round)
of the neighbourhood of θ̄ ; in any round j = 1, . . . , nR the procedure perturbs θ̄ ran-
domly nS times. If the resulting value of the objective function fnew is lower than
f (θ̄) + ρ j the point θ̄ is substituted by the new point and the procedure carries on.
The threshold ρ j is decreased successively for each round and reaches the value of
zero in the last round (Winker 2001).

As in Gilli and Winker (2003) the procedure implemented here first considers low
values of R and large value of ρ, in order to find the descending direction. Later on
the value of R is increased to reduce the objective function variance and ρ is reduced
to have more precise shifting.

For the experiments R = 5, 10, 15, 20, 25, 30, 50, nR = 10, nS = 10, ρ goes from
1
R to 1

R × 10−1.
The procedure takes long computational times. In fact, while NM replicates the

objective function for each point in the simplex, TA must replicate the computation
nR · nS times.

3.2.2 Genetic algorithm

Genetic algorithms (GAs) is inspired by evolutionary theory. According to evolution,
the individuals which best fit the environment survive and breed. GAs are adaptive
heuristic search algorithms able to evaluate in a parallel fashion many hyperplanes
of the search space and to direct the search into the region of better performance.
GAs were first introduced by Holland (1975); then, they received a large interest as
optimisation tools and this led to many variations, see Goldberg (1989).

The basic implementation of a GA can be decomposed into two stages. It starts with
a current population, which consists of a number of competing candidate parameters
set solutions; then selection is applied to create an intermediate population which, by
means of recombination and mutation, generates the next population. GAs can differ
in the selection, recombination and mutation processes (see Whitley 1994). The scope
of selection is to prefer better individuals for passing genes to the next population.
For each individual the fitness function is computed; in nature, the fitness function
represents the individual’s adaptability to the environment, while here it is the ability
to reproduce the observed statistical properties of data, i.e. the objective function in
(8). The individuals can be ranked with respect to their fitness function. Indeed, the
lower the function the higher the capacity of the set of parameters to reproduce the
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data. Here, the two best individuals are voted in being parents. [For other mechanism
of selection see Sivaraj and Ravichandran (2011)]. Once we have selected the par-
ents a new intermediate population is generated by genes crossover or recombination.
Here, we apply a multiple crossover where each parameter can be inherited by one of
the two parents with equal probability. After recombination, the mutation operator is
applied with probability pmut ; a gene subject to mutation undergoes a slight random
percentage change.

In general, in the recombination process, the population can shrink or expand; in the
GA implemented here the population dimension is fixed to N I individuals to control
the execution time. In fact the algorithm complexity is in the order of the population
dimension N I . Unfortunately, this choice can drive the algorithm to converge prema-
turely without a satisfactory solution; that is, all the individuals have the same genes.
Within the scope of preventing the loss of diversity, the mutation becomes necessary;
in particular, to compensate the small and fixed dimension of the population, a high
value of mutation probability pmut is needed. Moreover, an n-point crossover helps
to overcome the limited information capacity of small populations and the tendency
to homogeneity (see Eshelman 1991).

3.3 Data

In this paper the data considered are closing prices of S&P500 Composite index
from 14/10/2005 to 12/10/2007. Simulated data are produced by using Eq. (2), hence
moments and statistics are estimated for the log prices.

In order to study the data’s characteristics a basic statistical analysis has been done
on the logarithmic returns (see Fig. 1). Returns have fat tails (on the top right panel),
and the autocovariance of returns (on the bottom left) is almost negligible, while the
autocorrelation of the absolute returns is significant (on the bottom right). As it is well
known, financial data show heavy tails, absence of autocorrelation in logreturns and
volatility clustering.

The statistics have been estimated for the logarithmic prices using the moving block
bootstrap with block size b = 100 and resampling 10,000 times (see Table 1). The
weights matrix W has been estimated to be:

W =

⎛

⎜⎜⎜⎜⎝

3,308 × 106 −1,807 × 106 2,766 × 103 −4,346 × 103 8,320 × 104

−1,807 × 106 1,006 × 106 −1,260 × 103 −1,623 × 103 −4,393 × 104

2,766 × 103 −1,260 × 103 18,924 −99,851 11,187
−4,346 × 103 −1,623 × 103 −99,851 8,163 × 103 3,011 × 103

8,320 × 104 −4,393 × 104 11,187 3,011 × 103 4,324 × 103

⎞

⎟⎟⎟⎟⎠
.

