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Gravitational wave observations
can tell us about cosmology

Individual sources
at cosmological distances
e.g. binary black holes,
binary neutron stars…

Iate-time universe
z . 10

– structure and kinematics of universe
– formation of structures
–      , Hubble constant
– dark energy and dark matter
– modified gravity…..

H0

Stochastic background 
of GWs of cosmological origin

Very early universe

– quantum processes during inflation
– Phase transitions in Early universe
– topological defects, eg cosmic strings
– …..

t & tPl



Gravitational wave observations
can tell us about cosmology

Individual sources
at cosmological distances
e.g. binary black holes,
binary neutron stars…

Iate-time universe
z . 10

Stochastic background 
of GWs of cosmological origin

Very early universe

– quantum processes during inflation
– Phase transitions in Early universe
–  topological defects, e.g. cosmic strings
– …..

cosmic strings: at cosmological distances can detect individual bursts;
                    but also a stochastic bkgd of GWs ranging over many decades in frequency.

t & tPl

– structure and kinematics of universe
– formation of structures
–      , Hubble constant
– dark energy and dark matter
– modified gravity…..

H0



Why is measuring interesting/important?H0

is a fundamental quantity in cosmology: 
– age of universe; 
– defines observable size of universe
– …

• In a FRWL universe: 
ds

2 = �dt

2 + a

2(t)d~x2

• Hubble parameter: H(t) =
ȧ(t)

a(t)
• Hubble constant: H0 = H(t0)

• Its value? 

– Hubble [1929]:

• Redshift: 1 + z =
a(t0)

a

H0 = 100h0 km/s/Mpc
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1. INTRODUCTION
In 1929, Carnegie astronomer Edwin Hubble published a linear correlation between the apparent
distances to galaxies and their recessional velocities. This simple plot provided evidence that our
Universe is in a state of expansion, a discovery that still stands as one of the most profound of the
twentieth century (Hubble 1929a). This result had been anticipated earlier by Lemaı̂tre (1927),
who first provided a mathematical solution for an expanding universe and noted that it provided a
natural explanation for the observed receding velocities of galaxies. These results were published
in the Annals of the Scientific Society of Brussels (in French) and were not widely known.

Using photographic data obtained at the 100-in Hooker telescope situated at Mount Wilson,
California, Hubble measured the distances to six galaxies in the Local Group using the period-
luminosity relation (hereafter, the Leavitt Law) for Cepheid variables. He then extended the sample
to an additional 18 galaxies reaching as far as the Virgo cluster, assuming a constant upper limit to
the brightest blue stars (HII regions) in these galaxies. Combining these distances with published
radial velocity measurements (corrected for solar motion), Hubble constructed Figure 1. The
slope of the velocity versus distance relation yields the Hubble constant, which parameterizes the
current expansion rate of the Universe.

The Hubble constant is usually expressed in units of kilometers per second per megaparsec
and sets the cosmic distance scale for the present Universe. The inverse of the Hubble constant
has dimensions of time. Locally, the Hubble law relates the distance to an object and its redshift:
c z = Ho d , where d is the distance to the object and z is its redshift. The Hubble law relating the
distance and the redshift holds in any Friedman-Lemaı̂tre-Robertson-Walker (FLRW) cosmology
(see Section 2) for redshifts less than unity. At greater redshifts, the distance-redshift relationship
for such a cosmology also depends on the energy densities of matter and dark energy. The exact
relation between the expansion age and the Hubble constant depends on the nature of the mass-
energy content of the Universe, as discussed further in Sections 2 and 6. In a uniformly expanding
universe, the Hubble parameter, H(t), changes as a function of time; Ho, referred to as the Hubble
constant, is the value at the current time, to.
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Figure 1
Radial velocities, corrected for solar motion, plotted versus distances estimated from stars and mean
luminosities of galaxies in clusters. The solid dots and line represent the solution for solar motion using
individual galaxies. Hubble wrote, “The outstanding feature, however, is the possibility that the velocity-
distance relation may represent the de Sitter effect, and hence that numerical data may be introduced into
discussions of the general curvature of space.” (Adapted from Hubble 1929a.)
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The time back to the Big Bang singularity depends upon Ho and the expansion history, which
itself depends upon the composition of the Universe:

to =
∫ ∞

0

d z
(1 + z)H (z)

= H −1
o

∫ ∞

0

d z
(1 + z)[!matter(1 + z)3 + !DE (1 + z)3(1+w)]1/2 . (14)

For a matter-dominated flat universe with no dark energy (!matter = 1.0, !vacuum = 0.0), the age is
simply two-thirds of the Hubble time or only 9.3 billion years for h = 0.7.

Not accounting for the presence of dark energy in the Universe leads to an underestimate of
its age. Before the discovery of dark energy, an “age controversy” persisted for several decades:
Values of the Hubble constant any larger than 40–50 km s−1 Mpc−1 appeared to yield ages for the
Universe as a whole that were smaller than stellar-evolution-calibrated ages of the oldest stars in
the Milky Way. For a universe with a Hubble constant of 73 km sec−1 Mpc−1, with !matter = 0.27
and !vacuum = 0.73, the age is 13.3 Gyr. Taking account of the systematic uncertainties in Ho

alone, the uncertainty in the age of the Universe is estimated to be about ± 0.8 Gyr.
The most well-developed of the stellar chronometers employs the oldest stars in globular clus-

ters in the Milky Way (Krauss & Chaboyer 2003). The largest uncertainty for this technique comes
from determination of the distances to the globular clusters. Recently, detailed stellar evolution
models, when compared to observations of globular clusters stars, yield a lower limit to their ages
of 10.4 billion years (at the 95% confidence level) with a best-fit age of 12.6 Gyr. Deriving the age
for the Universe from the lower limit requires allowing for additional time to form the globular
clusters: From theoretical considerations, this is estimated to be about 0.8 billion years. This age
estimate for the Universe agrees well with the expansion age. Two other stellar chronometers—
the cooling of the oldest white dwarf stars (for a recent review see Moehler & Bono 2008) and
nucleocosmochronology, the decay of radioactive isotopes (Sneden et al. 2001)—yield similar ages.

The expansion age can also be determined from measurements of the CMB anisotropy. Ho

cannot be measured directly from the CMB alone, but the heights of the peaks in the CMB
spectrum provide a constraint on the product !matter H 2

o , and the position of the peaks constrain
the distance to the last-scattering surface. Assuming a flat universe yields a consistent age, to =
13.7±0.13 Gyr (Spergel et al. 2003, Komatsu et al. 2009), again in good agreement with the other
two techniques.

In summary, several methods of estimating the age of the Universe are now in good agreement,
to within their quoted uncertainties, with a value of to = 13.7 ± 0.5 Gyr.

7. WHY MEASURE THE HUBBLE CONSTANT TO HIGHER ACCURACY?
The importance of pinning down Ho has only grown with time: Not only does it set the scale
for all cosmological distances and times, but its accurate determination is also needed to take
full advantage of the increasingly precise measurements of other cosmological quantities. The
prospects for improving the accuracy of Ho within the next decade appear to be as exciting as those
within the past couple of decades. We highlight here near-term improvements to the Cepheid-
based extragalactic distance scale that will come from new measurements of Cepheid parallaxes
with GAIA and perhaps SIM; Spitzer measurements of Cepheids in the Milky Way, LMC, and
other nearby galaxies, including NGC 4258; Spitzer measurements of the TF relation and a new
calibration of the Type Ia supernova distance scale; and future measurements of Cepheids with
JWST. We describe how a more accurate value of Ho, combined with other future measurements
of large-scale structure and CMB anisotropies (e.g., Planck), can be used to break degeneracies
and place stronger constraints on other cosmological parameters including the equation of state
for dark energy, the energy density in cold dark matter, and the mass of neutrinos.
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[W.Freedman, 1706.02739]

h0 = 5
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(see Section 2) for redshifts less than unity. At greater redshifts, the distance-redshift relationship
for such a cosmology also depends on the energy densities of matter and dark energy. The exact
relation between the expansion age and the Hubble constant depends on the nature of the mass-
energy content of the Universe, as discussed further in Sections 2 and 6. In a uniformly expanding
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Radial velocities, corrected for solar motion, plotted versus distances estimated from stars and mean
luminosities of galaxies in clusters. The solid dots and line represent the solution for solar motion using
individual galaxies. Hubble wrote, “The outstanding feature, however, is the possibility that the velocity-
distance relation may represent the de Sitter effect, and hence that numerical data may be introduced into
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Figure 10
Graphical results of the Hubble Space Telescope Key Project (Freedman et al. 2001). (Top) The Hubble
diagram of distance versus velocity for secondary distance indicators calibrated by Cepheids. Velocities are
corrected using the nearby flow model of Mould et al. (2000). Dark yellow squares, Type Ia supernovae;
filled red circles, Tully-Fisher (TF) clusters (I-band observations); blue triangles, fundamental plane clusters;
purple diamonds, surface brightness fluctuation galaxies; open black squares, Type II supernovae. A slope of
H o = 72 ± 7 km s−1 Mpc−1 is shown (solid and dotted gray lines). Beyond 5,000 km s−1 (vertical dashed line),
both numerical simulations and observations suggest that the effects of peculiar motions are small. The Type
Ia supernovae extend to about 30,000 km s−1, and the TF and fundamental plane clusters extend to velocities
of about 9,000 and 15,000 km s−1, respectively. However, the current limit for surface brightness
fluctuations is about 5,000 km s−1. (Bottom) The galaxy-by-galaxy values of Ho as a function of distance.

