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Basic questions about nuclei

○How many bound nuclei exist? (~6000-7000?) ○Heaviest possible element? 
Enhanced stability near Z=120?

○How nuclei have been 
produced in the universe?

○Where is the neutron 
drip-line beyond Z=8? ○ Are magic numbers the same for unstable nuclei?

[figure from Bazin 2012]



Ground state
Mass, size, deformation, superfluidity, …

Radioactive decays
β, 2β, α, p, 2p, fission, …

Reaction processes
Fusion, transfer, knockout, …

Spectroscopy
Excitation modes

Exotic structures
Clusters, halos, …

Basic questions about nuclei



Theory: ab initio vs effective

⦿ H describes NN system in vacuum
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Ab initio approaches Effective approaches

⦿ Heff incorporates in-medium correlations
○ Fit to NN scattering data & deuteron ○ Fit to many-body observables

⦿ Link to QCD is usually present (EFT) ⦿ Link to QCD is usually lost

⦿ Require sophisticated many-body scheme ⦿ Allow use of simple many-body scheme

○ Limited applicability in mass (A<100) ○Applicable to whole nuclear chart

⦿ Promise thorough theoretical errors ⦿ Systematic errors hard to assess

How far can this strategy be pushed? Can it be predictive?

○ Limited to specific observables ○ Access all nuclear properties



○ Relevant DOFs are nucleons and pions
○Nucleons interact via pions + contact terms

⦿ EFT: exploit separation of scales

⦿ Lagrangian organised to select dominant processes

⦿ Knowledge of QCD (symmetries) inherited

○ In particular chiral symmetry (breaking)

⦿ Parameters (“low-energy constants”)

○ Today, X-nucleon forces adjusted to X-nucleon data

○ In the future, computed from (lattice) QCD

○ Systematic, many-nucleon forces emerge naturally

○ Provides means to estimate theoretical errors

Chiral effective field theory (ΧEFT)



Chiral EFT & many-body problem

results when doing calculations in momentum space. So
n=6 was chosen in [73, 77]. In fact, in [73] independence of
observables for n 5. is explitely demonstrated. Other
important progress made in [73] was the introduction of a
better scheme to quantify the theoretical uncertainties. For
that, one first has to analyze the possible sources of
uncertainties (see also [78, 79]). These include (1) the
systematic uncertainty due to truncation of the chiral
expansion at a given order, (2) the uncertainty in the
knowledge of NQ LECs which govern the long-range part
of the nuclear force, (3) the uncertainty in the determination
of LECs accompanying the contact interactions; and (4)
uncertainties in the experimental data or, in the partial wave
analysis if that is used to determine the LECs. As described
above, there has been much progress in determining the NQ
LECs, so we concentrate on the first type of uncertainty. For a
given observable X p( ), where p is the center-of-mass
momentum corresponding to the considered energy, the
expansion parameter in chiral EFT is given by equation (27),
where Λ is the breakdown scale. As discussed in [73], one
should use 600 MeV- � for the cutoffs R 0.8� , 0.9 and
1.0 fm, 500- � MeV for R 1.1 fm� and 400 MeV- � V
for R 1.2� to account for the increasing amount of cutoff
artifacts. In fact, when increasing the r-space cutoff R, one
actually continuously integrates out pion physics, and the
resulting theory would gradually turn into pionless EFT if one
further softened the cutoff. Having verified this estimation of
the breakdown scale on the example of the neutron–proton
scattering total cross section at various chiral orders [73], one
is naturally led to a method that gives a conservative estimate
of the theoretical uncertainty due to the neglect of higher

orders. In this approach, one ascribes the uncertainty
X pN LO4 ( )% of a N4LO prediction X pN LO4 ( ) for an observable

X p( ), as (and similarly for lower orders)
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where the expansion parameter Q is given by equation (27)
and the scale Λ is chosen dependent of the cutoff R as
discussed above. The resulting theoretical uncertainties for
the total cross section and the case of R=0.9 fm were found
in [80] to be consistent with the 68% degree-of-belief
intervals for EFT predictions.

The most sophisticated calculation in the two-nucleon
system is indeed the fifth-order result by Epelbaum et al [77],
which included all new two-pion exchange corrections
appearing at this order as shown in figure 6 (see also the less

Figure 5.Contributions to the effective potential of the 2N, 3N and 4N forces based on Weinberg’s power counting. Here, LO denotes leading
order, NLO next-to-leading order and so on. The various vertices according to equation (29) with 0, 1, 2, 3, 4i% � are denoted by small
circles, big circles, filled boxes, filled diamonds and open boxes, respectively. The boxes surrounding various classes of diagrams are
explained in the text. Figure courtesy of Evgeny Epelbaum.

Figure 6. Fifth-order contributions to the two-pion exchange
potential. Solid and dashed lines refer to nucleons and pions,
respectively. Solid dots denote vertices from the lowest-order NQ
effective Lagrangian. Filled rectangles, ovals and gray circles denote
the order Q4, order Q3 and order Q2 contributions to NQ scattering,
respectively.
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complete work in [81, 82]). Although three-pion exchange
formally appears at N3LO and at N4LO, it has usually been
neglected, as the (nominally) leading 3Q exchange potential at
N3LO is known to be weak compared to the two-pion
exchange [83, 84] and to have negligibly small effect on
phase shifts. However, the subleading corrections at N4LO
are enhanced due to the appearance of the LECs ci [85]. To
check the assertion that the 3Q exchange can still be neglec-
ted, the authors of [77] have carried out a N4LO fit for the
intermediate value of the cutoff of R 1.0� fm, in which the
dominant class-XIII 3Q exchange potential V3

XIII
Q from [85]

was explicitly included. No significant (not even noticeable)
changes both in the quality of the description of the Nijmegen
phase shifts and in the reproduction/predictions for obser-
vables was found. In figure 7, using the above-discussed
method of uncertainty quantification, the S-, P- and D-wave
phase shifts and the mixing angles 1� and 2� at NLO and

higher orders in the chiral expansion for R 0.9� fm are
shown. The various bands result from adding/subtracting the
estimated theoretical uncertainty to/from the calculated
results. Similar results are obtained for np scattering obser-
vables, see [77] for details.

Next, let us consider 3NFs. While providing a small
correction to the nuclear Hamiltonian as compared to the
dominant NN force, its inclusion is mandatory for quantitative
understanding of nuclear structure and reactions, for recent
reviews, see [88, 89]. Historically, the importance of the 3NF
has been pointed out already in the 1930s [90] while the first
phenomenological 3NF models date back to the 1950s.
However, in spite of extensive efforts, the spin structure of the
3NF is still poorly understood [88]. Chiral EFT indeed pro-
vides a suitable theoretical resolution to the long-standing
3NF problem. As already noted, the 3NF only appears two
orders after the leading NN interaction. At this order, there are
only three topologies contributing, see figure 8. The two-pion
exchange topology is given again in terms of the ci, as dis-
cussed in detail in [91]. The so-called D-term, which is related
to the one-pion exchange between a 4N contact term and a
further nucleon, has gained some prominence in the first
decade of this millennium, as many authors have tried to pin it
down based on a cornucopia of reactions, such as Nd Ndl
[94], NN NNQl [92, 93], NN dℓ ℓOl [95–98], d NNQ Hl
[99–101], or the spectra of light nuclei [102], see figure 9
(here, γ denotes a photon, ℓ a lepton and ℓO its corresponding
antineutrino) . This demonstrates again the power of EFT—
very different processes are related through the same LECs

Figure 7. Results for the np S-, P- and D-waves and the mixing
angles 1� , 2� up to N4LO based on the cutoff of R 0.9� fm in
comparison with the Nimjegen PWA [86] and the GWU single-
energy PWA [87]. The bands of increasing width show estimated
theoretical uncertainty at N4LO, N3LO, N2LO and NLO.

Figure 8. Topologies of the leading contributions to the chiral 3NF.
From left to right: Two-pion exchange, one-pion-exchange and 6N
contact interaction.