In Fig. 2 two examples of the objective function are plotted against the couple
(μη, ση) (on the left) and the couple (λ, σξ ) (on the right) varying in the range
(0.001, 0.01)×(0.001, 0.02) and (0.6, 1.3)×(0.001, 0.02), respectively. The number
of replications R is set to 30. The objective function appears quite rough and shows a
large area with low values where a unique minimum cannot be distinguished.
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Fig. 1 Data S&P 500 Composite index from 14/10/2005 to 12/10/2007. Logarithmic returns are in the
top left-hand panel; in the top right-hand panel, empirical distribution compared with the normal one; in
the bottom left-hand panel, autocovariance of returns; in the bottom right-hand panel autocovariance of
absolute returns. Data show volatility clustering and a distribution with fatter tails than the normal one

Table 1 On the right column moments and statistics estimation of S&P500 composite index from
14/10/2005 to 12/10/2007 are reported

θ∗
N M+T A θ∗

G A S&P

Mean [6.9553, 7.3508] [6.9742, 7.3132] 7.2128

Standard deviation [0.0203, 0.0960] [0.0203, 0.0901] 0.0709

Kurtosis [1.4761, 3.963] [1.4970, 3.8355] 1.7737

H(1) [0.3493, 0.5150] [0.4129, 0.5583] 0.4129

K–S [0.1936, 0.9980] [0.2034, 0.9920] 0.5023

Rate of acceptance K–S test (%) 26.1 41.2

Rate of acceptance C–VM test (%) 38.8 30.1

In the central columns there are the correspondent confidence intervals computed via Monte Carlo methods
using the model with parameters θ∗

N M+T A and θ∗
G A . At the bottom there are the rates of acceptance of

two goodness of fit statistical tests: the Kolmogorov Smirnov (K–S) and the Cramer Von Mises (C–VM)
tests. The null hypothesis states that the two samples (the simulated data and the actual data) derive from a
common distribution

4 Results and discussion

In the following the details of the implementation along with its results are reported
and discussed. As in Farmer and Joshi (2002), Tmin and τmax are both set to 0 and
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Fig. 2 The objective function is plotted for μη and ση (left hand side), λ and σξ (right hand side). Oth-
ers value are Ntraders = 200, λ = 1, a = 0.0001, dmax = 35, dmin = 5, μη = 0.002, ση = 0.002,
Tmax = 4, Tmin = 0, τmax = 0, τmin = −0.2, vmax = 0.5, vmin = −0.5, σξ = 0.040

τmin < 0. In addition, the common parameters for trend followers and value investors
(thresholds and capital assignment parameter) are set to be the same to match the
empirical fact that the correlation of log-returns is close to zero. In fact the trend fol-
lowers induce positive short-term autocorrelation and value investors induce negative.
Therefore, the set of model parameters to be estimated is

θ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N number of traders
λ liquidi t y parameter
a Scale parameter f or capital assignment

dmax , dmin Max and Min T ime delay f or trend f ollowers
μη, ση mean and std of noise process in vt

σξ noise variance
Tmax Max threshold f or entering posi tions
τmin Min threshold f or exi ting posi tions

vmax , vmin Max and min of f set f or log of perceived value

(9)

The N traders are split equally into fundamentalists and chartists, (assuming N even),
such that N

2 traders are chartists and N
2 are fundamentalists. The NM + TA algorithm

gives problems for integers, hence the number of traders N and the time lag distribu-
tion range (dmin, dmax ) have not been included in NM+TA optimisation. By contrast,
the GA does not involve such a drawback and the calibration is performed over all the
parameters in θ .

Before starting the experiment, it was expected that the procedures were able to
identify the descending direction and stop at the minimum. Hence, the experiments
were first run with stopping conditions consisting of a small error and a large maxi-
mum number of iterations (necessary to stop the procedure if the minimum error is not
reached). However, this strategy was suboptimal in finding the minimum and instead
was replaced with a sequence of many runs, each of them with a small number of
maximum iterations and a lower error than the previous run. Each run was initialised
with the outcome of the previous one, while the first one was initialised randomly. The
procedures were replicated many times until the solution found was unable to improve
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Table 2 The optimal parameters sets θ∗
N M+T A and θ∗

G A have been obtained using the Nelder–Mead
method coupled with threshold accepting and the genetic algorithm, respectively

θ θ∗
N M+T A θ∗

G A

N 208 210

λ 0.4308 0.5145

a 0.0025 1.15e−04

dmax , dmin [34, 5] [42, 41]

μη, ση [0.0010, 8.605e−06] [4.77e−05, 2.35e−04]

σξ 0.0058 0.0051

Tmax 0.0114 0.0057

τmin −0.0051 −0.0190

vmax , vmin [0.0419, −0.1998] [0.0424, −0.0120]

min 141.8772 55.6969

Such minimal points are not unique, rather they represent a region of minima where slight changes in the
variable do not correspond to tangible differences in the properties of the simulated data. The Nelder–Mead
method does not allow to work with integers, thus in θ∗

N M+T A the quantity N and dmax , dmin have been
chosen manually after many trials. In comparison, Genetic algorithm allow to optimise over the whole
parameters set, therefore the minimum reached by GA is strongly lower than the one obtained by NM+TA

the one reached in the previous run. This strategy allowed the discovery of a solution
that is not unique but exists in a region. In fact, different runs reached different points
differing in values, but with negligible difference in the objective function and indis-
tinguishable differences in the simulated data. For this reason, the solutions in Table 2
can be considered a proxy for this region, with more detailed exploration left to future
research. It is not surprising that the minimum reached by the GA is significantly
lower than the minimum reached by NM+TA. Indeed, GA can tune more parameters
and hence looks data-mining for the most suitable combination between them.

