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Strongly Correlated Systems
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Ultra-cold atoms in optical lattices

“Artificial solids”
of atoms & light

!"#$%&'#()*+,$-)*'#(./0$'&',$(1/00232#

!"#$%&'( )*("#$%+,-."+&'"$(*/*0%('*.'*1'$
! !"#$%&'()*+,--).*" /&'()*0,1)*2*345567.*! %#,%#89- 345:57

2&,3'(*"4&$%51$,6.(
4*/&'()*0,1)*+,--)*3455;7

78(&93'(*3%:-;&6<"'(*1$"(&$;(
<*/&'()*0,1)*2*3455=.455>.455?.455@7

4-+5/,+3-#+$-/,('6+1$'7(8/,$'(9+03/(
)*+,$-)*'(:'(3+(./,1$-/,(:'(;0'',

=3#"$'&;(*<"%-&6<"'(
! A$"#9BC*$D*/&'(8E( 3455@7

;0/*<'(:'(0',/0&+3-#+$-/,
,*&20-)*'(:'(=-3#/,

82$+3(
2$0+,5'

>-)*-:'(
?'0&-!*<0+

@

:/<+5'

9A+&<(&/"',(:",+&-)*'7(8/,$'(9+03/()*+,$-)*'(',($'&<#(1/,$-,*

Correlated metal/superconductors 
at interface of oxides

..............................................................

Artificial charge-modulation
in atomic-scale perovskite
titanate superlattices
A. Ohtomo, D. A. Muller, J. L. Grazul & H. Y. Hwang

Bell Laboratories, Lucent Technologies, Murray Hill, New Jersey 07974, USA
.............................................................................................................................................................................

The nature and length scales of charge screening in complex
oxides are fundamental to a wide range of systems, spanning
ceramic voltage-dependent resistors (varistors), oxide tunnel
junctions and charge ordering in mixed-valence compounds1–6.
There are wide variations in the degree of charge disproportio-
nation, length scale, and orientation in the mixed-valence com-
pounds: these have been the subject of intense theoretical study7–
11, but little is known about the microscopic electronic structure.
Here we have fabricated an idealized structure to examine these
issues by growing atomically abrupt layers of LaTi31O3

embedded in SrTi41O3. Using an atomic-scale electron beam,
we have observed the spatial distribution of the extra electron on
the titanium sites. This distribution results in metallic conduc-
tivity, even though the superlattice structure is based on two
insulators. Despite the chemical abruptness of the interfaces, we
find that a minimum thickness of five LaTiO3 layers is required
for the centre titanium site to recover bulk-like electronic proper-
ties. This represents a framework within which the short-length-
scale electronic response can be probed and incorporated in thin-
film oxide heterostructures.
In perovskites, charge ordering results in modulations of the

electron density in the form of planes and slabs, whereas in lower-
dimensional perovskite-derived systems, charge ordering leads to
stripes, or one-dimensional charge modulations. Approximations
to the first case can be realized in thin-film superlattices inwhich the
formal valence of the transition-metal ion is varied. Superlattices of
SrTiO3 and LaTiO3 are addressed here, where the titaniumvalence is
varied from 4þ to 3þ. SrTiO3 is a band insulator with an empty d
band, whereas LaTiO3 has one d electron per site, and strong
Coulomb repulsion results in a Mott–Hubbard insulator12. Super-
lattices of these two perovskites capture many of the important
aspects of naturally occurring charge-ordered systems, namely
mixed-valence configurations near half-filling. The lattice constants
are relatively well matched (for SrTiO3, ao ¼ 3.91 Å; LaTiO3,
pseudocubic ao ¼ 3.97 Å), and the continuity of the TiO6 octa-
hedral lattice across the superlattice minimizes the perturbation of
the electronic states near the chemical potential13,14. The principal
growth issue reduces to the control of the titanium oxidation state,
which we have recently addressed for bulk-like film growth15.
We grew SrTiO3/LaTiO3 superlattice films in an ultrahigh-

vacuum chamber (Pascal) by pulsed laser deposition, using a
single-crystal SrTiO3 target and a polycrystalline La2Ti2O7 target.
Extreme care was taken to start with atomically flat, TiO2-
terminated SrTiO3 substrates, which exhibited terraces several
hundred nanometres wide, separated by 3.91-Å unit cell steps as
observed by atomic force microscopy16. A KrF excimer laser with a
repetition rate of 4Hz was used for ablation, with a laser fluence at
the target surface of,3 J cm22. The films were grown at 750 8Cwith
an oxygen partial pressure of 1025 torr, which represented the best
compromise for stabilizing both valence states of titanium. Oscil-
lations in the unit-cell reflection high-energy electron diffraction
intensity were observed throughout the growth, and were used to
calibrate the number of layers grown. After growth, the films were
annealed in flowing oxygen at 400 8C for 2–10 hours to fill residual
oxygen vacancies.