We update this analysis using the new HST-parallax Galactic calibration of the Cepheid zero
point (Benedict et al. 2007) and the new supernova data from Hicken et al. (2009). We find
a similar value of Ho, but with reduced systematic uncertainty, of Ho = 73 ± 2 (random) ±
4 (systematic) km s−1 Mpc−1. The reduced systematic uncertainty, discussed further in Section 4.1
below, results from having a more robust zero-point calibration based on the Milky Way Galaxy
with comparable metallicity to the spiral galaxies in the HST Key Project sample. Although, the
new parallax calibration results in a shorter distance to the LMC (which is no longer used here
as a calibrator), the difference in Ho is nearly offset by the fact that no metallicity correction is
needed to offset the difference in metallicity between the LMC and calibrating galaxies.
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We update this analysis using the new HST-parallax Galactic calibration of the Cepheid zero
point (Benedict et al. 2007) and the new supernova data from Hicken et al. (2009). We find
a similar value of Ho, but with reduced systematic uncertainty, of Ho = 73 ± 2 (random) ±
4 (systematic) km s−1 Mpc−1. The reduced systematic uncertainty, discussed further in Section 4.1
below, results from having a more robust zero-point calibration based on the Milky Way Galaxy
with comparable metallicity to the spiral galaxies in the HST Key Project sample. Although, the
new parallax calibration results in a shorter distance to the LMC (which is no longer used here
as a calibrator), the difference in Ho is nearly offset by the fact that no metallicity correction is
needed to offset the difference in metallicity between the LMC and calibrating galaxies.
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• Obvious tension between CMB  
  and SNIa measurements:  
  disagreement at greater than 

• Blue: determined from nearby universe with a calibration based  
  on the Cepheid distance scale - distance ladder. (SNIa measurements)

• Red: from early universe CMB physics

• on other hand, remarkable:  
  measurements/results entirely 
  independent of each other; and 
  universe evolved 13.8 billion  
  years since surface of last  
  scattering of CMB and present day

• Is this a real discrepancy or unknown systematic errors?  
  Does it point to physics beyond the current standard model: e.g.:
– evolving dark energy?; modified gravity?

Hubble is interesting science

•      is a fundamental quantity in cosmologyH0

• currently there 
is tension 
between CMB 
and SN 
measurements 

• Plot from 
Wendy 
Freedman 
(2017)

• shaded: evolution of uncertainties

3�

[W.Freedman, 1706.02739]



• Gravitational waves from individual sources at cosmological distances 
(e.g. binary black holes, binary neutron stars…) have the potential to give a
totally independent measurement of H0

standard sirens

Not only      , but also much information about 
– cosmological parameters; 
– type of dark energy (cosmological constant, quintessence..), 
– matter content of universe
– modified gravity…

[B.Schultz, Nature, 1986]

• LIGO-Virgo: sensitive to small z, 
 
 
• LISA: probe expansion of universe up to z . 8

z . 0.1

H0

⌦M ,⌦⇤ , w, k



Outline

 
1. Standard sirens  

2. Stochastic background from early universe sources  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1) Probing late-time cosmology through GW
from binaries of Black Holes or Neutron Stars or..

STANDARD SIRENS [B.Schutz, 1986]



1) Probing late-time cosmology through GW
from binaries of Black Holes or Neutron Stars or..

• Detect GWs emitted by coalescing binaries

Standard sirens for LISA

I How many standard
sirens will be detected by
LISA?

I What type of sources can
be used?

I For how many it will be
possible to observe a
counterpart?

Nicola Tamanini Cosmology with MBHBs

• From the waveform, measure directly the luminosity distance

• If, in addition, can determine the redshift     of the source, then have a point on curve dL(z)

/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   2

Standard Sirens

We look at GWs emitted by coalescing binaries

From the waveform we measure the luminosity distance.

If we have in addition a measurement of the redshift, we 
have a point of the curve         .dL(z)

accelerating

decelerating
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i.e. direct probe of cosmology, 

dL(z)

[B.Schutz, 1986]STANDARD SIRENS

z

Cosmography with the Einstein Telescope

B.S. Sathyaprakash,1 B.F. Schutz1,2 and C. Van Den Broeck1

1
School of Physics and Astronomy, Cardi↵ University, 5, The Parade, Cardi↵, UK, CF24 3AA

2
Max Planck Institute for Gravitational Physics, Germany

Einstein Telescope (ET) is a 3rd generation gravitational-wave (GW) detector that is currently
undergoing a design study. ET can detect millions of compact binary mergers up to redshifts 2-8. A
small fraction of mergers might be observed in coincidence as gamma-ray bursts, helping to measure
both the luminosity distance and red-shift to the source. By fitting these measured values to a
cosmological model, it should be possible to accurately infer the dark energy equation-of-state, dark
matter and dark energy density parameters. ET could, therefore, herald a new era in cosmology.

PACS numbers: 04.30.Db, 04.25.Nx, 04.80.Nn, 95.55.Ym

The goal of modern cosmology is to measure the ge-
ometrical and dynamical properties of the Universe by
projecting the observed parameters onto a cosmological
model. The Universe has a lot of structure on small
scales, but on a scale of about 100 Mpc the distribu-
tion of both baryonic (inferred from the electromagnetic
radiation they emit) and dark matter (inferred from large
scale streaming motion of galaxies) components is quite
smooth. It is, therefore, quite natural to assume that
the Universe is homogeneous and isotropic while describ-
ing its large-scale properties. In such a model, the scale
factor a(t), which essentially gives the proper distance
between comoving coordinates, and curvature of spatial
sections k, are the only quantities that are needed to fully
characterize the properties of the Universe. The metric
of a smooth homogeneous and isotropic spacetime is

ds2 = �dt2 + a2(t)
d�2

1� k�2
+ �2

�
d✓2 + sin2 ✓ d'2

�
,

where t is the cosmic time-coordinate, (�, ✓, ') are the
comoving spatial coordinates, and k is a parameter de-
scribing the curvature of the t = const. spatial slices.
k = 0, ±1, for flat, positively and negatively curved
slices, respectively. The evolution of a(t) depends on the
parameter k, as well as the “matter” content of the Uni-
verse. The latter could consist of radiation, baryons, dark
matter (DM), dark energy (DE), and everything else that
contributes to the energy-momentum tensor.

The Friedman equation, which is one of two Einstein
equations describing the dynamics of an isotropic and ho-
mogeneous Universe, relates the cosmic scale factor a(t)
to the energy content of the Universe through

H(t) = H0


⌦̂M(t)� k

H2
0a2

+ ⌦̂⇤(t)
�1/2

, (1.1)

where H(t) ⌘ ȧ(t)/a(t) is the Hubble parameter (H0 =
H(t

P

) being its value at the present epoch t
P

), while
⌦̂M(t) and ⌦̂⇤(t) are the (dimensionless) energy densi-
ties of the DM and DE, respectively. The above equa-
tion has to be supplemented with the equation-of-state
of DM, assumed to be pressure-less fluid p = 0 [⌦̂M(t) =
⌦

M

(1+z)3, where ⌦M = ⌦̂M(t
P

)] and of DE, assumed to

be of the form p = w⇢⇤ [⌦̂⇤(t) = ⌦⇤(1 + z)3(1+w), where
⌦⇤ = ⌦⇤(t

P

)], with w = �1 corresponding to a cosmo-
logical constant. The goal of cosmography is to measure
(H0, ⌦M, ⌦⇤, w, k, . . .), which essentially determine the
large-scale geometry and dynamics of the Universe. In
the rest of this paper we shall assume that the spatial
slices are flat (i.e., k = 0).

Astronomers use “standard candles” to measure the
geometry of the Universe and the various cosmological
parameters. A standard candle is a source whose in-
trinsic luminosity L can be inferred from the observed
properties (such as the spectral content, time-variability
of the flux of radiation, etc.). Since the observations
also measure the apparent luminosity F , one can de-
duce the luminosity distance DL to a standard candle
from DL =

p
L/(4⇡F ). In addition, if the red-shift z to

the source is known then by observing a population of
such sources it will be possible to measure the various
cosmological parameters since the luminosity distance is
related, when k = 0, to the red-shift via

DL =
c(1 + z)

H0

Z
z

0

dz0

⇥
⌦M(1 + z0)3 + ⌦⇤(1 + z0)3(1+w)

⇤1/2
.

(1.2)
There is no unique standard candle in astronomy that
works on all distance scales. An astronomer, therefore,
builds the distance scale by using several steps, each of
which works over a limited range of the distance. For in-
stance, the method of parallax can determine distances
to a few kpc, Cepheid variables up to 10 Mpc, the Tully-
Fisher relation works for several tens of Mpc, the D

n

-�
relation up to hundreds of Mpc and Type Ia supernovae
up to red-shifts of a few [1]. This way of building the
distance scale has been referred to as the cosmic distance

ladder. For cosmography, a proper calibration of the dis-
tance to high red-shift galaxies is based on the mutual
agreement between di↵erent rungs of this ladder. It is
critical that each of the rungs is calibrated with as little
an error as possible.

Cosmologists have long sought for standard candles
that can work on large distance scales without being de-
pendent on the lower rungs of cosmic distance ladder. In
1986, one of us pointed out [2] that gravitational astron-
omy can provide such a candle, or, more appropriately,
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• For low redshift,            , the relationship reduces simply to the Hubble law:

c z = H0 ⇥ dL

Hubble constant
redshift

Luminosity distance

• three quantities: pick any two and infer the third. 

• With standard sirens:  
 
          from GW measurements;  
 
          from, e.g. electromagnetic measurements (if have an optical counterpart, and  
          know the host galaxy, can determine z).   
 
=> independent measure of 

dL

z

H0

z ⌧ 1

1) Not trivial as galaxies are moving wrt Hubble flow: need to take into account bulk flows, virial velocities, …



Standard sirens vs Standard candles

Standard sirens for LISA

I How many standard
sirens will be detected by
LISA?

I What type of sources can
be used?

I For how many it will be
possible to observe a
counterpart?

Nicola Tamanini Cosmology with MBHBs

The concept of standard sirens

The luminosity distance can be inferred directly from the measured
waveform: GW sources are standard distance indicator!

h⇥ =
4

dL

✓
GMc

c2

◆ 5
3
✓
⇡f

c

◆ 2
3

cos ◆ sin[�(t)]

If the redshift of the source is known, then
one can fit the distance-redshift relation:

dL(z) =
c

H0

1 + zp
⌦k

sinh

p
⌦k

Z z

0

H0

H(z 0)
dz 0

�

I Exactly as SNIa ) standard sirens

I Need an EM counterpart!