To test the goodness of fit, the statistical properties of simulated data were inves-
tigated and compared with those of real data. In addition, two statistical tests were
performed: the Kolmogorov Smirnov and the Cramer Von Mises tests (see Darling
1957). In Table 1 the confidence interval at 95 % level for the moments are reported; the
moments were estimated by simulating data using the optimal parameters θ∗

N M+T A and
θ∗

G A; in Table 1, the rates of acceptance at 95 % level of confidence of the Kolmogorov-
Smirnov and the Cramer-Von mises tests are reported, too. The null hypothesis consists
of stating that the two samples (a simulated one and the actual data) are drawn from a
common distribution. The tests were performed on the logarithmic returns. Although
the rates of acceptance are lower than expected, it is worth observing that the same
tests applied on simulated samples obtained by a parameters set chosen randomly gave
0 % of acceptances.

In Fig. 3 examples of simulated data obtained with optimal parameters are shown.
Samples appear quite similar to real data. However, simulated data shows less volatil-
ity clustering and less fat tails than real data (see Figs. 4, 5). In fact, as shown clearly in
the top right-hand panel of Figs. 4 and 5, when simulated data quantiles are compared
with those of a normal distribution not many differences emerge, while differences
are evident for actual data (see Fig. 1 at the top right hand side).
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Fig. 3 The estimation has been done on the logarithmic prices of S&P500 from 14/10/2005 to 12/10/2007
(on the left). Data generated by θ∗

N M+T A (in the middle) appear more similar to those generated by θ∗
G A

(on the right). However, in this figure only one determination is reported as an example
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Fig. 4 In top left-hand panel, logarithms returns of simulated data by θ∗
N M+T A; data shows less fat

tails than real data (see in the top right-hand panel the qqplot versus a normal distribution) and volatility
clustering less marked than real data (in the bottom left and right-hand panel)
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Fig. 5 On top left-hand panel, logarithms returns of simulated data by θ∗
G A; data shows less fat tails than

real data (see on the top right-hand panel the qqplot versus a normal distribution) and volatility clustering
less marked than real data (on the bottom left and right-hand panel)

Finally, in Fig. 6 the boundaries derived as 95 % confidence intervals are plotted
for simulated data generated by θ∗

G A and by θ∗
GW ; the actual data stay always inside

such boundaries. Differences between boundaries generated by θ∗
G A and by θ∗

GW are
almost intangible.

In conclusion we can observe that the fitting is not completely satisfactory and
simulated data cannot replicate faithfully actual data properties. However, the less
leptokurtotic nature of simulated data should not be attributed to the optimisation
procedures but to the model characteristic or to the fact that chartists and fundamen-
talists are equally balanced in number and with equal threshold parameters. In fact, fat
tails could be generated by chartists activity and here, under the hypothesis of equally
distribution, the chartists effect could not emerge.

5 Conclusion and further discussion

Since the estimation problem is a complex and vast topic, the present paper does
not claim to be exhaustive. Rather, the aim of this paper is to report the results of
experiments on a model comprising of many parameters (Farmer and Joshi 2002),
while applying heuristic estimation methods, specifically Gilli and Winker (2003)
and Genetic Algorithms. The main results highlight the potential of both the meth-
ods to be candidates to fill the gap of parameters estimation in ABMs field. How-
ever, many aspects remain unexplored. The main drawback to applying the described
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Fig. 6 Actual data are plotted with an upper and a lower boundary derived at a 95 % confidence level by
simulated data with parameters set θ∗

G A (left hand side) and θ∗
GW (right hand side). The boundaries always

contain actual data

procedures consists of long execution times required for computation. Any procedure
is so time-consuming that each experiment must be designed carefully before starting.
In addition, two questions remain unanswered and require wider explorations: the best
choice of the objective function and the time span. Some attempts have been made to
test whether an objective function with or without the Hurst exponent, the GARCH
parameters and other indexes may perform better, but the results of these experiments
cannot be compared in a straightforward way. Some calibration tests have been done
on longer (6 years) and shorter (1 year) time periods. Results change significantly
either with time span or objective function. For this reason, such choices are very
crucial and in absence of some systematic criteria must be principally motivated by
the purposes of the calibration (prediction, decision making, validation). Finally, it
can be concluded that both methodologies represent good tools to tackle the problem
of parameters estimation, but both of them require caution in application. NM with
TA sometimes can fail to find the descending direction and the procedure must be
restarted, while this never happens with GA. Genetic Algorithms can be preferable
when some parameters are integers. Moreover, they are more robust when applied in
noisy environment.
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