Figure 1 shows the annular dark field (ADF) image of a super-
lattice sample obtained by scanning transmission electron
microscopy (JEOL 2010F) of a 30-nm-thick cross-section along a
substrate [100] zone axis. In this imaging mode, the intensity of
scattering scales with the atomic number Z as Z1.7, so the brightest
features are columns of La ions, the next brightest features are
columns of Sr ions, and the Ti ions are weakly visible in between17–19.
The quality of the interfaces does not degrade with continued
deposition, and the atomic step and terrace structure of the growing
surface is maintained for hundreds of nanometres. The magnified
view at the top of Fig. 1 shows a higher-resolution image, which
visibly demonstrates the ability to grow a single layer of La ions.
Because the layer is viewed in projection, roughness along the
beam—particularly on length scales thinner than the sample—
leads to apparent broadening. Thus these results represent an
upper limit to the actual width of the layers.

With the same imaging conditions used to obtain Fig. 1, we
analysed the energy of the transmitted electron beam and per-
formed core level spectroscopy, atom column by atom column20–22.
This approach is able to probe internal structures directly, unlike
surface-sensitive methods. Specifically, the titanium L2,3, oxygen K,
and lanthanumM4,5 edges can be simultaneously recorded, with an
energy resolution of,0.9 eV and a spatial resolution slightly worse
than the ADF resolution of,1.9 Å, primarily owing to drift during
the slower acquisition of the spectra. We obtained a scan through
the Ti sites crossing a 2-unit-cell layer of LaTiO3 (top centre panel of
Fig. 2). By substituting La for Sr, there is locally an extra electron
that resides mainly on the Ti d orbitals23. To visualize this effect, the
Ti L2,3 near-edge structure can be decomposed into a linear
combination of Ti3þ and Ti4þ, with no residual detectable above
the experimental noise level (bottom panel of Fig. 2).

This decomposition, which would fail both conceptually and
experimentally for more covalent materials, allows a particularly

Figure 1 Annular dark field (ADF) image of LaTiO3 layers (bright) of varying thickness

spaced by SrTiO3 layers. The view is down the [100] zone axis of the SrTiO3 substrate,

which is on the right. After depositing initial calibration layers, the growth sequence is

5 £ n (that is, 5 layers of SrTiO3 and n layers of LaTiO3), 20 £ n, n £ n, and finally a

LaTiO3 capping layer. The numbers in the image indicate the number of LaTiO3 unit cells

in each layer. Field of view, 400 nm. Top, a magnified view of the 5 £ 1 series. The raw

images have been convolved with a 0.05-nm-wide gaussian to reduce noise.
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SrTiO3/LaTiO3 
Ohtomo et al, Nature 2002

Quantum many-body systems, fermions (or bosons), 
with interactions, at low temperature

Materials
High Temperature superconductors 

Transition metal oxides,

Cuprate (1986)

Fe-Based (2008)



Standard solid state physics

• Interaction ≈ kinetic energy ≈ 1-50 eV 

                      But 

• Fermi liquid theory (Landau)
Low energy renormalization group fixed point
Quasi-particles: effective mass m*, lifetime, ...

• Density functional theory (Kohn). 
Independent electrons + effective potential.
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Band structure

Example: Copper
– p. 2
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• Bands. Fermi surface. 



Strongly Correlated Systems

• New phases, new phenomena.

• True many-body problem. No effective one electron picture. 

• Exponential complexity with the number of fermions !

4

Transition Metals

Rare earth and actinides
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A famous example



High temperature superconductors

• A family of copper oxides with high critical temperature (90, 100K).

• Physics qualitatively different from conventional superconductors.

• Physical mechanism ? “Glue” for Cooper pairs ?

6

Unconventional 
normal metal

Fermi liquid

 (Bednorz, Muller1986)

La2�xSrxCuO4, Bi2Sr2CaCu2O8+�



 A simple model for theoretical physicists 7

Hubbard model Hamiltonian

t

U

• Simplest possible model, almost a caricature.