Figure 9. Various reactions that all are sensitive to the D-term.
Figure courtesy of Evgeny Epelbaum.
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[Meißner 2016]

⦿ Chiral effective field theory as a systematic framework to construct AN interactions (A=2, 3, …) 
○ Hierarchy dictated by power counting
○ Hope that 2N & 3N forces are sufficient
○ Hope that few orders in the chiral expansion are sufficient

⦿ Ideally, perform order-by-order many-body calculations with propagated uncertainties



Exact method: no-core shell model (CI)

⦿ Solve many-body Schrödinger equation in a finite-dimensional Hilbert space

○ Expand wave functions in (finite set of) basis states

○ Use of Krylov projection techniques (Lanczos, LOBPCG, …)

○ Express Hamiltonian in basis

○ Diagonalise Hamiltonian

⦿ One is interested in lowest eigenvalues and associated eigenvectors of Hamiltonian operator

⦿ Finite basis (= model space) must be large enough to allow extrapolations to infinite basis

evolution equations at three-body level was demonstrated
only recently [6,7]. In view of the application in the
NCSM it is convenient to solve the flow equation for the
three-body system using a harmonic-oscillator (HO)
Jacobi-coordinate basis [12]. The intermediate sums in
the 3N Jacobi basis are truncated at Nmax ¼ 40 for chan-
nels with J " 5=2 and ramp down linearly to Nmax ¼ 24
for J # 13=2. Based on this and the corresponding solution
of the flow equation in two-body space (using either a
partial-wavemomentum or harmonic-oscillator representa-
tion) we extract the irreducible two- and three-body terms
of the Hamiltonian for the use in A-body calculations.

We have made major technical improvements regarding
the SRG transformation, reducing the computational effort
by 3 orders of magnitude compared to Ref. [7], e.g., by
using a solver with adaptive step-size and optimized matrix
operations. Furthermore, we have developed a transforma-
tion from 3N Jacobi matrix elements to a JT-coupled
representation with a highly efficient storage scheme,
which allows us to handle 3N matrix-element sets of
unprecedented size. A detailed discussion of these aspects
is presented elsewhere.

Importance-truncated NCSM.—Based on the SRG-
evolved Hamiltonian we treat the many-body problem in
the NCSM; i.e., we solve the large-scale eigenvalue prob-
lem of the Hamiltonian, represented in a many-body basis
of HO Slater determinants truncated with respect to the
maximum HO excitation energy Nmax@!. In order to cope
with the factorial growth of the basis dimension with Nmax

and particle number A, we use the importance-truncation
(IT) scheme introduced in Refs. [13,14]. The IT-NCSM
uses an importance measure !" for the individual basis
states j""i derived from many-body perturbation theory
and retains only states with j!"j above a threshold !min in
the model space. Through a variation of the threshold and
an a posteriori extrapolation !min ! 0 the contribution of
discarded states is recovered. We use the sequential update
scheme discussed in Ref. [14], which connects to the full
NCSMmodel space and thus the exact NCSM results in the
limit of vanishing threshold. In the following we always
report threshold-extrapolated results including an estimate
for the extrapolation uncertainties. For the present appli-
cation we have extended the IT-NCSM to include full 3N
interactions. Using the JT-coupled 3N matrix elements we
are able to perform calculations up to Nmax ¼ 12 or 14 for
all p-shell nuclei with moderate computational resources.

Ground-state energies.—We first focus on IT-NCSM
calculations for the ground states of 4He, 6Li, 12C, and
16O using SRG-transformed chiral NN þ 3N interactions.
Throughout this work we use the chiral NN interaction at
N3LO of Entem and Machleidt [1] and the 3N interaction
at N2LO [15] with low-energy constants determined from
the triton binding energy and #-decay half-life [16]. In
order to disentangle the effects of the initial and the
SRG-induced 3N contributions, we consider three different

Hamiltonians. (i) NN only: starting from the chiral NN
interaction only the SRG-evolved NN contributions are
kept. (ii) NN þ 3N-induced: starting from the chiral NN
interaction the SRG-evolvedNN and the induced 3N terms
are kept. (iii) NN þ 3N-full: starting from the chiral
NN þ 3N interaction all SRG-evolved NN and 3N terms
are kept. For each Hamiltonian we assess the dependence
of the observables, here the ground-state energies, on the
flow-parameter $. We use the five values $ ¼ 0:04, 0.05,
0.0625, 0.08, and 0:16 fm4, which correspond to momen-
tum scales #¼$%1=4¼2:24, 2.11, 2, 1.88, and 1:58 fm%1,
respectively. For extrapolations to infinite model-space,
Nmax ! 1, we use simple exponential fits based on the
last 3 or 4 data points. The extrapolated energy is given by
the average of the two extrapolations, the uncertainty by
the difference.
The ground-state energies obtained in IT-NCSM calcu-

lations for 4He and 6Li with the three Hamiltonians are
summarized in Fig. 1. Analogous calculations in the full
NCSM for the same SRG-evolved initial Hamiltonian have
been presented in Ref. [6] for 4He and in Ref. [7] for 6Li.
We have cross-checked our results with Refs. [6,7] and
found excellent agreement.
The first and foremost effect of the SRG transformation

is the acceleration of the convergence of NCSM calcula-
tions with Nmax. With increasing $ the convergence is
systematically improved for all three versions of the
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FIG. 1 (color online). IT-NCSM ground-state energies for 4He
and 6Li as function of Nmax for the three types of Hamiltonians
(see column headings) for a range of flow parameters: $ ¼ 0:04
(blue,&), 0.05 (red,r), 0.0625 (green,m), 0.08 (violet,j), and
0:16 fm4 (light blue,w). Error bars indicate the uncertainties of
the threshold extrapolations. The bars at the right-hand side
of each panel indicate the results of exponential extrapolations
of the individual Nmax sequences (see text).

PRL 107, 072501 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

12 AUGUST 2011

072501-2

[Roth et al., 2011]
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⦿ Cost of diagonalisation grows factorially with A
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Figure 2: On the left, sparsity structure of Ĥ for 6Li at N
max

= 2, with 800 many-body basis
states, 92 groups of states, 1,826 nonzero tiles and 33,476 nonzero matrix elements in the lower
triangular portion of the symmetric matrix. On the right a more detailed plot of one CSB block
(the (3,2)-block) of this matrix. Boundaries of CSB blocks and tiles are indicated by the solid and
dashed lines, respectively.

The grouping of many-body basis states leads to a partitioning of Ĥ into many tiles. Each
tile can be indexed by two group identification labels g(a) ⌘ (g(a

1

), g(a
2

), . . . , g(aA)) and g(a0) =
(g(a0

1

), g(a0
2

), . . . , g(a0A)), where g(ai) denotes the (n, l, j) quantum numbers associated with the
single-particle state ai. The dimension of the tile is determined by the sizes of g(a) and g(a0). In
MFDn, we first perform pairwise comparisons of g(a) and g(a0) to determine (potentially) nonzero
tiles. If g(ai) 6= g(a0j) for more than d single-particle states i and j, the entire tile indexed by g(a)
and g(a0) is zero. If g(ai) 6= g(a0j) for up to d single-particle states, then the tile generally contains
nonzero matrix elements.

Note that the sparsity of these nonzero tiles depends on the number of single-particle states
that di↵er between g(a) and g(a0). The diagonal tiles, with g(a) = g(a0), are generally the least
sparse (most dense) tiles, whereas tiles for which g(a) and g(a0) di↵er by exactly d particles are
the most sparse (least dense). In principle, additional blocking techniques such as those described
in [26] can be used to identify potentially nonzero tiles, or nonzero matrix elements within the tiles,
and further reduce the number of pairwise comparisons of (groups of) many-body basis states.

In Fig. 2, we show the sparsity pattern for a small case, 6Li, with three protons and three
neutrons, truncated to N

max

= 2. The M = 0 basis space dimension is 800, and the number
of groups is 92. Thus, there are in principle 4,186 tiles in half of the symmetric matrix, and
320,400 matrix elements. The number of (potentially) nonzero tiles is 1,826, corresponding to a
“tile-sparsity” of 0.44, and the total number of nonzero matrix elements within these nonzero tiles
is 33,476, corresponding to a sparsity of 0.104.

A well known technique for improving the performance of sparse matrix computation on modern
processors is blocking, i.e., partitioning the matrix into a number of smaller blocks that can be
loaded into fast memory (e.g., level-2 cache) and processed one block at a time. It is tempting to
use the tile structure of Ĥ to naturally block the matrix. However, this is not the best strategy.