Nicola Tamanini Cosmology with MBHBs

vs

dL

z measured directly

harder: inferred from luminosity  
and observed flux 

 “standard candles” = 
objects the emit same 
luminosity (energy)

• “standard sirens” do NOT emit the same energy: waveform depends on the system.
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Wave-form

h+(t, θ,ϕ) =
4

r
(GMc)

5/3
(

πfGW(τ)
)2/3 1 + cos2 θ

2
cos

(

φ(τ)
)

h×(τ, θ,ϕ) =
4

r
(GMc)

5/3
(

πfGW(τ)
)2/3

cos θ sin
(

φ(τ)
)
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τ

5GMc
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+ φc
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Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass
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A) First step: ignore expansion the universe 
 
• the standard calculation  
(point particles of mass m1 and m2;  no tidal effects, no spins,…,  
assuming circular orbit; and on using quadrupole formula)
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Evolution of the frequency

ḟGW =
96

5
π
8/3(GMc)

5/3f
11/3
GW

fGW =
1

π
(GMc)

−5/8

(

5

256 τ

)3/8

τ = t− tc

What about the waveform?

x0(t) = R(t) cos

(
∫ t

t0

dt
′
ωS(t

′)

)

y0(t) = R(t) sin

(
∫ t

t0

dt′ωS(t
′)

)

φ(t) ≡

∫ t

t0

dt
′
ωGW(t′) =

∫ t

t0

dt
′2ωS(t

′)We define the phase

dEorbit

dt
= −P

Solution

/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   9

Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass

/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   13

Wave-form

h+(t, θ,ϕ) =
4

r
(GMc)

5/3
(

πfGW(τ)
)2/3 1 + cos2 θ

2
cos

(

φ(τ)
)

h×(τ, θ,ϕ) =
4

r
(GMc)

5/3
(

πfGW(τ)
)2/3

cos θ sin
(

φ(τ)
)

!3.0 !2.5 !2.0 !1.5 !1.0 !0.5 0.0
!1.0

!0.5

0.0

0.5

1.0

Time !s"

G
W
si
gn
al
x1
01
8

φ(τ) = −2

(
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distance to 
source

chirp mass Phase:GW frequency as 
a function of �(t) = 2⇡

Z t

tc

dt0fGW(t0)

A) First step: ignore expansion the universe 
 
• the standard calculation  
(point particles of mass m1 and m2;  no tidal effects, no spins,…,  
assuming circular orbit; and on using quadrupole formula)



/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   9

Step 1:  circular orbit

We assume that the relative coordinate         describes a circle

The trajectory is fixed         no backreaction from GW emission

x0(t)

h+(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3
1 + cos2 θ

2
cos

(

2πfGWtret + 2ϕ
)

h×(t, θ,ϕ) =
4

r
(GMc)

5/3(πfGW)2/3 cos θ sin
(

2πfGWtret + 2ϕ
)

θ

ϕ

x0(t) = R cos (ωBt+ π/2)

y0(t) = R sin (ωBt+ π/2)

fGW =
ωGW

2π
=

2ωB

2π
Mc =

(m1m2)3/5

(m1 +m2)1/5
chirp mass

/33Benasque 2017       Standard Sirens       Camille Bonvin      p.   12

Evolution of the frequency
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• The frequency is time dependent; power is radiated in GW:
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• so
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A) First step: ignore expansion the universe 
 
• the standard calculation  
(point particles of mass m1 and m2;  no tidal effects, no spins,…,  
assuming circular orbit; and on using quadrupole formula)



B) Now include expansion: GW source at cosmological distance  

• Perturbed Friedmann-Robertson-Walker-Lemaitre metric:

• Close to the source, expansion should be negligible: use previous solution, with replacement

r ! rphys = aSr
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Expanding universe

ds
2 = −dt

2 + a
2(t)δijdx

i
dx

j

Friedmann-Lemaître-Robertson-Walker metric

We use our solution to describe the GW close to the source

h+(τS) =
4

aSr
(GMc)

5/3
(

πfS(τS)
)2/3 1 + cos2 θ

2
cos

(

φS(τS)
)

h×(τS) =
4

aSr
(GMc)

5/3
(

πfS(τS)
)2/3

cos θ sin
(

φS(τ)
)

r → rphys = aS r comoving coordinate

ds

2 = �dt

2 + a

2(t)[(�ij + hij)dx
i
dx

j ] |hij | ⌧ 1

hi
i = @jh

j
i = 0

ḧij + 3Hḣij + k2hij = 16⇡G⇧TT
ij• wave equation:

source: tensor anisotropic
stress
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From the source to the observer
Time intervals are affected by the expansion dtO = (1 + z)dtS

dfS
dtS

=
96

5
π
8/3(GMc)

5/3f
11/3
S

If the redshift is constant during the time of observation

dfO
dtO

=
96

5
π
8/3(GMc(z))

5/3f
11/3
O

(1 + z)
d
[

fO(1 + z)
]

dtO
=

96

5
π
8/3(GMc)

5/3f
11/3
O (1 + z)11/3

Mc = (1 + z)Mc

fO(τO) =
1

π
(GMc)

−5/8

(

5

256 τO

)3/8



• In going from the source to the observer, need to take into account that the wave propagates in  
an expanding universe: 
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From the source to the observer

Propagation in an expanding universe

!h̄µν = 0
1

r

→
1

ar

The wavelength is stretched by the expansion

fO =
fS

1 + z

1 + z =
aO

aS

Redshift:

• wavelength stretched by the expansion of the universe
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From the source to the observer

Propagation in an expanding universe

!h̄µν = 0
1

r

→
1

ar

The wavelength is stretched by the expansion

fO =
fS

1 + z

1 + z =
aO

aS

Redshift:• redshift:

• Time intervals also affected by the expansion, so that the rate of change of frequency of the GW
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(note: in the real universe, inhomogeneities+
anisotropies induce perturbations in the redshift,
and hence modify this expression)



• IF we assume that z is constant during the time of observation (NOT necessarily a good 
approximation for LISA)
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• How about the phase at the observer?
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From the source to the observer

Phase at the observer φO(τO) = −2

(

τO

5GMc

)5/8

+ φc

φO(τO) = φS(τS)The phase is constant along null geodesics

k
µ
= ∂µφ k

µ
kµ = 0

h+(τO) =
4

aOr(1 + z)
(GMc)

5/3
(

πfO(τO)
)2/3 1 + cos2 θ

2
cos

(

φO(τO)
)

h×(τO) =
4

aOr(1 + z)
(GMc)

5/3
(

πfO(τO)
)2/3

cos θ sin
(

φO(τO)
)

and k
µ∂µφ = 0

• Note that                                 reflecting the fact that the phase is constant along null geodesics
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From the source to the observer
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From the source to the observer
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k
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µ
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• Impact of expansion: dilute the amplitude with       , and redshift the phase. dL
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Impact of the expansion
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• Degeneracy: binary with parameters              at redshift     has same phase evolution as binary  
with parameters                                    at redshift    .
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Information

What can we learn if we measure      and      ?h+ h×
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We can measure directly the luminosity distance

[Slide courtesy of C.Bonvin]



Have the distance…but not the redshift!

• Ways to break z degeneracy:
 
1) Assume cosmology. Use GW-determined distance to infer redshift.  
 
This is how redshift and restframe parameters are inferred for the GW events that have been 
announced so far.

2) Measure “electromagnetic” counterpart : optical, radio, X-rays, gamma-rays…
 Independently determine z (EM) and luminosity distance (GW) — determine Hubble parameter
 and other cosmological parameters.
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ABSTRACT

The final inspiral of double neutron star and neutron-star–black-hole binaries are likely to be detected by advanced
networks of ground-based gravitational wave (GW) interferometers. Maximizing the science returns from such a
discovery will require the identification of an electromagnetic counterpart. Here we critically evaluate and compare
several possible counterparts, including short-duration gamma-ray bursts (SGRBs), “orphan” optical and radio
afterglows, and day-long optical transients powered by the radioactive decay of heavy nuclei synthesized in the
merger ejecta (“kilonovae”). We assess the promise of each counterpart in terms of four “Cardinal Virtues”:
detectability, high fraction, identifiability, and positional accuracy. Taking into account the search strategy for
typical error regions of tens of square degrees, we conclude that SGRBs are the most useful to confirm the cosmic
origin of a few GW events, and to test the association with neutron star mergers. However, for the more ambitious
goal of localizing and obtaining redshifts for a large sample of GW events, kilonovae are instead preferred. Off-axis
optical afterglows are detectable for at most tens of percent of events, while radio afterglows are promising only for
energetic relativistic ejecta in a high-density medium. Our main recommendations are: (1) an all-sky gamma-ray
satellite is essential for temporal coincidence detections, and for GW searches of gamma-ray-triggered events; (2)
the Large Synoptic Survey Telescope should adopt a one-day cadence follow-up strategy, ideally with 0.5 hr per
pointing to cover GW error regions; and (3) radio searches should focus on the relativistic case, which requires
observations for a few months.

Key words: gamma-ray burst: general – gravitational waves – stars: neutron – surveys
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1. INTRODUCTION

The first direct detection of gravitational waves (GWs) is
anticipated within the decade once the ground-based interfer-
ometers LIGO4 (Abramovici et al. 1992; Abbott et al. 2009)
and Virgo5 (Caron et al. 1999; Acernese et al. 2009) are up-
graded to “advanced” sensitivity (hereafter ALIGO/Virgo). The
Large Scale Cryogenic Gravitational Wave Telescope (LCGT;
Kuroda & LCGT Collaboration 2010) is under construction in
Japan and is anticipated to join ALIGO/Virgo by about 2018.
The most promising astrophysical GW sources in the frequency
range of these detectors are the inspiral and coalescence of com-
pact object binaries with neutron star (NS) and/or black hole
(BH) constituents. Although this accomplishment will stand on
its own merits, optimizing the science returns from a GW de-
tection will require the identification and study of coincident
electromagnetic (EM) counterparts (e.g., Schutz 1986, 2002;
Sylvestre 2003; Stubbs 2008; Phinney 2009; Stamatikos et al.
2009; Bloom et al. 2009). This is important for several rea-
sons, including lifting degeneracies associated with the inferred
binary parameters (Hughes & Holz 2003); reducing the signal-
to-noise ratio (S/N) for a confident GW detection (Kochanek
& Piran 1993; Dalal et al. 2006; Harry & Fairhurst 2011); and
identifying the merger redshift, thereby setting the energy scale
and allowing an independent measurement of the Hubble con-
stant or other cosmological parameters (e.g., Krolak & Schutz
1987; Chernoff & Finn 1993; Holz & Hughes 2005; Deffayet
& Menou 2007; Nissanke et al. 2010). The potential wealth of

3 NASA Einstein Fellow.
4 http://www.ligo.caltech.edu
5 http://www.virgo.infn.it

complementary information encoded in the EM signal is like-
wise essential to fully unraveling the astrophysical context of
the event (Phinney 2009; Mandel & O’Shaughnessy 2010), for
example, an association with specific stellar populations (e.g.,
Fong et al. 2010).

Motivated by the importance of EM detections, in this paper
we address the critical question: What is the most promising EM
counterpart of a compact object binary merger? The answer
of course depends on the definition of “most promising.” In
our view, a promising counterpart should exhibit four Cardinal
Virtues, namely, it should:

1. Be detectable with present or upcoming telescope facilities,
provided a reasonable allocation of resources.

2. Accompany a high fraction of GW events.
3. Be unambiguously identifiable (a “smoking gun”), such that

it can be distinguished from other astrophysical transients
and confidently associated with a particular GW event.