H = �
�

⇤ij⌅,�=�,⇥

tijc
†
i�cj� + Uni�ni⇥, ni� ⇥ c†i�ci�

� = 1 � ⇥n� + n⇥⇤
Electron, spin +1/2
Electron, spin -1/2



• One electron per site on average (half-filled band).

• Should be a textbook metal.

• If U is large enough, it is an insulator : charge motion frozen.

Mott insulator 8

Mott insulator Large Coulomb repulsion U ∼ eV ∼104 K

N. Mott, 50’s



Doped Mott insulators 9

Unconventional 
normal metal

Fermi liquid

Mott 
insulator

Holes = charge carriers

• Can we solve the Hubbard model ?

•   Does it describe the high-Tc superconductors ? (Anderson’s conjecture 1987). 
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How to solve Hubbard model ?



A new era 

• Quantitative, reliable methods & algorithms in non-perturbative 
regimes for d>1

• with a control parameter.

• beyond simple models, towards a real ab-initio computation.

11

“Top to Bottom”
From high T/doping

Cluster DMFT, 
diagrammatic QMC,  
Trilex, Quadrilex ...

“Bottom to Top”
Understand the quantum 

entanglement of
 the many-body ground 

state
DMRG, PEPS, ...

T

CD

δ



12Quantum Monte Carlo

• Compute partition function Z

• Markov chain with local ergodic moves

• Direct approach of the Hubbard model

• Infamous fermionic sign problem !

• Exponentially difficult (with size, 1/T).

• Indirect routes

• Diagrammatic QMC
Expansion coef. in U, up to order 8, with QMC. 
Sum the series ?

• DMFT ...



Dynamical Mean Field Theory (DMFT)

• An atom coupled to an effective self-consistent bath

• “Impurity model” : still a quantum many-body problem (interaction on 
the atom).

13

A. Georges, G. Kotliar 92.

  

Goal: unify both pictures

… in the simplest way

Capture Mott physics
DMFT: local physics

Capture long-ranged 
bosonic fluctuations
Spin fluctuation theory

with a control parameter
cluster size

…⌃(k,!) ⇡ ⌃impurity(!)

• DMFT is a good starting point when atomic physics is important, 
e.g. U, Mott transition, Hund coupling, atomic multiplet.

Se� = �
� �

0
c†a(⇤)G�1

0ab(⇤ � ⇤ ⇥)cb(⇤ ⇥) +
� �

0
d⇤Hlocal({c†a, ca})(⇤)

G�1
0ab(i⌅n) = (i⌅n + µ)�ab ��ab(i⌅n)

Bath

Interaction



• DMFT is not exact.

• Cluster method 

• Systematic expansion starting from DMFT.

• Control parameter = size of cluster / momentum resolution.

Control 14

⌃(k,!) ⇡ ⌃impurity(!)

  

Goal: unify both pictures

… in the simplest way

Capture Mott physics
DMFT: local physics

Capture long-ranged 
bosonic fluctuations
Spin fluctuation theory

with a control parameter
cluster size

…

Reciprocal space clusters 
Brillouin zone patching 

Real space clusters
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FIG. 2: Momentum space tiling used to define cluster approximations studied here: 2-site (leftmost panel), 4-site with stan-
dard patching (second from left), 4-site with alternative patching (4⇤), (central panel), 8-site (second from right) and 16-site
(rightmost panel). Momentum space patches indicated by shaded regions; electron self energy is independent of momentum
within a patch but may vary from patch to patch. Dots (red online) represents the K points in reciprocal space associated to
the patches in the DCA construction (see text). Thin lines : Fermi surfaces for the non-interacting system with t0 = �0.15t
for half filling and hole dopings of 10%, 20%, and 30%. All clusters have an inner patch around (0, 0) (yellow online) and an
outer patch around (�, �) (green online). Clusters with four or more sites also have an antinodal patch at (�, 0) and symmetry
related points (blue online), clusters with eight or more sites have a nodal patch ((�/2, �/2), red online). The 16-site cluster
has two additional independent momentum sectors, around (�/2, 0) (orange online) and around (3�/2, �/2) (cyan online). All
clusters have the full point group symmetry of the lattice.

field, given present computational capabilities, and call
for a new generation of theoretical developments aiming
at improving momentum-space resolution.