7

Exact method: no-core shell model (CI)

⦿ Non-trivially optimisable numerical problem
○ Parallel computing, accelerators, vectorisation, …
○ Sparsity of the Hamiltonian matrix heavily exploited 

○ Yearly allocation of the order of 100M CPU hours

○ Optimisation of the basis, transformation on the Hamiltonian, …

⦿ Large collaborations including physicists, mathematicians and computer scientists
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Figure 1: Dimensionality (left) and number of nonzero matrix elements in the lower triangular
portion of the symmetric matrix (right) for light nuclei with the same number of protons and
neutrons (i.e., Z = N), with angular momentum projection M = 0 and fixed parity P .

2.2 Tile and Block Structure of Ĥ

Let us assume that H is an A-body Hamiltonian that contains d-body interactions, with d  A.
Given two many-body basis states a and b belonging to A, it is evident that

h�a|H|�bi = 0,

if a and b di↵er by more than d single-particle states [9] after summing over the neutron and the
proton di↵erences. Therefore, the sparsity of the discretized matrix Hamiltonian Ĥ can in principle
be determined by examining the di↵erence between each pair of (a, b) in A, once all configurations
in A have been generated.

However, going through all pairs of many-body basis states in an exhaustive manner is pro-
hibitively expensive, given the cardinality of A; see Fig. 1. A more e�cient scheme used in MFDn
to determine the sparsity of Ĥ, is to first consider groups of many-body states based on their orbital
quantum numbers (n, l, j) only, without considering mj . That is, many-body basis states that only
di↵er in the mj values of each single-particle state are placed in the same group labeled by

g(a) ⌘
�

b 2 A : n(ai) = n(bi), l(ai) = l(bi), j(ai) = j(bi), for i = 1, 2, . . . , A
 

. (4)

This particular choice of grouping is physically natural because the set of many-body states belong-
ing to the same g(a) have the same total single-particle energy when the many-body Hamiltonian
contains (or can be approximated by) the one-body Hamiltonian that generates the single-particle
states.

The size of these groups g(a)’s varies greatly, and can range from just a single M -scheme many-
body state to many thousands of M -scheme many-body states. In order to improve load-balancing,
it may be necessary to divide some groups labeled by g(a) into smaller groups, in particular for
larger nuclei, with A > 8. We can do this by subdividing the orbitals, that is, for example,

g(a) ⌘
�

b 2 A : n(ai) = n(bi), l(ai) = l(bi), j(ai) = j(bi), mmin

j (ai)  mj(bi)  mmax

j (ai)
 

(5)

and consider these “split orbitals” as the building blocks for the groups of many-body states. Thus,
we may control the size of the largest groups.

6

Exact method: no-core shell model (CI)

⦿ Main limitation: aggregate memory

○ 1014 nonzero matrix elements  ➝   800 TB 
○ At least Nmax = 8 to perform reliable extrapolations

○ Progress relies on “Moore’s law”

current limit



Approximate methods
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normal and anomalous irreducible self-energies. Working
in the energy representation the latter read

Σ̃ab(ω) ≡

⎛

⎝

Σ̃11
ab(ω) Σ̃12

ab(ω)

Σ̃21
ab(ω) Σ̃22

ab(ω)

⎞

⎠ , (33)

which can be divided into a proper part and a contribu-
tion coming from the auxiliary potential, i.e.

Σ̃ab(ω) ≡ Σab(ω)−Uab . (34)

Finally, Dyson’s equation is generalized as set of coupled
equations involving the two types of propagators and self-
energies. These are known as Gorkov equations [27] and
read, in Nambu’s notation,

Gab(ω) = G
(0)
ab (ω)+

∑

cd

G
(0)
ac (ω)Σ

⋆
cd(ω)Gdb(ω) . (35)

As Dyson’s equation in the standard case, Gorkov’s equa-
tions represent an expansion of interacting or dressed
single-particle normal and anomalous Green’s functions
in terms of unperturbed ones.
If the method is self-consistent, the final result does

not depend on the choice of the auxiliary potential, which
disappears from the equations once the propagators are
dressed with the corresponding self-energies. From a
practical point of view it is useful to track where the aux-
iliary potential enters and how its cancellation is eventu-
ally worked out. This is addressed in Section VA, where
the solution of Gorkov’s equations is discussed. In partic-
ular, and since such a solution is to be found through an
iterative procedure, one is however interested in choosing
a good auxiliary potential as a starting point.
Let us further remark that, as the auxiliary potential

(30) has a one-body character, i.e. it acts as a mean

field, the search for the ground state of ΩU will corre-
spond to the solution of a Bogoliubov-like problem, as
becomes evident if writing the unperturbed grand poten-
tial in matrix form

[ΩU ]ab =

(

tab − µab + Uab Ũ †
ab

Ũab −tab + µab − Uab

)

. (36)

In fact a convenient choice for ΩU is constituted by
ΩHFB , i.e. one first solves the Hartree-Fock-Bogoliubov
problem and then uses the resulting propagators GHFB

ab
as the unperturbed ones. Notice that the self-energy
corresponding to this solution, ΣHFB , eventually differs
from the first-order self-energy Σ(1) if higher orders are
included in the calculation because of the associated self-
consistent dressing of the one-body propagator.

IV. LEHMANN REPRESENTATION

A. Exact form

In view of obtaining a form of Gorkov’s equations
that is suitable for their numerical implementation, one
wishes to derive a Lehmann representation of the dressed
Green’s functions.
Let us first consider the case of normal propagators

and take G11 as an example. Substituting Eq. (15)
into Eq. (21a) and expressing the creation and annihila-
tion operators in the Schrödinger representation (see Eq.
(22)), one obtains (here and in the following all sums over
N,N ′, ... etc. are assumed to contain only even values,
unless stated otherwise)

G11
ab(t, t

′) = −i
∑

NN ′

c∗N ′cN ⟨ψN ′

0 |T
{

aa(t)a
†
b(t

′)
}

|ψN
0 ⟩

= −i
∑

N

c∗NcN⟨ψN
0 |T

{

aa(t)a
†
b(t

′)
}

|ψN
0 ⟩

= −iθ(t− t′)
∑

N

|cN |2⟨ψN
0 |aa(t)a†b(t

′)|ψN
0 ⟩+ iθ(t′ − t)

∑

N

|cN |2⟨ψN
0 |a†b(t

′)aa(t)|ψN
0 ⟩

= −iθ(t− t′)
∑

N

|cN |2 ei(E
N
0 −µN)te−i(EN

0 −µN)t′ ⟨ψN
0 |aa e−iΩ(t−t′) a†b|ψ

N
0 ⟩

+ iθ(t′ − t)
∑

N

|cN |2 ei(E
N
0 −µN)t′e−i(EN

0 −µN)t ⟨ψN
0 |a†b e

iΩ(t−t′) aa|ψN
0 ⟩ . (37)

The complete set of eigenstates of Ω in Fock space is now inserted twice and the corresponding eigenvalues when
acting with the exponential are substituted. Due to the number N in the external bra and ket, only the contributions
with N + 1 (N − 1) particles survives in the first (second) completeness relationship, such that

Ω|ψN±1
k ⟩ = [H − µN ]|ψN±1

k ⟩
= [EN±1

k − µ(N ± 1)]|ψN±1
k ⟩ (38)

1. Self-consistent Green’s function theory (SCGF)

2. Coupled-cluster theory (CC)

3. In-medium similarity renormalisation group (IM-SRG)
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and Entem 2011), low-momentum interactions (Bogner et al
2003) and SRG transformations (Bogner et al 2010) are
sufficiently soft and can be used directly within the approach
we describe.

Coupled-cluster theory is formulated in second quantiza-
tion. Let a†

p and ap create and annihilate a fermion in state |p⟩,
respectively. Here, p denotes a set of quantum numbers such as
p = (n, l, j, τz) in the angular-momentum-coupled j -scheme,
or p = (n, l, j, jz, τz) in the m-scheme. As usual, n, l, j, jz

and τz label the radial quantum number, the orbital angular
momentum, the total angular momentum, its z-projection, and
the projection of the isospin, respectively.