4. Allow for a determination of ∼arcsecond sky positions.

Virtue 1 is necessary to ensure that effective EM searches
indeed take place for a substantial number of GW triggers.
Virtue 2 is important because a large number of events may
be necessary to build up statistical samples, particularly if GW
detections are rare; in this context, ALIGO/Virgo is predicted
to detect NS–NS mergers at a rate ranging from ∼0.4 to
∼400 yr−1, with a “best-bet” rate of ∼40 yr−1 (Abadie et al.
2010a; cf. Kopparapu et al. 2008), while the best-bet rate for
detection of NS–BH mergers is ∼10 yr−1. Virtue 3 is necessary
to make the association with high confidence and hence to
avoid contamination from more common transient sources (e.g.,
supernovae). Finally, Virtue 4 is essential to identifying the host
galaxy as well as other relevant properties (e.g., association
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with specific stellar populations). Because merger counterparts
are predicted to be faint, obtaining a spectroscopic redshift
is challenging (cf. Rowlinson et al. 2010), in which case
spectroscopy of the host galaxy is the most promising means
of obtaining the event redshift.

It is important to distinguish two general strategies for con-
necting EM and GW events. One approach is to search for a
GW signal following an EM trigger, either in real time or at
a post-processing stage (e.g., Finn et al. 1999; Mohanty et al.
2004). This is particularly promising for counterparts predicted
to occur in temporal coincidence with the GW chirp, such as
short-duration gamma-ray bursts (SGRBs). Unfortunately, most
other promising counterparts (none of which have yet been
independently identified) occur hours to months after coales-
cence.6 Thus, the predicted arrival time of the GW signal will
remain uncertain, in which case the additional sensitivity gained
from this information is significantly reduced. For instance, if
the time of merger is known only to within an uncertainty of
∼ hours (weeks), as we will show is the case for optical (radio)
counterparts, then the number of trial GW templates that must
be searched is larger by a factor ∼104–106 than if the merger
time is known to within seconds, as in the case of SGRBs.

A second approach, which is the primary focus of this paper,
is EM follow-up of GW triggers. A potential advantage in this
case is that counterpart searches are restricted to the nearby
universe, as determined by the ALIGO/Virgo sensitivity range
(redshift z ! 0.05–0.1). On the other hand, the large error
regions are a significant challenge, which are estimated to be
tens of square degrees even for optimistic configurations of GW
detectors (e.g., Gürsel & Tinto 1989; Fairhurst 2009; Wen &
Chen 2010; Nissanke et al. 2011). Although it has been argued
that this difficulty may be alleviated if the search is restricted
to galaxies within 200 Mpc (Nuttall & Sutton 2010), we stress
that the number of galaxies with L " 0.1 L∗ (typical of SGRB
host galaxies; Berger 2009, 2011) within an expected GW error
region is ∼400, large enough to negate this advantage for most
search strategies. In principle the number of candidate galaxies
could be reduced if the distance can be constrained from the
GW signal; however, distance estimates for individual events
are rather uncertain, especially at that low of S/Ns that will
characterize most detections (Nissanke et al. 2010). Moreover,
current galaxy catalogs are incomplete within the ALIGO/Virgo
volume, especially at lower luminosities. Finally, some mergers
may also occur outside of their host galaxies (Berger 2010;
Kelley et al. 2010). Although restricting counterpart searches to
nearby galaxies is unlikely to reduce the number of telescope
pointings necessary in follow-up searches, it nevertheless can
substantially reduce the effective sky region to be searched,
thereby allowing for more effective vetoes of false positive
events (Kulkarni & Kasliwal 2009).

At the present there are no optical or radio facilities that can
provide all-sky coverage at a cadence and depth matched to
the expected light curves of EM counterparts. As we show in
this paper, even the Large Synoptic Survey Telescope (LSST),
with a planned all-sky cadence of four days and a depth of
r ≈ 24.7 mag, is unlikely to effectively capture the range of
expected EM counterparts. Thus, targeted follow-up of GW

6 Predicted EM counterparts that may instead precede the GW signal include
emission powered by the magnetosphere of the NS (e.g., Hansen & Lyutikov
2001; McWilliams & Levin 2011; Lyutikov 2011a, 2011b), or cracking of the
NS crust due to tidal interactions (e.g., Troja et al. 2010; Tsang et al. 2011),
during the final inspiral. However, given the current uncertainties in these
models, we do not discuss them further.
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Figure 1. Summary of potential electromagnetic counterparts of NS–NS/
NS–BH mergers discussed in this paper, as a function of the observer angle,
θobs. Following the merger a centrifugally supported disk (blue) remains around
the central compact object (usually a BH). Rapid accretion lasting !1 s
powers a collimated relativistic jet, which produces a short-duration gamma-
ray burst (Section 2). Due to relativistic beaming, the gamma-ray emission
is restricted to observers with θobs ! θj , the half-opening angle of the jet.
Non-thermal afterglow emission results from the interaction of the jet with
the surrounding circumburst medium (pink). Optical afterglow emission is
observable on timescales up to ∼ days–weeks by observers with viewing angles
of θobs ! 2θj (Section 3.1). Radio afterglow emission is observable from all
viewing angles (isotropic) once the jet decelerates to mildly relativistic speeds
on a timescale of weeks–months, and can also be produced on timescales of
years from sub-relativistic ejecta (Section 3.2). Short-lived isotropic optical
emission lasting ∼few days (kilonova; yellow) can also accompany the merger,
powered by the radioactive decay of heavy elements synthesized in the ejecta
(Section 4).
(A color version of this figure is available in the online journal.)

error regions is required, whether the aim is to detect optical
or radio counterparts. Even with this approach, the follow-
up observations will still require large field-of-view (FOV)
telescopes to cover tens of square degrees; targeted observations
of galaxies are unlikely to substantially reduce the large amount
of time to scan the full error region.

Our investigation of EM counterparts is organized as follows.
We begin by comparing various types of EM counterparts, each
illustrated by the schematic diagram in Figure 1. The first is an
SGRB, powered by accretion following the merger (Section 2).
Even if no SGRB is produced or detected, the merger may still
be accompanied by relativistic ejecta, which will power non-
thermal afterglow emission as it interacts with the surrounding
medium. In Section 3 we explore the properties of such “or-
phan afterglows” from bursts with jets nearly aligned toward
Earth (optical afterglows; Section 3.1) and for larger viewing
angles (late radio afterglows; Section 3.2). We constrain our
models using the existing observations of SGRB afterglows,
coupled with off-axis afterglow models. We also provide a re-
alistic assessment of the required observing time and achiev-
able depths in the optical and radio bands. In Section 4 we
consider isotropic optical transients powered by the radioac-
tive decay of heavy elements synthesized in the ejecta (referred
to here as “kilonovae,” since their peak luminosities are pre-
dicted to be roughly one thousand times brighter than those
of standard novae). In Section 5 we compare and contrast the
potential counterparts in the context of our four Cardinal Virtues.
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• Other methods also proposed to determine z:

–  if one knows the intrinsic mass function of neutron stars,  and/or their equation of state,
then by comparing with the observed - redshifted - mass, can extract the redshift of the source.
[Messenger+Reid, Taylor et al]

– If the source can be sufficiently well located, which should be the case with LISA,
then can use galaxy catalogues to see what is in that portion of the sky.  Using
statistical methods then….
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The advanced world-wide network of gravitational waves (GW) observatories is scheduled to
begin operations within the current decade. Thanks to their improved sensitivity, they promise
to yield a number of detections and thus to open a new observational windows for astronomy
and astrophysics. Among the scientific goals that should be achieved, there is the independent
measurement of the value of the cosmological parameters, hence an independent test of the current
cosmological paradigm. Due to the importance of such task, a number of studies have evaluated
the capabilities of GW telescopes in this respect. However, since GW do not yield information
about the source redshift, di↵erent groups have made di↵erent assumptions regarding the means
through which the GW redshift can be obtained. These di↵erent assumptions imply also di↵erent
methodologies to solve this inference problem. This work presents a formalism based on Bayesian
inference developed to facilitate the inclusion of all assumptions and prior information about a
GW source within a single data analysis framework. This approach guarantees the minimisation of
information loss and the possibility of including naturally event-specific knowledge (such as the sky
position for a Gamma Ray Burst - GW coincident observation) in the analysis. The workings of the
method are applied to a specific example, loosely designed along the lines of the method proposed
by Schutz in 1986, in which one uses information from wide-field galaxy surveys as prior information
for the location of a GW source. I show that combining the results from few tens of observations
from a network of advanced interferometers will constrain the Hubble constant H0 to an accuracy
of ⇠ 4� 5% at 95% confidence.

PACS numbers: 95.85.Sz,98.80.-k,04.30.-w

I. INTRODUCTION

The current decade will see the beginning of the era
of gravitational waves astronomy. A world-wide network
of second-generation interferometric gravitational waves
(GW) detectors is in fact scheduled to begin operations in
2014–2015. Currently, the already existing LIGO facili-
ties in USA [21] and Virgo in Italy [8] are in the process of
being upgraded and the Large Cryogenic Gravitational-
wave Telescope (LCGT) [23] in Japan and possibly In-
diGO [32] in India are supposed to join the global network
in following years. Thanks to their increased sensitivity,
second-generation instruments are expected to yield sev-
eral positive detections of compact binary systems coales-
cences; the detection rate is estimated to be in the range
⇠ 1 � 100 yr�1, depending on the actual astrophysical
event rate, instrument duty cycles and sensitivity evolu-
tion [1].

Among the many possibilities o↵ered by a new ob-
servational window, gravitational waves (GW) from co-
alescing compact binaries potentially o↵ers a one-step-
only, totally independent measurement of the Hubble
(and other cosmological) parameters, as pointed out by
Schutz [35] over 25 years ago. Di↵erently from electro-
magnetic observations, where one has to resort to cross-

⇤
Electronic address: walterdp@nikhef.nl

calibration of multiple distance indicators, for GW ob-
servations the luminosity distance is a direct observable

[10, 30, 35], and if one could infer from other means
the redshift of the source, one could estimate the cosmo-
logical parameters from the luminosity distance–redshift
relation. As second-generation (or advanced) ground-
based gravitational-wave laser interferometers are being
installed, this becomes a very concrete scenario, which
may contribute to the solution of yet unresolved issues
both in the determination of the Hubble constant [see
19, for a review] and in our understanding of the high
redshift universe, and its mass-energy content. Several
studies have already proven that space based observa-
tories, such as the Laser Interferometric Space Antenna
(LISA)[6], can successfully address both these issues: by
measuring the redshift statistically, in MacLeod & Hogan
[24] it has been shown that H

0

can be determined with
percent accuracy from the observation of extreme mass
ratio systems and, using a similar approach, in Petiteau
et al. [29] it has been shown that also w, the Dark En-
ergy equation of state, can be accurately measured once
the remaining cosmological parameters are known. Their
analysis was greatly facilitated by the very good sky lo-
calisation capabilities o↵ered by LISA for extreme mass
ratio and massive binary black holes systems.