While the various aspects of the doping-dependent
phase diagram of the two dimensional Hubbard model
have been noted in various ways in the cluster dynam-
ical mean field literature, the generality of the results
and their robustness to choice of cluster have not been
previously appreciated. The comparison of results for
di�erent sized clusters clearly demonstrates that the es-
sentials of the carrier concentration dependence of phys-
ical properties of a doped Mott insulator are as sketched
in Fig. 1. Far from the insulating state, the properties
are those of a moderately correlated Fermi liquid. More-
over, the momentum dependence of the renormalizations
is very weak: the properties are described well by single-
site dynamical mean field theory, as previously noted e.g.
in Refs. 30,31. We refer to this regime as the isotropic
Fermi liquid. (Note that “isotropic” here means isotropic
scattering properties (self energy) along the Fermi sur-
face, but the Fermi surface is not circular.) As the dop-
ing is decreased towards the n = 1 insulating state the
system enters an intermediate doping regime where the
low temperature behavior is still described by Fermi liq-
uid theory, but the Fermi liquid is characterized by a
strong momentum dependence of the renormalizations,
with the renormalizations being largest near the zone cor-
ner (0,�)/(�, 0) points and smallest near the zone diago-
nal (±�/2,±�/2) regions of momentum space. We refer
to this as the regime of momentum space di�erentiation.
The change between the isotropic and momentum-space
di�erentiated Fermi liquid regimes is not characterized by
any order parameter and we believe it to be a crossover,
not a transition, but the doping at which the change oc-
curs is surprisingly sharply defined, and is indicated by
dashed lines in Fig. 1.

As the doping is decreased yet further, a non-Fermi-

liquid regime appears on the hole doping side but not
on the electron doping side (for the moderate anisotropy
considered here). In the non-Fermi-liquid regime, re-
gions of momentum space near (0,�)/(�, 0) acquire an
interaction-induced gap, while the zone diagonal regions
of momentum space remain gapless and (as far as can be
determined) Fermi-liquid like. We refer to this regime as
the sector selective regime. The boundary between the
regime of momentum space di�erentiation and the sec-
tor selective regime is indicated by a light solid line in
Fig. 1. Finally at doping n = 1 the system is in the Mott
insulating phase.

The remainder of the paper is organized as follows. In
section II we summarize the general features of the dop-
ing driven Mott transition, define the model to be studied
and the questions to be considered and outline the theo-
retical approach. In section III we demonstrate the exis-
tence of di�erent doping regimes and how they appear in
the di�erent cluster calculations. Section IV explores in
more detail the intermediate “momentum space di�eren-
tiation” doping regime, studies the momentum-selective
regime, and aspects associated with the pseudogap. Sec-
tion V then considers the sector selective regime. In sec-
tion VI we summarize our insights into the behavior of
smaller size clusters. Finally, section VII is a summary
and conclusion, also pointing out directions for future
work.

II. MODEL AND METHOD

In conventional electronic structure theory, band insu-
lators are periodic crystals in which all electronic bands
are either filled or empty. A necessary condition for band
insulating behavior is that the number of electrons per
unit cell is even. For the purpose of this paper we define
a correlation-induced or “Mott” insulator as a periodic

• Beyond :  Trilex, ...

Algorithms to solve the impurity model ?



A local many-body problem

• The simplest version : Kondo model.

• 1 spin  + 1 Fermi see of non-interacting electrons, with a local 
magnetic (exchange) interaction

15

H =
�

k⇥�

�kc†k⇥ck⇥ + JK
�⇤
S ·

�

kk�
���

c†k⇥⌥⇥⇥⇥�ck�⇥�

G0



Kondo effect

• Not so easy !

• A confinement problem. Screening of the spin by the bath.

• 1+1 Field Theory with asymptotic freedom (similar to QCD)

16

d.o.s of the bath at the 
Fermi level

T � TK T � TK

TK � De�1/J�0

0 T

Kondo temperature

�imp(T ) � 1
TK

�imp(T ) � 1
T
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Algorithms are key
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a,b = 1,N : degree of freedom (e.g. spin, orbital index, ...)

Se� = �
� �

0
c†a(⇤)G�1

0ab(⇤ � ⇤ ⇥)cb(⇤ ⇥) +
� �

0
d⇤Hlocal({c†a, ca})(⇤)

G�1
0ab(i⌅n) = (i⌅n + µ)�ab ��ab(i⌅n)

Bath

Interaction

QMC for impurity models

• Expansion in power of the interactions  

• Expansion in power of hybridization to bath (around atomic limit) 

• In simplest case, single site problem : 

• No sign problem.