2.1.1. Computation of the ground state. Coupled-cluster
theory is based on an A-body product state

|φ⟩ =
A!

i=1

a†
i |0⟩, (1)

that serves as a reference. The reference can result from a
Hartree–Fock calculation, or from a naive filling of the orbitals
of the harmonic oscillator. Throughout this review we use
the convention that i, j, k, . . . refer to states occupied in the
reference state |φ⟩, while a, b, c, . . . refer to the valence space.
Labels p, q, r, s refer to any orbital. It is useful to normal order
the Hamiltonian with respect to the reference state (1). In the
case of a two-body Hamiltonian

H =
"

pq

εpqa
†
paq +

1
4

"

pqrs

⟨pq||rs⟩a†
pa†

qas âr

the normal ordered Hamiltonian HN is defined by H =
HN + E0 with

E0 =
"

i

εii +
"

ij

⟨ij ||ij⟩

being the vacuum expectation value (or Hartree–Fock energy
if the Hartree–Fock basis is employed), and

HN =
"

pq

fpq{a†
paq} +

1
4

"

pqrs

⟨pq||rs⟩{a†
pa†

qasar}. (2)

Here, the brackets denote normal ordering, and the Fock
matrix is

fpq ≡ εpq +
1
2

"

i

⟨ip||iq⟩. (3)

For a three-body interaction, the corresponding expression is
presented below in equation (26). Note that ⟨φ|HN |φ⟩ = 0 by
construction.

The similarity-transformed normal-ordered Hamiltonian

H ≡ e−T HNeT (4)

is at the heart of coupled-cluster theory. The cluster operator

T = T1 + T2 + · · · + TA (5)

is defined with respect to the reference. Here

T1 =
"

ia

tai a†
aai ,

T2 = 1
4

"

ijab

tab
ij a†

aa
†
bajai (6)

generate 1p–1h and 2p–2h excitations of the reference
state, respectively, and the cluster operator Tn generates np–
nh excitations. We note that the cluster amplitudes tab

ij

are antisymmetric under exchange of particles, and under
exchange of holes.

Note that the similarity-transformed Hamiltonian (4) is
not Hermitian because eT is not unitary. Coupled-cluster
theory can be viewed from two perspectives—based on a
bi-variational principle or as an eigenvalue problem of the
similarity-transformed Hamiltonian. In the bi-variational per-
spective one minimizes the energy functional (Arponen 1983)

E(T , L) ≡ ⟨φ|Le−T HeT |φ⟩ = ⟨φ|LH |φ⟩ (7)

with respect to T and L. Here, L is a de-excitation operator

L = l0 + L1 + L2 + · · · + LA, (8)

with

L1 =
"

ia

liaa
†
i aa ,

L2 = 1
4

"

ijab

l
ij
aba

†
i a

†
j abaa, (9)

and similar definitions for the n-body de-excitation operator
Ln. Again, the amplitudes l

ij
ab are antisymmetric under ex-

change of particles, and under exchange of holes. The variation
of the functional (7) can be viewed as an independent variation
of the bra state ⟨φ|Le−T and the ket state eT |φ⟩. Note that the
states entering the functional (7) are normalized

⟨φ|Le−T eT |φ⟩ = ⟨φ|φ⟩ = 1

for l0 = 1, because Ln|φ⟩ = 0 for n = 1, 2, . . ..
In practice, one truncates the expansions (5) and (8).

In the coupled cluster with singles and doubles (CCSD)
approximation on truncates T3 = T4 = . . . = TA = 0 =
L3 = L4 = . . . = LA. The variation of the functional (7) with
respect to L yields the CCSD equations

⟨φa
i |H |φ⟩ = 0,

⟨φab
ij |H |φ⟩ = 0. (10)

Here, |φa
i ⟩ ≡ a†

aai |φ⟩, and |φab
ij ⟩ ≡ a†

aa
†
bajai |φ⟩. The

equations (10) do not depend on L, and their solution yields
the cluster amplitudes tai and tab

ij . For these cluster amplitudes,
the reference |φ⟩ becomes an eigenstate of the similarity-
transformed Hamiltonian in the space of 1p–1h and 2p–2h

excited states. In other words, in the CCSD approximation,
the similarity-transformed Hamiltonian generates no 1p–1h

and no 2p–2h excitations of the reference state. Thus,
⟨φ|LnH |φ⟩ = 0, and the energy functional (7) yields the
energy

E = ⟨φ|H |φ⟩. (11)

The computational cost for solving the CCSD equations (10) in
the m scheme for a nucleus with mass number A is A2n4, with n

being the number of single-particle valence states (i.e. particle
states). Typically, n ≫ A. This is much more affordable than
other ab initio methods such as GFMC or NCSM but is much
more expensive than mean-field methods.

3

○ Rewrite many-body Schrödinger equation in terms of G and Σ   ➝  Dyson equation

○ Computes the similarity-transformed normal-ordered Hamiltonian
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are antisymmetric under exchange of particles, and under
exchange of holes.

Note that the similarity-transformed Hamiltonian (4) is
not Hermitian because eT is not unitary. Coupled-cluster
theory can be viewed from two perspectives—based on a
bi-variational principle or as an eigenvalue problem of the
similarity-transformed Hamiltonian. In the bi-variational per-
spective one minimizes the energy functional (Arponen 1983)
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of the bra state ⟨φ|Le−T and the ket state eT |φ⟩. Note that the
states entering the functional (7) are normalized
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for l0 = 1, because Ln|φ⟩ = 0 for n = 1, 2, . . ..
In practice, one truncates the expansions (5) and (8).

In the coupled cluster with singles and doubles (CCSD)
approximation on truncates T3 = T4 = . . . = TA = 0 =
L3 = L4 = . . . = LA. The variation of the functional (7) with
respect to L yields the CCSD equations

⟨φa
i |H |φ⟩ = 0,
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ij |H |φ⟩ = 0. (10)

Here, |φa
i ⟩ ≡ a†

aai |φ⟩, and |φab
ij ⟩ ≡ a†

aa
†
bajai |φ⟩. The

equations (10) do not depend on L, and their solution yields
the cluster amplitudes tai and tab

ij . For these cluster amplitudes,
the reference |φ⟩ becomes an eigenstate of the similarity-
transformed Hamiltonian in the space of 1p–1h and 2p–2h

excited states. In other words, in the CCSD approximation,
the similarity-transformed Hamiltonian generates no 1p–1h

and no 2p–2h excitations of the reference state. Thus,
⟨φ|LnH |φ⟩ = 0, and the energy functional (7) yields the
energy

E = ⟨φ|H |φ⟩. (11)

The computational cost for solving the CCSD equations (10) in
the m scheme for a nucleus with mass number A is A2n4, with n

being the number of single-particle valence states (i.e. particle
states). Typically, n ≫ A. This is much more affordable than
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○ Employs a continuous unitary transformation of H to decouple g.s. from excitations

⟨i|H(0) |j⟩ ⟨i|H(∞) |j⟩
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Figure 2: Schematic representation of the initial and final Hamiltonians, H(0) andH(∞),
in the many-body Hilbert space spanned by particle-hole excitations of the reference
state.

with η(s) the same as in the Hamiltonian flow equation. For consistency with the overall
IM-SRG(2) scheme, O(s) is truncated at the two-body level. We then obtain an ad-
ditional set of flow equations for the normal-ordered zero-, one- and two-body parts of
O(s) which need to be solved alongside Eqs. (28)–(30). We will follow this route in later
sections of this work to investigate radii (Sec. 5.5) and the center-of-mass separation
in the IM-SRG(2) ground-state wave function (Sec. 8). Due to the size of the system
of flow equations, and the associated storage needs of numerical differential equation
solvers, this procedure becomes unfeasible if we are interested in more than one or two
additional operators.

Unfortunately, we cannot resort to the same strategy as in the free-space SRG case
[9, 61], where the unitary transformation can be reconstructed from the eigenvectors of
the initial and final Hamiltonians in the two-nucleon, three-nucleon,. . . system. To do
so, we would have to solve the eigenvalue problem of the Hamiltonian in the A-body
system through exact diagonalization, and we could not even resort to large-scale NCSM
machinery because it does not provide the full eigenbasis, but only the lowest eigenvalues
and eigenvectors via Lanczos methods. The cost for exact diagonalization increases
factorially with the single-particle basis, and it is precisely this high computational effort
that motivated the development of mildly scaling methods like CC or the IM-SRG. A
more efficient alternative for the evaluation of observables exists in the form of the so-
called Magnus expansion [62, 63], which we briefly discuss in Sec. 9.4.

4. Choice of Generator

4.1. Decoupling

After setting up the general IM-SRG flow equation framework in Sec. 3, we have
to specify the generator η. To this end, we first need to identify the off-diagonal parts
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and the individual normal-ordered contributions in Eq. (2)
are

E =
!

1 − 1
A

"#

a

⟨a| T |a⟩na

+ 1
2

#

ab

⟨ab| T (2)+V (2) |ab⟩nanb

+ 1
6

#

abc

⟨abc| V (3) |abc⟩nanbnc, (5)

f12 =
!