The possibilities that ground based observatories of-
fer have also been extensively investigated. In partic-
ular it has been shown that designed third generation
interferometers will o↵er measurements of the Dark En-
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The current decade will see the beginning of the era
of gravitational waves astronomy. A world-wide network
of second-generation interferometric gravitational waves
(GW) detectors is in fact scheduled to begin operations in
2014–2015. Currently, the already existing LIGO facili-
ties in USA [21] and Virgo in Italy [8] are in the process of
being upgraded and the Large Cryogenic Gravitational-
wave Telescope (LCGT) [23] in Japan and possibly In-
diGO [32] in India are supposed to join the global network
in following years. Thanks to their increased sensitivity,
second-generation instruments are expected to yield sev-
eral positive detections of compact binary systems coales-
cences; the detection rate is estimated to be in the range
⇠ 1 � 100 yr�1, depending on the actual astrophysical
event rate, instrument duty cycles and sensitivity evolu-
tion [1].

Among the many possibilities o↵ered by a new ob-
servational window, gravitational waves (GW) from co-
alescing compact binaries potentially o↵ers a one-step-
only, totally independent measurement of the Hubble
(and other cosmological) parameters, as pointed out by
Schutz [35] over 25 years ago. Di↵erently from electro-
magnetic observations, where one has to resort to cross-

⇤
Electronic address: walterdp@nikhef.nl

calibration of multiple distance indicators, for GW ob-
servations the luminosity distance is a direct observable

[10, 30, 35], and if one could infer from other means
the redshift of the source, one could estimate the cosmo-
logical parameters from the luminosity distance–redshift
relation. As second-generation (or advanced) ground-
based gravitational-wave laser interferometers are being
installed, this becomes a very concrete scenario, which
may contribute to the solution of yet unresolved issues
both in the determination of the Hubble constant [see
19, for a review] and in our understanding of the high
redshift universe, and its mass-energy content. Several
studies have already proven that space based observa-
tories, such as the Laser Interferometric Space Antenna
(LISA)[6], can successfully address both these issues: by
measuring the redshift statistically, in MacLeod & Hogan
[24] it has been shown that H

0

can be determined with
percent accuracy from the observation of extreme mass
ratio systems and, using a similar approach, in Petiteau
et al. [29] it has been shown that also w, the Dark En-
ergy equation of state, can be accurately measured once
the remaining cosmological parameters are known. Their
analysis was greatly facilitated by the very good sky lo-
calisation capabilities o↵ered by LISA for extreme mass
ratio and massive binary black holes systems.

The possibilities that ground based observatories of-
fer have also been extensively investigated. In partic-
ular it has been shown that designed third generation
interferometers will o↵er measurements of the Dark En-
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Standard sirens for LISA

• How many standard sirens will be detected by LISA?

• What type of sources can be used?

• For how many will it be possible to observe a counterpart?

Standard sirens for LISA

I How many standard
sirens will be detected by
LISA?

I What type of sources can
be used?

I For how many it will be
possible to observe a
counterpart?

Nicola Tamanini Cosmology with MBHBs

Standard sirens for LISA

I How many standard
sirens will be detected by
LISA?

I What type of sources can
be used?

I For how many it will be
possible to observe a
counterpart?

Nicola Tamanini Cosmology with MBHBsStandard sirens for LISA

Possible standard sirens sources for LISA:

I MBHBs (104 � 107M�)

I LIGO-like BHBs (10� 100M�)

I EMRIs

Advantages of MBHB mergers:

I High SNR

I High redshifts (up to ⇠10-15)

I Merger within LISA band �
I Gas rich environment ! EM counterparts!

Nicola Tamanini Cosmology with MBHBs



LISA cosmological forecasts: MBHB standard sirens rate

LISA cosmological forecasts: MBHB standard sirens rate

Example of simulated catalogue of MBHB standard sirens:

0 1 2 3 4 5 6 7
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z

d L
@Gp

cD

45.9 Light seeds HpopIIIL
31.2 Heavy seeds HdelayL
50. Heavy seeds Hno delayL

2 4 6 8 10
z

2

4

6

8
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12

EventsH5 yearsL
L6A5M5N2

Note 1: LISA will be able to map the expansion at very high
redshifts (data up to z ⇠ 8), while SNIa can only reach z ⇠ 1.5
Note 2: Few MBHBs at low redshift ) bad for DE (but on can
use SNIa and other GW sources)

Nicola Tamanini Cosmology with MBHBs

Simulated data with EM 
counterparts (SKA+EELT)
and weak lensing errors

[Tamanini et al, 1601.07112] 

• few events at low redshift: bad for Dark energy, but can 
use other GW sources. 

• LISA will be able to map expansions at very high z < 8.

=> can test expansion at high redshift.

VERY FEW EVENTS AT 
LOW REDSHIFT !

example of simulated data  
with counterparts 

(SKA+EELT)  
and weak lensing errors

N. Tamanini et al arXiv:1601.07112

• where needed to probe DE (bad) 
• can test expansion at high 

redshift (good)

standard sirens with LISA: MBHB coalescence

[Slide courtesy of Tamanini, Caprini]



⇤CDM

Planck alone :

⌦M = 0.308± 0.0012

h = 0.678± 0.009

Standard sirens with LISA

⌦M = 0.3± [0.05, 0.03]

h = 0.67± [0.02, 0.01]

LISA alone :

LISA fixing ΩM :

• fully independent constraint
• 0.6% in best caseh = 0.67± [0.006, 0.004]

most optimistic scenario for BBH formation gives an independent 
measurement of the Hubble parameter to 1% 

[Tamanini et al, 1601.07112] 

[Slide courtesy of Tamanini, Caprini]



/18Benasque 2017       Standard Sirens       Camille Bonvin      p.   5

Evolving redshift

!3.0 !2.5 !2.0 !1.5 !1.0 !0.5 0.0
!1.0

!0.5

0.0

0.5

1.0

Time !s"

G
W
sig
na
lx
10
18

Different stretches at different times

distortion in the signal

at the source



Binary at cosmological distance

1. the background expansion of the universe varies during the time of 
observation of the binary  

2. the redshift perturbations due to the distribution of matter between the 
GW source and the observer vary in time during the time of observation 
of the binary

[C Bonvin et al arXiv:1609.08093]

time variation of the redshift changes the evolution of the 
frequency with time as the binary chirps:

main effect: peculiar acceleration of the binary centre of mass

[Slide courtesy of Caprini]



[A Sesana 
arXiv:1702.04356]

Extra term in the waveform phase

• if not accounted for, it can introduce a bias on the binary parameters (time to coalescence,..)

• Earth based interferometers are not sensitive to this effect: they do not follow the 
GW source for enough time

• but this effect is relevant for LISA: binaries which stay in band for enough time, with 
low chirp-mass, that enter the detector around ten mHz and go to the LIGO band after 
~5 years

[Inayoshi et al 1702.06529]

[Slide courtesy of Caprini]



The stochastic GW background from early 
universe sources



      1) Basics
      2) Importance for cosmology
      3) Characteristic frequency for causal sources.
      4) Existing experimental bounds.  
      5) Early universe sources, potentially detectable by LIGO/Virgo, LISA…

• Inflation 
• Bubble collisions from Electroweak phase transition.  
• Cosmic strings

The stochastic GW background from early 
universe sources



• Stochastic background: superposition of GWs arriving at random times and from 
random directions —> overlapping so much that individual waves not detectable

• Assume that there are so many sources (astrophysical or cosmological): individual ones 
can’t be distinguished.

• Appears in detectors as noise which, by central limit theorem —> Gaussian 

• Competes with instrumental noise

• detectable by single detector if > instrument noise; if weaker then by ≥ 2 detectors
looking for a correlated component of their noise

Constraining cosmic string models using gravitational-wave data 13

draw a scenario about such an observation. First, fixing the string tension Gµ at 10�8,

we see that the experimental observation time is compatible with the GW rate predicted

by model 3 while it is less likely with models 1 and 2. Second, the detected signal would

be most likely attributed to a cusp propagating on a string loop produced in the radiation

era. However, the signal must be emitted at a low redhift, in the matter era, to provide

a wave amplitude su�ciently high to be detected with confidence. Finally, in Fig.2, we

see that the chance of detection is increased for higher values of Gµ.

4.2. Stochastic gravitational-wave background

A stochastic background of gravitational waves is expected to arise from the

superposition of unresolved GW signals from cosmic string cusps and kinks. The GW

spectrum is measured using the energy density:

⌦
GW

(f) =
f

⇢
c

d⇢
GW

df
, (38)

where d⇢
GW

is the energy density of GWs in the frequency range f to f + df and ⇢
c

is the critical energy density of the Universe. This spectrum can be probed using data

from di↵erent types of experiments. Pulsar timing experiments are able to test the

spectrum at nano-Hertz frequencies while LIGO and Virgo detectors are sensitive in the

10 Hz-1000 Hz band.

In order to determine the stochastic GW spectrum resulting from the incoherent

superposition of cosmic string bursts, we follow the method outlined in [36]. The GW

energy density is given by:

⌦M

GW

(f) =
4⇡2

3H2

0

f 3

Z
z

max

z

min

dz

Z
h

⇤

h

min

(z)

dh h2

d2RM

dzdh
(h, z, f), (39)

where the predicted rate is the sum of the cusp and kink contribution and is given by

Eq. 31. To compute the integrals in Eq. 39 we adopt the numerical method descibed in

Sec. 3.3. As observed in [31], the spectrum must be computed after removing powerful

and rare bursts which can be individually resolved. Consequently, the h integration is

performed up to a maximum strain amplitude h⇤ determined by solving the equation
Z

h

max

(z

min

)

h

⇤
dh

Z
z

max

z

min

dz
d2RM

dzdh
(h, z, f) = f. (40)

In Fig. 3, the spectrum for cusp and kinks signals is plotted for the three models under

consideration and taking Gµ = 10�8. In the bottom plot of Fig. 3, the maximum value

for the strain amplitude to consider in the integration, h⇤, is plotted as a function of

the frequency. It shows that, at LIGO-Virgo frequencies, the spectrum originates from

GWs with strain amplitudes below ⇠ 10�28. In Fig. 4, the contribution of the di↵erent

loops to the GW spectrum is plotted for models 1 and 3. At LIGO-Virgo frequencies

the GW energy is dominated by the contribution of loops in the radiation era while, at

pulsar timing frequencies, loops in the matter era contribute the most. For model 3, as

already noted in Sec. 3.3 and Sec. 4.1, there is an important contribution from small

loops all over the spectrum which is not the case for model 1 and 2.

energy density of GWs in frequency range f to f+df

critical energy density of universe.