• Solvable in polynomial time !



Expansion in interaction

• Standard perturbative technique at finite temperature.

19

Z

Z0
= 1 � U

� �

0
d�1 ⇥n�(�1)n⇥(�1)⇤0 +

U2

2

�� �

0
d�1d�2 ⇥T⇥n�(�1)n⇥(�1)n�(�2)n⇥(�2)⇤0 . . .

• Using Wick Theorem :

Se� = �
�

⇥=⇥,⇤

⇥⇥ �

0
d�d� ⌅c†⇥(�)G�1

0⇥ (� � � ⌅)c⇥(�) +
⇥ �

0
d�Un⇥(�)n⇤(�)

Z

Z0
=

�

n⇥0

1
n!

⇤ �

0
d�1 . . . d�n (�U)n

⇥

⇥=⇤,⌅
det

1�i,j�n

⌅
G0

⇥(�i � �j)
⇧

� ⌥⌃  
w(n, {�i})



Expansion in hybridization 20

• Expansion in hybridization :

• Hlocal  = Hamiltonian of the isolated atom.

Se� = �
� �

0
c†a(⇤)G�1

0ab(⇤ � ⇤ ⇥)cb(⇤ ⇥) +
� �

0
d⇤Hlocal({c†a, ca})(⇤)

G�1
0ab(i⌅n) = (i⌅n + µ)�ab ��ab(i⌅n)

Z =
⇧

n⇤0

⌥

<

n⌃

i=1

d�id� ⌅i
⇧

ai,bi=1,N

det
1⇥i,j⇥n

�
�ai,bj (�i � � ⌅j)

⇥
Tr

⇤
T e��Hlocal

n⌃

i=1

c†ai
(�i)cbi(�

⌅
i)

⌅

⌦  � ↵
w(n, {ai, bi}, {�i})

a,b = 1,N



Algorithms 

• Recent progress with 
Red-Black trees for 
5 bands systems (e.g. Fe).
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Success of New Algorithms
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stState of the Art (1986-2003)

Current solver of choice (2006)
First modern solver (2005)

• For the same problem: problem size 
reduced by ~30.

• Corresponds to time speedup of factor 
303 = 27’000 or ~25 years of Moore’s law

• Same problem solved more 
accurately

• Elimination of bias and systematic 
errors 

Solve impurity problems faster Avoid approximations

Rev. Mod. Phys 83, 349 (2011)

1/temperature

• Huge recent progress.

1/temperature

Physically 
interesting region

New algorithm 
with red-black tree

Previous algorithm

• Modern QMC.
Typical matrix size reduced by ~30.
Time speedup of factor 303

or ~25 years of Moore’s law
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What can we do today ?



23State of the art
• Thanks to modern algorithms, solve up to 16 sites,  T ≈200K
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FIG. 2: Momentum space tiling used to define cluster approximations studied here: 2-site (leftmost panel), 4-site with stan-
dard patching (second from left), 4-site with alternative patching (4⇤), (central panel), 8-site (second from right) and 16-site
(rightmost panel). Momentum space patches indicated by shaded regions; electron self energy is independent of momentum
within a patch but may vary from patch to patch. Dots (red online) represents the K points in reciprocal space associated to
the patches in the DCA construction (see text). Thin lines : Fermi surfaces for the non-interacting system with t0 = �0.15t
for half filling and hole dopings of 10%, 20%, and 30%. All clusters have an inner patch around (0, 0) (yellow online) and an
outer patch around (�, �) (green online). Clusters with four or more sites also have an antinodal patch at (�, 0) and symmetry
related points (blue online), clusters with eight or more sites have a nodal patch ((�/2, �/2), red online). The 16-site cluster
has two additional independent momentum sectors, around (�/2, 0) (orange online) and around (3�/2, �/2) (cyan online). All
clusters have the full point group symmetry of the lattice.

field, given present computational capabilities, and call
for a new generation of theoretical developments aiming
at improving momentum-space resolution.