1 − 1
A

"
⟨1| T |2⟩ +

#

a

⟨1a| T (2)+V (2) |2a⟩na

+ 1
2

#

ab

⟨1ab| V (3) |2ab⟩nanb, (6)

!1234 = ⟨12| T (2)+V (2) |34⟩ +
#

a

⟨12a| V (3) |34a⟩na,

(7)

W123456 = ⟨123| V (3) |456⟩. (8)

Owing to the occupation numbers in Eqs. (5)–(7), the sums
run over occupied (hole) states only. Note that the zero-, one-,
and two-body parts of the Hamiltonian all contain in-medium
contributions from the free-space 3N interaction. The normal-
ordered 3N contribution W is omitted in the following, leading
to the normal-ordered two-body approximation (NO2B),
which has been shown to be a very good approximation for
the nuclei considered in this work [10,11,20].

B. IM-SRG flow equations

The aim of the IM-SRG is to decouple the ground-state of
the Hamiltonian from all excitations by means of a continu-
ous unitary transformation. The transformed Hamiltonian is
defined as

H (s) = U †(s)H (0)U (s), (9)

which, upon taking the derivative with respect to the flow pa-
rameter s, yields the following first-order operator differential
equation:

d

ds
H (s) = [η(s),H (s)], (10)

with the generator formally defined by

η(s) = dU †(s)
ds

U (s) = −η†(s). (11)

When carried out exactly, the IM-SRG is a unitary trans-
formation in A-nucleon space, and consequently, η(s) and
H (s) are A-body operators. When Eq. (10) is integrated, every
evaluation of the commutator increases the particle rank of
H (s), e.g.,

[: a
†
1a

†
2a4a3 :, : a

†
5a

†
6a8a7 :] = δ35 : a

†
1a

†
2a

†
6a8a7a4 : + · · · .

(12)

All of these induced contributions will, in turn, contribute to the
parts of H (s) with lower particle rank in subsequent integration

steps. Because an explicit treatment of all contributions up to
the A-body level is clearly not feasible, we have to introduce
a truncation to close the system of IM-SRG flow equations.
The simplest approach is to truncate H (s) at a given particle
rank n ! A, which is motivated by the cluster decomposition
principle for short-range interactions (see, e.g., [21]). It has
been shown that the omission of W , the residual 3N part of
the Hamiltonian (2), is a good approximation as long as the
in-medium contributions of the free-space 3N interaction are
accounted for by the normal-ordered zero-, one-, and two-body
interactions [10,11,20]. We therefore truncate both H (s) and
η(s) at the two-body level and refer to this truncation as IM-
SRG(2). An additional truncation which was motivated by a
perturbative analysis was proposed in Ref. [14], but will not
be considered in this work. For the Hamiltonians considered
in the following, the numerical results of the two truncation
schemes agree to within a few keV [14].

Note that the presence of the commutator in the flow
equation (10) guarantees the IM-SRG to be size-extensive, i.e.,
the IM-SRG wave function U (s) |$⟩ can be expanded in terms
of linked diagrams only [22–24]. As a consequence, errors
which are introduced by truncating the many-body expansion
scale linearly with A [22,24], and we can, in principle, judge
the quality of the IM-SRG results in medium- or heavy-mass
nuclei based on comparisons with results from exact methods
such as the no-core shell model (NCSM) [25,26], which are
only available for light nuclei.

Because the focus of this work is on closed-shell nuclei,
we assume spherical symmetry. Single-particle indices collec-
tively represent the radial, angular momentum, and isospin
quantum numbers i = (kilijiτi) and do not depend on the
angular momentum projection mi . The matrix elements of
single-particle operators are diagonal in all but the radial
quantum numbers, e.g.,

f12 = f
l1j1τ1
k1k2

δl1l2δj1j2δτ1τ2 , (13)

and two-body matrix elements are coupled to good J and
independent of M . Suppressing all s dependence for brevity,
the resulting J -scheme flow equations read

dE

ds
=

#

ab

ĵ 2
a ηabfba(na − nb)

+1
2

#

abcdJ

$J 2ηJ
abcd!

J
cdabnanb(1 − nc)(1 − nd ),

(14)
df12

ds
=

#

a

η1afa2 − f1aηa2

+ 1

ĵ 2
1

#

abJ

$J 2(na − nb)
%
ηab!

J
b1a2 − fabη

J
b1a2

&

+ 1

2ĵ 2
1

#

abcJ

$J 2%ηJ
c1ab!

J
abc2 − !J

c1abη
J
abc2

&

× [nanb(1 − nc) + (1 − na)(1 − nb)nc], (15)

034307-2

Flow equation

truncated at rank n at each step

⦿ Trade exactness of the solution for more favourable scaling with A

○ Express the problem in perturbation ➝   truncate  ➝  resum (non perturbative)



⦿ Approximate/truncated methods capture correlations via an expansion in ph excitations

⦿ Open-shell nuclei are (near-)degenerate with respect to ph excitations

○ E.g. consider MBPT(2)

Interpreting the correlation energy and the wave operator

If we limit the attention to a Hartree-Fock basis, then we have that È�0|ĤI |2p ≠
2hÍ is the only contribution and the contribution to the energy reduces to

�E(2) = 1
4

ÿ

abij

Èij|v̂|abÍ Èab|v̂|ijÍ
‘i + ‘j ≠ ‘a ≠ ‘b

.

Interpreting the correlation energy and the wave operator

If we compare this to the correlation energy obtained from full configuration
interaction theory with a Hartree-Fock basis, we found that

E ≠ E0 = �E =
ÿ

abij

Èij|v̂|abÍCab
ij ,

where the energy E0 is the reference energy and �E defines the so-called
correlation energy.

We see that if we set

Cab
ij = 1

4
Èab|v̂|ijÍ

‘i + ‘j ≠ ‘a ≠ ‘b
,

we have a perfect agreement between FCI and MBPT. However, FCI includes
such 2p ≠ 2h correlations to infinite order. In order to make a meaningful
comparison we would at least need to sum such correlations to infinite order in
perturbation theory.

Interpreting the correlation energy and the wave operator

Summing up, we can see that
• MBPT introduces order-by-order specific correlations and we make com-

parisons with exact calculations like FCI

• At every order, we can calculate all contributions since they are well-known
and either tabulated or calculated on the fly.

• MBPT is a non-variational theory and there is no guarantee that higher
orders will improve the convergence.

• However, since FCI calculations are limited by the size of the Hamiltonian
matrices to diagonalize (today’s most e�cient codes can attach dimension-
alities of ten billion basis states, MBPT can function as an approximative
method which gives a straightforward (but tedious) calculation recipe.

• MBPT has been widely used to compute e�ective interactions for the
nuclear shell-model.

• But there are better methods which sum to infinite order important corre-
lations. Coupled cluster theory is one of these methods.
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(87)

when                               the expansion breaks down  

⦿ Way out: formulate the expansion around a symmetry-breaking reference state 

○ Symmetry-breaking solution allows to lift the degeneracy

○ GF theory extended to particle-number breaking scheme (Gorkov formalism) [Gorkov 1958]

○ Implementation for semi-magic nuclei developed in Saclay & Surrey
○ Symmetries must be eventually restored

[Somà, Duguet & Barbieri 2011]

Approximate methods
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FIG. 3. (Color online) CPU time requirements (in minutes) to
perform 100 iterations within typical sc and sc0 self-consistency
calculations. Results are shown for different numbers Nℓ of Lanczos
iterations per pivot as a function of the model-space size Nmax.

IV. PERFORMANCE

As already mentioned, we assume the nuclei under study to
be in a J" = 0+ state and expand Gorkov’s propagators on a
spherical harmonic oscillator basis characterized by quantum
number a = (n,q,j,m,π ) ≡ (n,α,m), where n and m label
the principal quantum number and the projection of the third
component of the angular momentum, respectively. As a result,
Gorkov’s equation can be written in a block diagonal form
that separates out the partial waves α. The two-body potential
employed is a next-to-next-to-next-to-leading-order (N3LO)
2N chiral interaction [40,41] (%χ =500 MeV). This is comple-
mented by the Coulomb force, except when stated otherwise.
The resulting isospin-symmetry breaking interaction is then

TABLE I. Contribution to the total binding energy from the
neutron s1/2 partial wave in 12C, for different numbers of pivots used
(Np) and number of iterations per pivot (Nℓ). Asterisks (∗) indicate
a truncation of the Lanczos iterations at N crit

L due to a sudden loss
of orthogonality. Otherwise, a total number NL=Np × Nℓ of vectors
is generated. The dimension of the full 3QP space is N

νs1/2
s = 1188.