• Can range over many decades in frequency—> probed/constrained by many different
experiments, from pulsars at nHz to LIGO at ~Hz.

1) Basics. What is it?

d⇢GW

⇢c = 3H2
0/8⇡G



2) Importance?

• To do with weak interactions of GWs

– reminder: particles that decouple from primordial plasma at t ⇠ tdec T ⇠ Tdec

give shapshot of state of universe at that time. Before, they are coupled
and interactions obliterate all information.

– The weaker the interactions, the earlier the particles decouple, and higher  
   the energy scale when they drop out of thermal equilibrium. 

• In thermal equilibrium

� ⇠ n�|v| > H =
ȧ

a

 For light/massless particles 
 at temperature T

Number density 
of particles

X-section
for interaction

typical velocity

n ⇠ T 3 v ⇠ 1 H2 ⇠ T 4M�2
Pl• Neutrinos: � ⇠ G2

FT
2

• Particles drop out of equilibrium when � ⇠ H

✓
�

H

◆

neutrino

⇠
✓

T

1MeV

◆
3

rate of process
maintaining thermal
equilibrium

, ,



• Gravitons: � ⇠ G2
NT 2 = T 2M�2

Pl

✓
�

H

◆

graviton

⇠
✓

T

M
Pl

◆
3

–  gravitons decoupled below Planck scale:
– do not loose memory of conditions when produced
– retain spectrum/shape/typical frequency & intensity of physics at corresponding high energy scales.

QCDEW MeV eV

�hij

LISALIGO PTA CMB

 1016 GeVMPl 109 GeV

CMB

Inflation BBN

cosmological dark ages
(reheating, baryogenesis, phase
transitions, dark matter…)



f⇤ =
H(T⇤)

✏⇤

✏⇤  1 parameter depending on the dynamics of the source

3) Characteristic frequency for causal sources?

• Depends on:
– production mechanism (model-dependent)
– kinematical (depending on the redshift from the production era)

• GWs produced with frequency         at             have characteristic frequency today off? t = t?

fc = f?

✓
a?
a0

◆
= 2⇥ 10�5

✓
f?
H?

◆✓
T?

1TeV

◆
(assuming standard thermal history and radiation era)

• What about      ? Dynamics enters, but clearly            is the relevant parameter.
Dynamics must be on time scales <  

f? H(T?)
H(T?)



temperature (energy density) of the 
universe at the source time

characteristic 
frequency today

fc = f⇤
a⇤
a0

=
2 · 10�5

✏⇤

T⇤
1TeV

Hz

✏⇤ ' 10�2

T⇤ ' 1TeV
fc ' mHz

LISA frequency

e.g., for electroweak scales

LISA

LIGO

PTA

CMB
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fc = f⇤
a⇤
a0

=
2 · 10�5

✏⇤

T⇤
1TeV

Hz

Can GWs probe the very high energy regime?

~GUT scales; inflationary scale T? ⇠ 1016GeV =) fc ⇠ 2GHz

~ Planck scales (q-gravity?) T? ⇠ 1018GeV =) fc ⇠ 100GHz

• seem totally inaccessible to ground based interferometers and LISA

⌦(f > fc) ! 0

but spectrum for lower frequencies is not fixed by these arguments:  
– if for e.g. it is flat when           and with a sufficiently high amplitude, then it could be seen at 
lower frequencies

• As our examples will show, in many cases the spectrum is (nearly) flat over a large range of 
frequencies

• BUT: think again! True that 

f < fc



4) Experimental bounds on h2⌦GW(f)

e.g.    , the energy/unit length of a cosmic string;
           , for inflation.
       

µ
nT

• Often freq dependence of                determined by dynamics, but overall amplitude
depends on parameters of model/cosmological mechanism producing the GWs

⌦GW(f)

• So experimental bounds at different frequencies constrain params of model.

33

3. Comparison with Observations

We now discuss the regions of the parameters that can be probed by observations in the case of large initial loop
size. We consider the same experiments as in Section III C 3 and we focus again on cuspy loops since we saw above
that other models for the GW spectrum emitted by each loop lead to similar results. Fig. 10 illustrates how the GW
spectrum varies with the parameters (see Section IIID 4 for more details) and how it compares with the observational
sensitivities. When Gµ decreases, the spectrum moves towards higher frequencies as f ∝ 1/(Gµ), as in the case of
small loops, but its amplitude now decreases only as Ωgw ∝

√
Gµ at high frequencies and as Ωgw ∝ (Gµ)2 at low

frequencies. As a consequence, each experiment can probe smaller values of the string tension in the case of large
initial loop sizes. In the low frequency tail, For a reconnection probability p = 1, eLISA will be able to reach string
tensions as small as Gµ ∼ 10−13. Inside this range of accessible tensions, the GW spectrum is always nearly flat in
the eLISA frequency band. On the other hand, for p = 10−3, eLISA can reach much smaller values of the string
tension, down to Gµ ∼ 10−17. In this case, eLISA probes the power-law infrared tail of the GW background, so the
slope of the spectrum is very different, see Fig. 10. The infrared tail of the GW spectrum goes as Ωgw ∝ f3/2 (see
Section IIID 2) and it can only be observed by eLISA for reconnection probabilities smaller than unity, p ! 10−2.
The observation of this part of the spectrum could therefore be a signature of cosmic super-strings, as opposed to
field theory cosmic strings with p = 1.

ELISAPulsars
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FIG. 10: GW spectra for cuspy loops compared to observational sensitivities for different values of the cosmic string parameters,
in the case of large initial loop size with α = 0.1 and Γ = 50.

Fig. 11 shows the regions of the parameter space in the (Gµ, p)-plane that can be probed by each experiment - since
the GW amplitude increases when Gµ increases and when p decreases, the detectable regions are always located to
the right and to the bottom of the corresponding curves. In order to understand the shape of the observable regions,
it is useful to decompose the GW spectrum into a flat high-frequency part and a power-law infrared tail, ignoring
the weak peak. The border of the region probed by eLISA exhibits roughly two different regimes. For p ∼ 0.1− 1 or
so, the GW spectrum is nearly flat in the frequency band of interest for the the smallest value of the string tension
that can be observed. On the other hand, for smaller values of p, eLISA probes the power-law infrared tail of the
GW spectrum for the smallest value of Gµ that it can observe. Since the signal varies more strongly with Gµ in that
case - see e.g. the GW spectra for Gµ = 10−12 and 10−13 in Fig. 10 - the border of the observable region in Fig. 11
becomes steeper for small values of p. A similar argument explains the shape of the region accessible to current pulsar
observations. On the other hand, in all the range of values of p shown in Fig. 11, Advanced LIGO and PPTA always
probe, respectively the nearly flat part of the GW spectrum and its power-law infrared tail for the smallest value
of the string tension they can detect, so that the border of the observable region for each of these experiments is a
straight line.

 [Bohé et al, 2012]

Predicted
spectrum for
cosmic strings



Lentati et al 
1504.03692

Henro-Versillé et al 
1408.5299

CMB BBN

aLIGO (O1)

aLIGO (Design)PTA

Planck
eLISA

10-16 10-11 10-6 10-1 104
10-18
10-16
10-14
10-12
10-10
10-8
10-6
10-4

f (Hz)

h2
Ω
G
W

Ade et al
1502.00612

Abbott et al 
1612.02029

Amaro-Seoane et al 
1702.00786



Nucleosynthesis bound

• idea: if have large                at nucleosynthesis, then larger  ⌦GW(f)

—> Feeds into a larger freeze out temperature, and higher ratio of neutrons to protons, 
—> finally into over production of Helium 4

H

Planck/CMB bound

• idea: stochastic bkgd of GW —> fluctuations in CMB temperature:  GWs stretch and 
compress space, in which the decoupled CMB photons travel

• Bound applies to GWs generated before photon decoupling, and in practice only 
relevant for generation mechanisms that produce spectra with significant amplitude on 
super horizon scales (eg inflation)

�T

T
= �

Z f

i
ḣijn

injd�

h2
0⌦GW(f) . 5⇥ 10�6

h2
0⌦GW(f) . 7⇥ 10�11

✓
H0

f

◆2
H0

2⇡
< f <

Hdec

2⇡

adec
a0

(T ⇠ Mev, t ⇠ 1sec)

• Bound which applies to GWs generated before BBN



• Tightest constraint is for large f

h2
0⌦GW . 10�16

• Often models (e.g. inflation) predict spectra 
  ranging in frequency from 

• In order for these spectra to be observable in the 1Hz-1kHz range, they must grow  
enough —> sizeable value at these frequencies! 

Implications?  

Lentati et al 

Henro-Versillé et 
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 Signal from a simple slow roll inflation model :

• amplification of vacuum fluctuations during inflation:

• In de Sitter space (zeroth order in slow roll): scale invariant spectrum. 
Hence well beyond the reach of direct detection! 
 
• To first order in slow roll, even worse!

CMB BBN

aLIGO (O1)

aLIGO (Design)PTA

Planck
eLISA

V1/4≃ 1016 GeV

10-16 10-11 10-6 10-1 104
10-18
10-16
10-14
10-12
10-10
10-8
10-6
10-4

f (Hz)

h2
Ω
G
W

ḧij + 3Hḣij + k2hij = 0

⌦GW (f) ⇠ fnT nT = �r/8with
where, from CMB, r . 0.1 nT < 0, nT ⌧ 1so

• To have an observational signal
from inflation, will need to go to 
non-standard models

• Of course, though, GWs leave  
an imprint on CMB through 
polarisation pattern of B-modes 
which is a primary probe for its 
detection today.



PTA = Pulsar bound

• Pulsars = rapidly rotating+highly magnetized neutron stars 
 
• Cosmic lighthouses:  emit beam of EM radiation in direction of rotating magnetic axis.
=>Regular train of pulsed radiation reaching the earth each time the beam crosses 
observers line of sight.