While the various aspects of the doping-dependent
phase diagram of the two dimensional Hubbard model
have been noted in various ways in the cluster dynam-
ical mean field literature, the generality of the results
and their robustness to choice of cluster have not been
previously appreciated. The comparison of results for
di�erent sized clusters clearly demonstrates that the es-
sentials of the carrier concentration dependence of phys-
ical properties of a doped Mott insulator are as sketched
in Fig. 1. Far from the insulating state, the properties
are those of a moderately correlated Fermi liquid. More-
over, the momentum dependence of the renormalizations
is very weak: the properties are described well by single-
site dynamical mean field theory, as previously noted e.g.
in Refs. 30,31. We refer to this regime as the isotropic
Fermi liquid. (Note that “isotropic” here means isotropic
scattering properties (self energy) along the Fermi sur-
face, but the Fermi surface is not circular.) As the dop-
ing is decreased towards the n = 1 insulating state the
system enters an intermediate doping regime where the
low temperature behavior is still described by Fermi liq-
uid theory, but the Fermi liquid is characterized by a
strong momentum dependence of the renormalizations,
with the renormalizations being largest near the zone cor-
ner (0,�)/(�, 0) points and smallest near the zone diago-
nal (±�/2,±�/2) regions of momentum space. We refer
to this as the regime of momentum space di�erentiation.
The change between the isotropic and momentum-space
di�erentiated Fermi liquid regimes is not characterized by
any order parameter and we believe it to be a crossover,
not a transition, but the doping at which the change oc-
curs is surprisingly sharply defined, and is indicated by
dashed lines in Fig. 1.

As the doping is decreased yet further, a non-Fermi-

liquid regime appears on the hole doping side but not
on the electron doping side (for the moderate anisotropy
considered here). In the non-Fermi-liquid regime, re-
gions of momentum space near (0,�)/(�, 0) acquire an
interaction-induced gap, while the zone diagonal regions
of momentum space remain gapless and (as far as can be
determined) Fermi-liquid like. We refer to this regime as
the sector selective regime. The boundary between the
regime of momentum space di�erentiation and the sec-
tor selective regime is indicated by a light solid line in
Fig. 1. Finally at doping n = 1 the system is in the Mott
insulating phase.

The remainder of the paper is organized as follows. In
section II we summarize the general features of the dop-
ing driven Mott transition, define the model to be studied
and the questions to be considered and outline the theo-
retical approach. In section III we demonstrate the exis-
tence of di�erent doping regimes and how they appear in
the di�erent cluster calculations. Section IV explores in
more detail the intermediate “momentum space di�eren-
tiation” doping regime, studies the momentum-selective
regime, and aspects associated with the pseudogap. Sec-
tion V then considers the sector selective regime. In sec-
tion VI we summarize our insights into the behavior of
smaller size clusters. Finally, section VII is a summary
and conclusion, also pointing out directions for future
work.

II. MODEL AND METHOD

In conventional electronic structure theory, band insu-
lators are periodic crystals in which all electronic bands
are either filled or empty. A necessary condition for band
insulating behavior is that the number of electrons per
unit cell is even. For the purpose of this paper we define
a correlation-induced or “Mott” insulator as a periodic

• Reproduce qualitatively various aspects of cuprate phase diagram. 

T

δ

• In various clusters 
sizes (4, 8, 16, ...).

• Behavior of Tc, 
gap vs δ

• Emerging from 
Mott insulator

Pseudo-gap d-wave SC

• Still many issues : mechanism ? converge ?
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lower orders; all possible insertions of the total order p
can be implicitly summed and integrated over the in-
ternal momentum/frequency variables by including the
results for ãn, n  p in the propagator lines:

G(p) =
pX

n=0

G(n)ãp�n⇠
p�nG̃0, p > 0, G(0) ⌘ G̃0, (5)

so that G(p) / ⇠p. Then ãm can be obtained by Di-
agMC sampling of only 1PI skeleton diagrams of order
l = {1, . . . ,m}, where in each diagram some bare propa-
gators G̃0 are randomly replaced by dressed propagators
G(pi) so that

P
i pi = m � l. This recursive approach

substantially improves the e�ciency of DiagMC by e↵ec-
tively reducing the configuration space and can be gen-
eralized to other channels, e.g. by introducing dressed
interaction lines W (p), dressed two-particle irreducible
vertices �(p), etc.