The Coulomb interaction has been neglected in these calculations.

Nℓ Np NL/N crit
L Eνs1/2 (MeV)

1 4 4 −2.286045527516
5 4 20 −2.285370055029

10 4 40 −2.285503728538
50 4 200 −2.285578135207

100 4 400 −2.285580911804
150 4 600 −2.285580911686
200 4 800 −2.285580911686
297 4 1111∗ −2.285580911686
300 3 1121∗ −2.285580911686
400 3 1113∗ −2.285558373049
800 2 1103∗ −2.285504651650

1000 2 1029∗ −2.285580911687
1188 1 1029∗ −2.215766990937
Exact diagonalization: −2.285580911686

TABLE II. Same as Table I but for a fixed total number of Lanczos
vectors and varying the number of linearly independent pivots. The
Coulomb interaction has been neglected in these calculations.

Nℓ Np NL Eνs1/2 (MeV)

600 1 600 −2.109743018672
300 2 600 −2.268918978484
200 3 600 −2.279490387096
150 4 600 −2.285580911686
Exact diagonalization: −2.285580911686

softened using free-space similarity renormalization group
(SRG) techniques [42] down to a momentum scale of λ =
2.0 fm−1.

A. Krylov projection

1. Choice of Lanczos pivots

In exact arithmetic, the Lanczos algorithm generates basis
vectors that are all orthogonal to each other, until the full
original space is spanned. On a computer, the finite precision
of the machine will at some point spoil the orthogonality,
resulting in a set of linearly dependent vectors. This can
be usually corrected, e.g., by means of selective orthogo-
nalization techniques [43]. In the following we take instead
a pedantic approach and orthogonalize after each iteration
the new Lanczos vector with respect to all previous ones.
This procedure is increasingly costly in the limit of large
NL, but it is doable and provides the safest option for actual
calculations where one is interested in relatively small Krylov
spaces. An additional mechanism causing the sudden loss of
orthogonality relates to the convergence of the eigenvalues of
the Krylov-projected matrix, known as Ritz (eigen)values, to
machine precision. This, however, happens only for extremely
large spaces that approach the dimension of the original space
[Eq. (27) below] and does not affect in practice our Gorkov
calculations. Nevertheless, we still check for sudden losses
of orthogonality between successive Lanczos vectors.4 If this
occurs we stop the projection just before, at a corresponding
number N crit

L of Lanczos iterations.
A first basic test concerns the limit

dim(K) −→ dim(E) (27)

[see also Eq. (A2)], where the Krylov subspace coincides with
the initial one and the exact result must be recovered. To this
extent, we calculate the partial contribution of one specific
channel to the binding energy of 12C, Eq. (6), in a small
model space where the Krylov projection can be compared
to the exact diagonalization of the original matrix. Tables I
and II list the contributions of neutron orbits characterized
by jπ = 1/2+ (α = νs1/2) to the Koltun sum rule in a small
model space of four major oscillator shells (Nmax = 3) and

4Following Ref. [43], two vectors v and w are considered orthogonal
if v · w <

√
ϵm, where ϵm is the machine precision. In the case of the

present calculations ϵm = 1.11 × 10−16.

024323-8

Model space convergence Self-consistency & CPU cost

K
rylov projection

⦿ Calculations typically assume spherical symmetry

○ Eigenvalue problem of reduced dimensionality
○ Nmax = 14 or 15 in state-of-the-art calculations

○ Similar algorithms & tricks as for exact methods, but still room for optimisation

Approximate methods
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⦿ Main limitation: size of 3N matrix elements

○ Cuts on N3max hinder convergence 

○ Currently file sizes of 50-100 GB can be handled 
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Factorised matrix elements

⦿ Two-body forces can be factorised as

⦿ Three-body forces

○ Exploit recent development from applied maths: Higher-Order SVD

○ Even larger gain ➝  size of 3B matrix elements (~100 GB - 1 TB) current bottleneck
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Separable interactions for less-empirical DFT (and beyond) T. Lesinski

Gain #1: size   (➝ storage and memory needs)

Gain #2: CPU speed-up

HF test calculation: 10% of the matrix elements ➝  0.003% error  and factor 10 speed-up
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I. INTRODUCTION

The concept of quasiparticle plays a key role in the
description and understanding of many-body systems. It
is at the core of Landau’s theory of Fermi liquids [1] [...]

In nuclear physics, the success of the shell model can be
interpreted in terms of weakly interacting quasiparticles.
[...]

Green’s functions provide the proper theoretical
framework for defining quasiparticles [2].

Mean free path, general relevance and recent exper-

iments.

Description of the content of the paper.

II. THEORETICAL SCHEME

A. Quasiparticles in infinite systems

In a finite N -body system the poles of the single-
particle Green’s function (GF) along the energy axis
represent the (ground-state and excited) energies of the
(N ±1) systems relative to the N -body ground state and
are usually denoted as one-particle separation or excita-
tion energies. When N increases this energy spectrum
becomes more and more degenerate and a description in
terms of isolated excitations less meaningful. In the ther-
modynamic limit the energy gap between two adjacent
excitation tends to zero, which can be mathematically
translated into the poles of the GF being transformed
into branch cuts. In this limit the spectral function be-
comes a continuous function of the energy that is typical
characterised by a smooth background and prominent
peaks. One can then identify such peaks with quasi-
particles, whose energy now represents some (coherent)
excitation of the system. The broadness of the peak can
instead be associated with the degree of de-coherence,
or lifetime, of such excitation, formally accounted for by
assigning an imaginary part to the quasiparticle energy.

The resulting complex poles are in fact not an approx-
imated tool introduced to describe the broad features of
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the spectrum. It is easy to see that in the thermodynamic
limit the single-particle propagator becomes ill-defined if
the energy is real-valued, while the introduction of a (in-
finitesimally small) imaginary energy component removes
the issue. One therefore always works, formally, with
propagators G(k,!± i⌘) where k denotes the momentum
modulus1, ! 2 R the energy and ⌘ ! 0+. Particularly
relevant are the so called advanced and retarded propa-
gators, which read in their Lehmann representation

GR/A(k,!) =

Z

d!0

2⇡

A(k,!0)

! � !0 ± i⌘
, (1)

where A(k,!) is the positive-definite spectral function.
One could think that by simply substituting ! with a
complex energy z = ER + iEI and by searching for the
poles of G(k, z), i.e. starting from the complex Dyson
equation

G�1(k, z) = z � k2

2m
� ⌃(k, z) , (2)

and solving

vijkl =
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�a g
a
ik g
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jl
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vijkl =
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X
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�a g
a
ik g
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jl

ER+iEI =
k2

2m
+Re⌃(k,ER+iEI)+i Im⌃(k,ER+iEI) ,

(3)
one would access real and imaginary part of quasiparti-
cle energies and consequently detailed information about
excitations of the system. However, one can show that G
fulfils the the reflection property

G(k, z)⇤ = G(k, z⇤) , (4)

1 We consider here a homogeneous system governed by a time-
independent Hamiltonian. In this case one-body quantities like
the single-particle propagator depend only on the (relative) po-
sition modulus and time di↵erence, or their Fourier counterparts
momentum modulus and energy (see Sec. III A).
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In a finite N -body system the poles of the single-
particle Green’s function (GF) along the energy axis
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the spectrum. It is easy to see that in the thermodynamic
limit the single-particle propagator becomes ill-defined if
the energy is real-valued, while the introduction of a (in-
finitesimally small) imaginary energy component removes
the issue. One therefore always works, formally, with
propagators G(k,!± i⌘) where k denotes the momentum
modulus1, ! 2 R the energy and ⌘ ! 0+. Particularly
relevant are the so called advanced and retarded propa-
gators, which read in their Lehmann representation

GR/A(k,!) =

Z

d!0
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A(k,!0)

! � !0 ± i⌘
, (1)

where A(k,!) is the positive-definite spectral function.
One could think that by simply substituting ! with a
complex energy z = ER + iEI and by searching for the
poles of G(k, z), i.e. starting from the complex Dyson
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(3)
one would access real and imaginary part of quasiparti-
cle energies and consequently detailed information about
excitations of the system. However, one can show that G
fulfils the the reflection property

G(k, z)⇤ = G(k, z⇤) , (4)

1 We consider here a homogeneous system governed by a time-
independent Hamiltonian. In this case one-body quantities like
the single-particle propagator depend only on the (relative) po-
sition modulus and time di↵erence, or their Fourier counterparts
momentum modulus and energy (see Sec. III A).