• Arrival times predicted very accurately over long time scales —> stable clocks.

• Can be used as direct detectors of GWs, through fluctuation generated in the time of 
arrival of the pulse due to the GWs. Pulsar timing.

• Observations on time scales of a year

h2
0⌦

PTA
GW (f = 2.8⇥ 10�9Hz) < 2.3⇥ 10�10

Lentati et al 

Henro-Versillé 
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5) Other possible sources of GW in the early universe more 
promising for direct detection ? 

(with future interferometers or PTA)

mechanisms that produce a non-zero tensor anisotropic stress

ḧij + 3H ḣij + k2 hij = 16⇡G⇧TT
ij

considerable amount of energy (in some anisotropic form) is needed to generate a 
detectable signal

Example: amplitude for detection with LISA:



• fluid stiffer than radiation after inflation 

• scalar field self-ordering

• primordial black holes

Possible GW sources in the early universe

• “non-standard” 
inflation

• preheating after inflation

• phase transitions at the end or during inflation

• particle production during inflation 

• other topological defects e.g. domain walls

• ...

• first order phase transitions

• cosmic strings 

• ...



“Non-standard inflation”
• aim: get a blue tilted spectrum

Observational bounds/sensitivities for GWSB

signal from a simple slow roll inflation model : 
beyond the reach of direct detection

CMB BBN
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“Non-standard inflation”

CMB BBN

aLIGO
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LISA

10-16 10-11 10-6 10-1 104
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10-14
10-12
10-10
10-8
10-6
10-4
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h2
Ω
G
W

• gauge fields during inflation

• scalar spectator fields

• stiff equation of state after inflation

• broken space reparametrisation symmetry during 
inflation

[N. Bartolo et al, 1610.06481]

�Fµ⌫ F̃
µ⌫



Figure 4. Spectrum of GWs today h2⌦GW obtained from a numerical integration of the dynamical
equations of motion (for a model of quadratic inflaton potential, with inflaton - gauge field coupling
f = MPl/35), versus the local parametrization h2⌦GW / (f/f⇤)nT , evaluated at various pivot fre-
quencies f⇤ and with the spectral tilt nT obtained from successive approximations to the analytic
expression (3.13).

In figure 4, we compare the analytic expression (3.13) for the spectral tilt nT against the
result of a numerical evolution of ⌦GWh2. For definiteness, we choose a quadratic inflaton
potential, and we fix the coupling between the gauge field and the inflaton to f = MPl/35.
This gives ⇠N=60 ' 2.46 at the CMB scales. We observe from the figure that the final
expression for the tilt in (3.13) provides a very good approximation (red segments in the
figure) to the slope of the numerical result (blue solid line in the figure). The term (1� ✏) in
the denominator of (3.13), due to the fractional change of the Hubble rate Ḣ/H2, contributes
to nT only to second order in slow-roll parameters, and hence we disregard it. The expression
nT ' �4✏+ (4⇡⇠ � 6)(✏� ⌘) predicts correctly the slope of the numerical signal, within the
LISA frequency range, to better than ⇠ 4%. In the figure, the di↵erence between the red
segments and the true numerical signal cannot be distinguished by eye.

Let us note that for the range of ⇠ that LISA can probe [⇠ & 3.5, see figure (5)], the
term �4✏ in the final expression of (3.13) is actually negligible compared to the other terms.
We can thus further approximate the expression for the tilt as nT ' (4⇡⇠ � 6) (✏� ⌘), which
still predicts correctly the slope of the numerical signal within the LISA frequency range,
for instance in the fiducial chaotic quadratic model to better than ⇠ 10%. The advantage
of using this simplified expression for the tilt is that it allows us to reduce the number of
independent variables that the GW signal depends on, from {HN , ⇠, ✏, ⌘} to {HN , ⇠, (✏� ⌘)}.
This simplifies our next goal, which is to obtain a model-independent parameter estimation
based on the LISA sensitivity curves.

In figure 5 we plot the region in the parameter space (⇠, ✏ � ⌘) that LISA is capa-
ble of probing, with the left and right panels depicting, LISA’s best (A5M5) and worst
(A1M2) configurations, respectively. In both panels we take as a pivot scale f⇤ the frequency

of the minimum of each LISA sensitivity curve h2⌦(AiMj)
GW (f), with f⇤|A5M5 ' 0.00346 Hz

– 14 –

[arXiv: 1610.06481]



• collisions of bubble walls 

• sound waves and turbulence in the fluid

• primordial magnetic fields (MHD turbulence)

• potential barrier separates 
true and false vacua

quantum tunneling across the barrier : nucleation 
of bubbles of true vacuum

source:         tensor 
anisotropic stress

First order phase transitions

• universe expands and temperature decreases : Phase transitions;  if 1st lead to GW 

⇧ij

Electroweak phase transition
This is the process by which the Higgs 'turned on'

In the minimal Standard Model it is gentle (crossover)

It is possible (and theoretically attractive) in extensions that

it would experience a first order phase transition
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⇧ij ⇠ �2(⇢+ p) vivj

⇧ij ⇠ @i�@j�

⇧ij ⇠ (E2 +B2)
�ij
3

� EiEj �BiBj

What the metric sees at a thermal phase transition

Bubbles nucleate and expand, shocks form, then:

1. : Bubbles + shocks collide - 'envelope phase'

2. : Sound waves set up - 'acoustic phase'

3. : [MHD] turbulence - 'turbulent phase'

 

Sources add together to give observed GW power:

18



Relevant parameters:

�

H⇤
↵ =

⇢vac
⇢⇤rad

T⇤

strength
of the PT

inverse duration
of the PT with respect to 

Hubble time

temperature
of the PT

✏⇤(   )

vw

bubble
wall speed

Putting it all together [1512.06239]

• three sources

Putting it all together -  1512.06239

Three sources,  , , 
Know their dependence on , , ,   
Espinosa, Konstandin, No, Servant
Know these for any given model, predict the signal...

(example, , , , )

35

• know their dependence on the 4 parameters [Espinosa, Konstantin,No, Servant, Caprini…]

• predict the signal.

Putting it all together -  1512.06239

Three sources,  , , 
Know their dependence on , , ,   
Espinosa, Konstandin, No, Servant
Know these for any given model, predict the signal...

(example, , , , )
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MHD turbulence

Example of signal

sound waves

total

[Caprini et al, arXiv:1512.06239]
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wall collision

LISA sensitivity

Putting it all together -  1512.06239

Three sources,  , , 
Know their dependence on , , ,   
Espinosa, Konstandin, No, Servant
Know these for any given model, predict the signal...

(example, , , , )
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EW phase transition?

• Phase diagram for the Standard Model was found in the 1990’s

EW PT in the SM
Work in the 1990s found this phase diagram for the SM:

At , SM is a crossover 
Kajantie et al.; Gurtler et al.; Csikor et al.; ...

7

• With a Higgs mass at 125GeV, 
  the EW PT is a crossover, and NOT first order!

[Kajantie et al, Gurtler et al, Csikor et al]

• So why bother?????!

• No significant departure from thermal equilibrium;
=>no significant GW production or baryogenesis.

• EW PT can be first order in many extensions
of the SM.

- singlet extensions of MSSM (Huber et al 2015)
- direct coupling of Higgs sector with scalars (Kozackuz et al 2013)
- SM plus dimension six operator (Grojean et al 2004)



Putting it all together - physical models to GW power spectra

Model  ( , , , )  this plot

... which tells you if it is detectable by LISA (see 1512.06239)

36
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... which tells you if it is detectable by LISA (see 1512.06239)

36

[C.Caprini et al, 1512.06239]



GW background from cosmic strings 
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  – line-like topological defects, formed in a symmetry breaking phase transition  

[Kibble ’76]

G� H

    provided the vacuum manifold contains non-contractible loops

Cosmic strings: some basics

 – A lot of input/interplay with other branches of physics:
        • difficult to see cosmic strings in the sky

    • “easier” to see strings in the lab (vortex loops in He4, He3, superconductors, strings in NLC...)

 – Generically formed at the end of hybrid-like inflation [Jeannerot et al 03]

 –  if formed, should still exist today

 – Numerous potentially observable signatures:
Gravitational wave emission; 
CMB anisotropies & B-modes; 
lensing,....
particle emission 
electromagnetic radiation

or in brane inflation [Jones et al, 
Sarangi and Tye]

 [Planck paper XXV]Gµ  few ⇥ 10�7

(cosmic super-strings) 
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  – Typical example:  strings in the Abelian Higgs model

• Degenerate vacuum/ground state with 

3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by

      choice of phase 
 ! "!e

i#

 !"# = $e
i%

Degenerate vacuum/ground state with

String/vortex is a linear defect

around which

changes by

     (n = winding number)

!

  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors

• U(1) invariance                   broken by choice of phase. 
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Examples:

  • cosmic strings

  • vortices in He-II
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( winding number)

infinite, or 
closed loops

G = U(1) M = S1 �1(M) = Z

3

Strings or Vortices

Example: scalar field        with   V = !(" *" #$2)2
!

U(1)  invariance                 is spontaneously broken by
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around which

changes by

     (n = winding number)
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  2n!

! = 0

! = "/2

! = "

! = 3"/2

 ! = 0

in core

Examples:

  • cosmic strings

  • vortices in He-II

  • flux tubes in superconductors

• String/vortex is a linear defect around which      changes by  

• Energy/unit length of string:  µn
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S = �µ

�
d2⇤

⇥
�det(�ab)

GUT:
r �M�1

� 10�32cm
Gµ � G�2 � GM2

� 10�7

• Scales: 

– Approx. dynamics of relativistic string: action = area of world-sheet

• Prototypical model of infinitely thin strings: Nambu-Goto strings

• only one free parameter 

• intercommutation: 4 kinks (discontinuity in tangent vector of string)

Gµ

n(⇥, t)• number density of loops of length l at time t,

• Network of strings will contain (horizon-size
and smaller) loops and kinks, and infinite strings.