Illustrative result at high T/t. We first investigate the
simplest case of a constant field ↵k(i!n) ⌘ ↵. In Fig. 1,
we illustrate its e↵ect on the Hubbard model at U = 4
and T = 0.5, using determinantal QMC simulation on
a 16 ⇥ 16 lattice as a benchmark [17]. In the first row
of Fig. 1, we compare the value of ⌃(k, i!n) at the first
few Matsubara frequencies and k = (⇡/4,⇡) summed up

to order K, i.e. ⌃(k, i!n) =
PK

m=1 ãm(k, n)⇠m. Fig. 1a
shows the behaviour of the standard series (2) (with the
Hartree diagrams included in the Green’s function follow-
ing Refs. [10, 11]), Fig. 1b and Fig. 1c show the behavior
for two di↵erent choices of ↵. Clearly, the standard se-
ries and the one for an arbitrarily selected ↵ = 0.6 fail
to converge within accessible orders. However, a clever
choice of ↵ = 1.53 yields a great improvement of con-
vergence. The exact result is recovered already at order
4 and the extrapolation of the series to infinite order is
straightforward.

Rationale: pole-moving. In order to get insight into
the improvement brought by the introduction of a mod-
ified action, we study in details the limiting case t = 0,
the Hubbard atom, which can be solved exactly. In par-
ticular, we show how tuning ↵ allows to control the con-
vergence radius of the series (4). The self-energy for the
action S⇠ and t = 0 is given by

⌃(i!n) =
n⇠U

2
+

1

4

n(2� n)⇠2U2

i!n + µ̃� (2� n)⇠U/2
(6)

µ̃ = ⇠↵� ↵+ µ (7)

where n = [e�µ̃ + e2�µ̃��⇠U ]/[1 + 2e�µ̃ + e2�µ̃��⇠U ] is
the density. The analytical structure of ⌃(i!0) in the
complex-⇠ plane is shown in Fig. 1e and Fig. 1f. The
convergence radius R of the series expansion in ⇠ is given
by the distance from the origin to the closest pole in the
complex-⇠ plane, which strongly depends on the value of
↵. For ↵ = 0.6 a pole is closer to the origin than the
evaluation point ⇠ = 1 and the series diverges, whereas

Figure 2. Imaginary part of the self-energy at the node,
hot-spot and anti-node at U = 5.6, t0 = �0.3, n = 0.96,
T = 0.2. Inset: DCA results with cluster size Nc = 8, 16,
32, 52 extrapolate to the DiagMC-summed result at di↵erent
frequencies.

for ↵ = 1.53 the poles are further away and the series is
convergent at ⇠ = 1. When ↵ is further increased, new
poles get closer to the origin and there is therefore an op-
timal value for ↵ for which the radius of convergence is
maximal. A systematic study for the full Hubbard model
at T = 0.5 suggests an optimal value of ↵ ' 1.53, close
to this atomic estimate ↵ ⇠ 1.3 , as expected from a
similar analytic structure of ⌃ at this high temperature.
Thus the Hubbard atom can provide a reasonable guide
for finding the optimal ↵. Finally, we find the largest
convergence radius and the corresponding optimal ↵ for
di↵erent densities of the Hubbard atom, as displayed in
Fig. 1d. We see that R is infinite at half-filling and be-
comes finite (R . 2.5) as soon as a doping is introduced.
For U = 4, the convergence radius is always large enough
for the series to converge. It has a minimum R ' 1.6 > 1
around 10% hole (or electron) doping.

Reaching the pseudogap scale. We now show that this
improved scheme allows one to reach the pseudogap re-
gion [18–21]. We consider the Hubbard model at 4%
hole doping and U = 5.6, t0 = �0.3. We could achieve
convergence down to T = 0.2, where we compute the
self-energy up to 7th order with an optimized ↵ = 2.3. In
Fig. 2, we display the imaginary part of the self-energy
Im⌃(k, i!n) taken at three di↵erent momenta k on the
Fermi surface (FS). We see that the self-energy behaves
di↵erently at the nodal point kN = (1.47, 1.47) (inter-
section of the FS with the zone diagonal) in comparison
to the antinode kAN = (3.04, 0.49) (where the FS hits
the upper zone boundary). The imaginary part of the
AN self-energy extrapolates to a larger negative value at
low-frequency, indicating strongest correlation e↵ects at
the AN. Hence, a clear N/AN di↵erentiation is already

Pseudogap : exact solution at high temperature

• Converge cluster methods  and diagrammatic QMC at one point.

• Exact solution of Hubbard model at a non trivial point
with the pseudo-gap !
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Ab-initio electronic structure 
for strongly correlated materials 
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• Combine electronic structure methods based on Density 
Functional Theory (DFT) and DMFT methods.