N2 m (N    +    N)   =   mN

(➝ Singular Value Decomposition)

⦿ Interaction matrix elements: low information content compared to the size

○ How can one reduce the size without losing important information?

10%

[Lesinski 2013]
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FIG. 3. (Color online) Two-nucleon separation energies, S2n , of Ca
isotopes. Results for second order Gorkov calculation for are shown
for the induced (crosses) and full (open squares) Hamiltonians and
are compared to the experiment (full squares) [28–30]. Results from
shell model calculations with chiral 3NFs (full line) [8, 30] and cou-
pled cluster (dashed line) [14] are also shown.

significantly too large (small) for N  20 (N > 20). Including
chiral 3NFs correct this behaviour to a large extent and pre-
dict S2n close to the experiment for isotopes above 42Ca. Fig-
ure 3 also shows results for microscopic shell model [8, 30]
and coupled cluster [14] calculations above 41Ca and 49Ca,
respectively, which are based on similar chiral forces. Our
calculations confirm and extend these results within a full-
fledged ab-initio approach for the first time. The results are
quite remarkable, considering that NN+3N chiral interactions
have been fitted solely to few-body data up to A = 4.

The S2n jump between N=20 and N=22 is largely over-
estimated with the NN plus induced 3NFs, which confirms
the findings of Refs. [13, 31] based on the original NN in-
teraction. The experimental Z=20 magic gap across 48Ca is
�⇡(48Ca) ⌘ 2E

48Ca
0 � E

49Sc
0 � E

47K
0 = 6.2 MeV, whereas it was

found to be 10.5 MeV in Ref. [31]. The magic gap is some-
what larger in the present calculations, i.e. it is equal to
16.5 MeV with the NN plus induced 3NF and is reduced to
12.4 MeV including the full 3NF, which still overestimates
experiment by about 6 MeV.

Performing the integral in the Koltun sum rule (3) expresses
the binding energy as a weighted sum of one-nucleon re-
moval energies. The systematic overbinding observed in the
present results thus relates to a spectrum in the A-1 system
(not shown here) that is too spread out. This has already been
seen in Ref. [13] and is reflected in the excessive distance be-
tween major nuclear shells, or e↵ective single-particle ener-
gies (ESPE) [19, 32]. In turn, the overestimated N=20 magic
gap and the jump of the S2n between N=20 and N=22 relate
to the exaggerated energy separation between sd and pf ma-
jor shells generated by presently employed chiral interactions.
Eventually, a too dilute ESPE spectrum translates into under-
estimated radii.

Presently, ADC(3)-corrected energies with the NN plus full
3NF (Fig. 2) overbind 40Ca, 48Ca and 52Ca by 0.90, 0.73, and
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FIG. 4. (Color online) Two-neutron separation energies, S2n , along
Ar, K, Ca, Sc and Ti isotopic chains. The experimental values (solid
symbols) [28–30] are compared to second order Gorkov calculations
with the NN plus full 3NF (full lines). Values for K, Ca, Sc and Ti
are respectively shifted by +5 MeV, 10 MeV, 15 MeV and 20 MeV
for display purposes. Isolated open symbols are AME2012 extrapo-
lations of experimental data [28].

0.72 MeV/A, respectively. It can be conjectured that such a
behaviour correlates with a predicted saturation point of sym-
metric nuclear matter that is too bound and located at too
high density compared to the empirical point. Recent calcu-
lations of homogeneous nuclear matter based on chiral inter-
actions [2, 3] predict a saturation point in the vicinity of the
empirical point with an uncertainty that is compatible with
the misplacement suggested by our analysis. However, such
calculations use a di↵erent 3NF cuto↵ ⇤3N=500 MeV and dif-
ferent values of cD and cE . Additional SCGF calculations as
in Ref. [3] but with the same NN+3N chiral interactions used
here would help in confirming this conjecture.

The systematic of S2n obtained with the NN plus full 3NF is
displayed in Fig. 4 along Ar, K, Ca, Sc and Ti isotopic chains,
up to N=32. When the neutron chemical potential lies within
the pf shell, predicted S2n reproduce experiment to good ac-
curacy without adjusting any parameter beyond A = 4 data.
Still, the quality slightly deteriorates as the proton chemical
potential moves down into the sd shell, i.e. going from Ca to
K and Ar elements. The increasing underestimation of the S2n

is consistent with a too large gap between proton sd and pf ma-
jor shells that prevents quadrupole neutron-proton correlations
to switch on. The too large jump of the S2n between N=20
and N=22 is visible for all elements and becomes particularly
pronounced as one moves away from the proton magic 40Ca
nucleus where the experimental jump is progressively washed
out. At N=18, the situation deteriorates when going from 38Ca
to 41Sc and 42Ti (but not going to 37K and 36Ar), i.e. when the
proton chemical potential moves up into the pf shell. This is
again consistent with an exaggerated shell gap between sd pf
shells that prevents neutron-proton correlations to switch on

[Som
à et al. 2014]
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Hybrid methods (valence-space) 
Advances in ab initio techniques

Advances in ab initio techniques

Advances in ab initio techniques✓ Exact

✗ Approximate

✓ Exact within a valence space

(Ab initio) shell model✗ Unfavourable scaling

✓ Favourable scaling

✓ Not-so-unfavourable scaling

Configuration interaction

Many-body expansion

⦿ Ab initio version of traditional shell model

○ Valence-space interaction derived with a many-body expansion approach

○ Diagonalisation performed in a reduced Hilbert space   ➝    larger model spaces can be accessed

⦿ Main limitations: size of 3N matrix elements & size of diagonalisation

○ Faces combined issues of the other two types of approaches



Renormalisation-group techniques for nuclear forces

⦿ Coupling between low and high momenta are present in NN potentials

○ Large model spaces needed to converge  ➝   applicability limited to light nuclei

⦿ Are high momenta, i.e. high resolution, necessary to compute low-energy observables?

Resolution: The higher the better?

• resolution of very small (irrelevant) structures can obscure this information

• small details have nothing to do with long-wavelength information!

in the nuclear physics here we are interested in low-energy observables

(long-wavelength information!)

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

Strategy: Use a low-resolution version

• long-wavelength information is preserved

• distortion at small distance significantly reduced

• much less information necessary

In nuclear physics: 
Use renormalization group (RG) to change resolution! 

[figures from K. Hebeler]

➟  Small-distance details are irrelevant when we are interested 
      in the long-wavelength information

➟  Strategy: change the resolution and “integrate out”
      unnecessary information



Renormalisation-group techniques for nuclear forces

⦿ Renormalisation group techniques for 2N and 3N forces
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Figure 9: Schematic illustration of two types of RG evolution for NN potentials in momentum space:
(a) Vlow k running in Λ, and (b) SRG running in λ. At each Λi or λi, the matrix elements outside of the
corresponding lines are zero, so that high- and low-momentum states are decoupled.

60, 61], as shown, for example, in Fig. 8. For variable-cutoff potentials, three-body (and higher-body)
interactions evolve naturally with the resolution scale.

1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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1.3 Renormalization group approaches

A fundamental tenet of renormalization theory is that the relevant details of high-energy physics for
calculating low-energy observables can be captured in the scale-dependent coefficients of operators
in a low-energy Hamiltonian [29]. This principle does not mean that high-energy and low-energy
physics is automatically decoupled in every effective theory. In fact, it implies that we can include as
much irrelevant coupling to incorrect high-energy physics as we want by using a large cutoff, with no
consequence to low-energy predictions (assuming we can calculate accurately). But this freedom also
offers the possibility of decoupling, which makes practical calculations more tractable by restricting
the necessary degrees of freedom. This decoupling can be efficiently achieved by evolving nuclear
interactions using RG transformations designed to handle similar problems in relativistic field theories
and critical phenomena in condensed matter systems.6

The general purpose of the RG when dealing with the large range of scales in physical systems was
eloquently explained by David Gross [63]:

“At each scale, we have different degrees of freedom and different dynamics. Physics at a
larger scale (largely) decouples from the physics at a smaller scale. . . . Thus, a theory at a
larger scale remembers only finitely many parameters from the theories at smaller scales,
and throws the rest of the details away. More precisely, when we pass from a smaller scale
to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the
RG method is to explain how this decoupling takes place and why exactly information is
transmitted from scale to scale through finitely many parameters.”

The common features of RG for critical phenomena and high-energy scattering are discussed by Steven
Weinberg in an essay in Ref. [64]. He summarizes:

“The method in its most general form can I think be understood as a way to arrange in
various theories that the degrees of freedom that you’re talking about are the relevant degrees
of freedom for the problem at hand.”

6For an early discussion of decoupling based on Okubo unitary transformations, see Ref. [62].
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FIG. 1. (Color online) Nuclear matter energy per particle versus Fermi momentum kF at the Hartree-Fock level (left) and including
second-order (middle) and third-order particle-particle/hole-hole contributions (right), based on evolved N3LO NN potentials and 3NF fit to
E3H and r4He. Theoretical uncertainties are estimated by the NN (lines)/3N (band) cutoff variations.

as in Ref. [22]. Our 3NF central fit values are given in Table I;
we estimate that cD has an uncertainty of approximately 0.4
due to the uncertainties of the charge radius in 4He. We use
a 3NF regulator of the form exp{−[(p2 + 3/4q2)/!2

3NF]nexp}
with nexp = 4, where the 3N cutoff !3NF is allowed to vary
independently of the NN cutoff, which probes the sensitivity to
short-range three-body physics. The shaded regions in Fig. 1
show the range of results for 2.0 fm−1 < !3NF < 2.5 fm−1

at fixed ! = 2.0 fm−1.
Nuclear matter is calculated in three approximations:

Hartree-Fock (left), Hartree-Fock plus second-order contribu-
tions (middle), and additionally summing third-order particle-
particle and hole-hole contributions (right). The technical
details regarding the treatment of the 3NF and the many-body
calculation are as for neutron matter in Ref. [16]. We first
construct a density-dependent two-body interaction from the
3NF by summing one particle over occupied states in the Fermi
sea (see also Ref. [23]). This conversion simplifies the many-
body calculation significantly and allows the inclusion of
all 3NF double-exchange terms beyond Hartree-Fock, which
were only approximated in Refs. [10,15]. Furthermore, we
have corrected the combinatorial factors at the normal-ordered

TABLE I. Results for the cD and cE couplings fit to E3H =
−8.482 MeV and to the point charge radius r4He = 1.464 fm (based
on Ref. [26]) for the NN/3N cutoffs and different EM/EGM/PWA
ci values used. For Vlow k (SRG) interactions, the 3NF fits lead to
E4He = −28.22 . . . − 28.45 MeV (−28.53 . . . − 28.71 MeV).

Vlow k SRG

! or λ/!3NF (fm) cD cE cD cE

1.8/2.0 (EM ci’s) +1.621 −0.143 +1.264 −0.120
2.0/2.0 (EM ci’s) +1.705 −0.109 +1.271 −0.131
2.0/2.5 (EM ci’s) +0.230 −0.538 −0.292 −0.592
2.2/2.0 (EM ci’s) +1.575 −0.102 +1.214 −0.137
2.8/2.0 (EM ci’s) +1.463 −0.029 +1.278 −0.078
2.0/2.0 (EGM ci’s) −4.381 −1.126 −4.828 −1.152
2.0/2.0 (PWA ci’s) −2.632 −0.677 −3.007 −0.686

two-body level of the 3NF from 1/6 to 1/2 in diagrams
beyond Hartree-Fock used in these references (see Refs. [9,16]
for detailed discussions of these factors, which are correctly
included in Refs. [3,5,16,17]). To our knowledge, previous
calculations in the literature of nuclear matter using normal-
ordered 3NF contributions need the same correction.

The dashed lines in the left panel of Fig. 1 (for ! =
1.8 and 2.8 MeV) show the exact Hartree-Fock energy in
comparison with the results obtained using the effective
two-body interaction (solid lines). The excellent agreement
supports the use of this density-dependent two-body ap-
proximation for symmetric nuclear matter. For the results
beyond the Hartree-Fock level we use full momentum-
dependent single-particle Hartree-Fock propagators. We have
checked that the energies obtained using a self-consistent
second-order spectrum overlap with the band of curves
in Fig. 1.

The Hartree-Fock results show that nuclear matter is
bound even at this simplest level. A calculation without
approximations should be independent of the cutoffs, so
the spread in Fig. 1 sets the scale for omitted many-body
contributions. The second-order results show a significant
narrowing of this spread over a large density region. It is
encouraging that our results agree with the empirical saturation
point within the uncertainty in the many-body calculation and
omitted higher-order many-body forces implied by the cutoff
variation (the greater spread compared to Ref. [15] is mostly
attributable to the corrected combinatorial factor). We stress
that the cutoff dependence of order 3 MeV around saturation
density is small compared to the total size of the kinetic energy
(≈23 MeV) and potential energy (≈−38 MeV) at this density.
Moreover, the cutoff dependence is smaller at kF ≈ 1.1 fm−1,
which more resembles the typical densities in medium-mass
to heavy nuclei (ρ = 0.11 fm−3). For all cases in the right
panel of Fig. 1, the compressibility K = 175–210 MeV is in
the empirical range.

The inclusion of third-order contributions gives only small
changes from second order except at the lowest densi-
ties shown. This is consistent with nuclear matter being

031301-2
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Fig. 3. 3H (left) and 4He (right) g.s. energy dependence on the size of the basis. The HO frequencies of h̄⌦ = 28 MeV (3H) and 28 or 36 MeV (4He) were
employed. Results with (thick lines) and without (thin lines) the NNN interaction are shown for the EFT interactions [27,28]. The solid lines correspond to
calculations with two-body (3H) or three-body (4He) effective interactions, and the dashed lines to calculations with the bare interactions.

Fig. 4. Convergence of the 4He g.s. energy with the size of the HO basis. Calculations with the bare (dashed line) and the SRG evolved (solid line)
�EFTNN + NNN interactions are compared. The SRG evolution parameter � = 2 fm�1 was used (see Fig. 2). The dotted line denotes the extrapolated
g.s. energy (�28.5 MeV), which is close to the experiment (�28.3 MeV). Further details are given in Ref. [128].

We note that in the case of no NNN interaction, we may use just the two-body effective interaction (two-body cluster
approximation), which is much simpler. The convergence is slower, however, see discussion in Ref. [132]. We also note
that 4He properties with the chiral EFT NN interaction that we employ here were calculated using the two-body cluster
approximation in Ref. [133], and the present results are in agreement with results found there. Our 4He ground-state
energy results are �25.39(1) MeV in the NN case and �28.34(2) MeV in the NN + NNN case. The experimental value is
�28.296 MeV. We note that the present ab initio NCSM 3H and 4He results, obtained with the chiral EFT NN interaction,
are in a perfect agreement with results obtained using the variational calculations in the hyperspherical harmonics
basis as well as with the Faddeev–Yakubovsky calculations published in Ref. [134]. A satisfying feature of the present
NCSM calculation is the fact that the rate of convergence is not affected in any significant way by inclusion of the NNN
interaction.

Fig. 4 shows such results for 4He, now with SRG-evolved interactions, as a function of the P-space size given in terms of
Nmaxh̄⌦ , the maximum HO energy of configurations included above the unperturbed g.s. configuration. The figure clearly
shows the accelerated rate of convergence for the softer SRG interactions over the bare NN (or NN +NNN) interaction. More
details are given in Ref. [128].

As an example of convergence of ab initio NCSM calculations for p-shell nuclei, we present 6Li results obtained using
the INOY and the chiral EFT NN potential. The dependence of the NCSM absolute and excitation energies on the basis size

[Jurgenson, Navratil & Furnstahl 2013]

○ Less refined many-body truncations & smaller model spaces needed

○ (Unitary) transformation to lower the resolution scale of the original Hamiltonian
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⦿ “Exact” methods
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○ Factorial scaling
○ Monte Carlo, CI, …

⦿ Approximate methods for closed-shells
○ Since 2000’s
○ SCGF, CC, IMSRG
○ Polynomial scaling

⦿ Approximate methods for open-shells
○ Since 2010’s
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○ Polynomial scaling

⦿ Hybrid (valence-space) methods
○ Since 2014
○ Effective interaction via CC/IMSRG
○ Mixed scaling