• Predictive ab-initio method for strongly correlated materials.

Equation of state and transport in ε-Fe, 
e.g. volume vs pressure (Pourovskii et al PRB 2014)

3

FIG. 1: (Color online). a). LDA+DMFT total energy vs. volume per atom for bcc (ferromagnetic, solid blue line, and
paramagnetic, dot-dashed black line) and hcp (dashed red line) Fe. The error bars are the CT-QMC method stochastic error.
The orange long dash-dotted straight line indicates the common tangent construction for the α− ϵ transition. b). Equations of
states (EOS) for ferromagnetic bcc (low pressure) and paramagnetic hcp (high pressure) Fe. Theoretical results are obtained
by fitting the LDA+DMFT (thick line) and GGA (thin line) total energies, respectively, using the Birch-Murnaghan EOS [36].
The experimental EOS of iron shown by green filled squares is from Dewaelle et al., Ref. [37]. c). The ratio of lattice parameters
c/a of ϵ-Fe vs. volume per atom obtained in LDA+DMFT (blue circles, dashed line) and GGA (red squares, solid line). The
experimental data are from Dewaelle et al. [37] (diamonds) and Glazyrin et al. [21] (pink circles).

FIG. 2: (Color online) The ratio of the average inverse quasi-
particle lifetime ⟨Γ⟩ to temperature (the left axis) and the
average mass enhancement ⟨m∗⟩/m0 (the right axis) vs. vol-
ume per atom. The solid lines (filled symbols) and dashed
lines (hatched symbols) are ⟨Γ⟩/T and ⟨m∗⟩/m0, respectively.
The values for bcc and hcp phases are shown by blue squares
and red circles, respectively. The black stars indicate the bcc
and hcp atomic volumes at the transition point, respectively.

perimental measurements [47].

One may see that the ground-state properties (bulk
modulus, equilibrium volume, etc.) of the ϵ phase
are significantly modified within the LDA+DMFT ap-
proach as compared to GGA. In contrast, for ferro-
magnetic α-Fe those modifications are much weaker.
In order to understand the origin of this difference
we have evaluated the strength of the correlation ef-

fects in both phases from the low-frequency behav-
ior of the local DMFT self-energy Σ(iω) on the Mat-
subara grid. Namely, we computed the average mass
enhancement ⟨m∗⟩/m0 as

!
s m

∗
sNs(EF )/

!
s Ns(EF ),

where the s index designates combined spin and or-
bital quantum numbers {σ,m}, Σs(iω) and Ns(EF ) are
the imaginary-frequency DMFT self-energy and partial
density of states at the Fermi level for orbital s, re-
spectively, m∗

s = 1 − [dℑΣs(iω)/dω|ω→0] is the corre-
sponding orbitally-resolved mass enhancement. We have
also evaluated the average inverse quasiparticle lifetime

⟨Γ⟩ = − m0

⟨m∗⟩

!
s
Ns(EF )∗ℑΣs(ω=0)!

s
Ns(EF ) . The resulting average

mass enhancement and inverse quasiparticle lifetime are
plotted in Fig. 2. In ferromagnetic α-Fe both quantities
slowly decay with decreasing volume and then they ex-
hibit a large enhancement across the α − ϵ transition,
indicating a more correlated nature of ϵ-Fe. The latter is
characterized by heavier quasiparticles, a larger electron-
electron scattering and a stronger volume dependence of
the correlation strength as compared to the bcc phase.
This analysis clearly demonstrates that dynamical many-
body effects are enhanced in the ϵ phase.

Why are the electronic correlations in ϵ-Fe stronger
and why does the DFT fail there? The crucial difference
is the magnetism. In α-Fe, the physics is governed by the
large static exchange splitting which easily polarizes the
paramagnetic state characterized by a peak in the density
of states (DOS) close to the Fermi energy. Therefore, the
spin-polarized DFT-GGA calculations, which are able
to capture this static exchange splitting, reproduce the
ground state properties of ferromagnetic α-Fe rather well.
In antiferromagnetic ϵ-Fe obtained within DFT-GGA the
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Summary

• Strongly correlated quantum systems

• A new era with controlled methods and algorithms.

• Cluster DMFT methods reproduce many aspects of the high 
temperature superconductors.

• Still a lot of work on algorithms, benchmarks, applications.
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