• cusps: points at which the string itself instantaneously goes at the speed of light: 



• Cosmic strings produce 2 types of GW signals 

1) sharp, non-gaussian bursts of gravitational waves from kinks and cusps, of a characteristic form  
which may be directly detected by LIGO and Virgo.   
[Waveform known; use match-filtering techniques]  

FIGURES FROM THE PUBLICATION 
For more information on how these figures were 
generated and their meaning, see the publication at 
arxiv.org/abs/1310.2384 

GLOSSARY 

READ MORE 
 
 
Publication describing the analysis:  http://arxiv.org/abs/1310.2384 
 

Cosmic strings in Wikipedia: http://en.wikipedia.org/wiki/Cosmic_string 
 

Cambridge cosmology group: cosmic strings and other defects  
 

http://www.damtp.cam.ac.uk/research/gr/public/cs_home.html 
 

The Higgs theory in Wikipedia:  http://en.wikipedia.org/wiki/Higgs_mechanism 
 

Imaging vortices:  http://www.aps.org/units/dfd/pressroom/papers/gaff09.cfm 
 

More about Advanced LIGO:  https://www.advancedligo.mit.edu/ 
 

More about Advanced Virgo:  https://wwwcascina.virgo.infn.it/advirgo/ 

Predicted gravitational waveform produced by a cosmic string cusp. 

In spite of all our efforts, no evidence of a cosmic 
string signal has been found in LIGO/Virgo data. As 
often in experimental physics, a null result does not 
mean we didn't learn anything. Knowing our search 
sensitivity, we can use the fact we did not detect 
anything to constrain the properties of cosmic 
strings. The constraints we obtained are the most 
stringent to date for some regions of the cosmic 
string parameter space. This new result places 
limits on physical models of cosmic strings and 
could be used to generate more accurate 
simulations of a string network. 
 
 

This plot shows the detection efficiency as a function of the cusp 
signal amplitude. It tells you the fraction of cosmic string cusp events 
of a given amplitude that our search should be able to find. 

In 2011 the LIGO and Virgo detectors stopped 
taking data and major detector upgrades are 
currently being installed. The advanced detectors 
should resume observation in 2015/16 with greater 
sensitivity than before. This offers a great 
opportunity for cosmic string searches since 
potential signals with much lower amplitudes should 
become visible. Advanced LIGO and Advanced 
Virgo should be able to provide a decisive input 
whether cosmic strings do or do not exist. 

Visit our website at  
http://www.ligo.org/ 

This plot presents existing constraints on cosmic string parameters: 
the string tension Gµ, the loop size parameter ε and the probability p 
that two string segments interact when they meet. Our analysis is 
able to reject the regions filled in red. For comparison, other 
constraints derived from searches of a GW background from cosmic 
strings (pulsar / CMB / LIGO stochastic) are given fixing p at 1e-3. 

Field theories: Frameworks used to describe subatomic particles in particle physics. 
 

Phase transition: Thermodynamical transformation of a system from one state to 
another. An example of a phase transition is when water cools and becomes ice. 
 

Cosmic microwave background (CMB): Soon after the Big Bang, when the first 
atoms formed, the Universe became transparent. The electromagnetic radiation 
that escaped at that time appears as a faint background in the microwave region of 
the radio spectrum. The temperature fluctuations of this background contain the 
imprint of the Universe content as it was at this time. 
 

String theory: Framework in which elementary particles are described by tiny linear 
objects evolving in a multi-dimensional space. String theory is a candidate for a 
theory of everything since it naturally unifies all fundamental forces. 
 

Gravitational waveform: A curve describing how the disturbance caused by a 
gravitational wave varies with time. 
 

Detector sensitivity: Ability to detect a signal. Detectors with lower noise are able to 
detect weaker signals, and therefore have higher (or greater) sensitivity. 
 

Match-filtering: When the gravitational waveform of the signal is known it can be 
used as a template to optimally filter the data and extract the expected signal. 
 

Multivariate analysis: Analysis technique where multiple parameters are used 
simultaneously to statistically enhance an effect of interest. This multi-dimensional 
approach differs from standard analyses where parameters are used one at a time 

[Damour+Vilenkin 2001]



• Cosmic strings produce 2 types of GW signals 

1) sharp, non-gaussian bursts of gravitational waves from kinks and cusps, of a characteristic form  
which may be directly detected by LIGO and Virgo.   
[Waveform known; use match-filtering techniques]  

2) A stochastic GW background ranging over many decades in frequency

Constraining cosmic string models using gravitational-wave data 13

draw a scenario about such an observation. First, fixing the string tension Gµ at 10�8,

we see that the experimental observation time is compatible with the GW rate predicted

by model 3 while it is less likely with models 1 and 2. Second, the detected signal would

be most likely attributed to a cusp propagating on a string loop produced in the radiation

era. However, the signal must be emitted at a low redhift, in the matter era, to provide

a wave amplitude su�ciently high to be detected with confidence. Finally, in Fig.2, we

see that the chance of detection is increased for higher values of Gµ.

4.2. Stochastic gravitational-wave background

A stochastic background of gravitational waves is expected to arise from the

superposition of unresolved GW signals from cosmic string cusps and kinks. The GW

spectrum is measured using the energy density:

⌦
GW

(f) =
f

⇢
c

d⇢
GW

df
, (38)

where d⇢
GW

is the energy density of GWs in the frequency range f to f + df and ⇢
c

is the critical energy density of the Universe. This spectrum can be probed using data

from di↵erent types of experiments. Pulsar timing experiments are able to test the

spectrum at nano-Hertz frequencies while LIGO and Virgo detectors are sensitive in the

10 Hz-1000 Hz band.

In order to determine the stochastic GW spectrum resulting from the incoherent

superposition of cosmic string bursts, we follow the method outlined in [36]. The GW

energy density is given by:

⌦M

GW

(f) =
4⇡2

3H2

0

f 3

Z
z

max

z

min

dz

Z
h

⇤

h

min

(z)

dh h2

d2RM

dzdh
(h, z, f), (39)

where the predicted rate is the sum of the cusp and kink contribution and is given by

Eq. 31. To compute the integrals in Eq. 39 we adopt the numerical method descibed in

Sec. 3.3. As observed in [31], the spectrum must be computed after removing powerful

and rare bursts which can be individually resolved. Consequently, the h integration is

performed up to a maximum strain amplitude h⇤ determined by solving the equation
Z

h

max

(z

min

)

h

⇤
dh

Z
z

max

z

min

dz
d2RM

dzdh
(h, z, f) = f. (40)

In Fig. 3, the spectrum for cusp and kinks signals is plotted for the three models under

consideration and taking Gµ = 10�8. In the bottom plot of Fig. 3, the maximum value

for the strain amplitude to consider in the integration, h⇤, is plotted as a function of

the frequency. It shows that, at LIGO-Virgo frequencies, the spectrum originates from

GWs with strain amplitudes below ⇠ 10�28. In Fig. 4, the contribution of the di↵erent

loops to the GW spectrum is plotted for models 1 and 3. At LIGO-Virgo frequencies

the GW energy is dominated by the contribution of loops in the radiation era while, at

pulsar timing frequencies, loops in the matter era contribute the most. For model 3, as

already noted in Sec. 3.3 and Sec. 4.1, there is an important contribution from small

loops all over the spectrum which is not the case for model 1 and 2.

(which can be probed by  e.g. pulsar timing at nHz frequencies, LIGO/Virgo…)

[Damour+Vilenkin 2001]



• Both are sourced by oscillating closed loops of string

• Crucial quantity: 

• finally understood and agreed on, as of very recently…and not…what was used in first LIGO 
paper

` ! `+ d`

n(`, t)d` number density of loops with length between
at time t
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Eq. 31. To compute the integrals in Eq. 39 we adopt the numerical method descibed in
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In Fig. 3, the spectrum for cusp and kinks signals is plotted for the three models under

consideration and taking Gµ = 10�8. In the bottom plot of Fig. 3, the maximum value

for the strain amplitude to consider in the integration, h⇤, is plotted as a function of

the frequency. It shows that, at LIGO-Virgo frequencies, the spectrum originates from

GWs with strain amplitudes below ⇠ 10�28. In Fig. 4, the contribution of the di↵erent

loops to the GW spectrum is plotted for models 1 and 3. At LIGO-Virgo frequencies

the GW energy is dominated by the contribution of loops in the radiation era while, at

pulsar timing frequencies, loops in the matter era contribute the most. For model 3, as

already noted in Sec. 3.3 and Sec. 4.1, there is an important contribution from small

loops all over the spectrum which is not the case for model 1 and 2.

[Damour+Vilenkin 2001]

(which can be probed by  e.g. pulsar timing at nHz frequencies, LIGO/Virgo…)
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– loops assumed to be formed with tiny size (fraction of horizon size), decay in a Hubble time

– Now most loops thought to be large, of order 0.1 horizon size: new constraints.

Bursts not observed:
Rejected at 90%
confidence level

Stochastic
bkgd at LIGO
frequencies

`f = ✏(�Gµ)t

p = 10�3
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FIG. 13. The normalized spectrum of gravitational waves for various values of string tension. The
red dashed lines show the contribution from loops radiating during the radiation era, the red dotted
lines represent the contribution from loops produced during the radiation era, but radiating during
the matter era, and the blue dashed lines represent loops produced during the matter era. In light
gray from left to right, the 20-, 10-, and 5-year PTA, eLISA [12, 65] and LIGO [66] peak sensitivity
frequencies are shown.

where we are using the best-fit cosmological parameters from Planck + WMAP polarization
[64], z

eq

= 3403, ⌦
m,0

= 0.3183, and H
0

= 2.171 ⇥ 10�18Hz, i.e., h = 0.6704.
In Fig. 14 we graph the string tension Gµ vs. the normalized power in gravitational waves

for five characteristic detector frequencies. Currently, the most stringent limits on Gµ come
from pulsar timing arrays (e.g. [67], [68]). Following the analysis of Ref. [10] on the data
of Ref. [67], we use the 95% confidence limit h2⌦

gw

(f = 4.0 ⇥ 10�9Hz)  5.6 ⇥ 10�9, which
using our loop distribution provides the bound on tension

Gµ  2.8 ⇥ 10�9, (61)

as shown in Fig. 14. Notice that this bound is consistent with the range of tensions expected
from cosmic superstrings, which are produced after brane inflation [69]. This bound should
not be taken as definitive, since we have neglected several e↵ects, including changes in the
number of relativistic degrees of freedom at early times, the actual spectrum of gravitational
emission from realistic loops, the possibility that some energy is in rare bursts that we would
not have observed [20], and the possible fragmentation of loops after significant gravitational
backreaction. We intend to do a more careful analysis of the gravitational wave signature
of loops including all these e↵ects.

We can compare this bound with the results of Ref. [10], which found Gµ < 8.8 ⇥ 10�11

for the case of all loops being produced with scaling energy x = 0.05. We believe the order

21

[Blanco-Pillado et al; arXiv:1309.6637]
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Conclusion

• GW could be a powerful means to probe the early universe (and 
consequently high energy physics) and the cosmological expansion: detection 
is difficult but great payoff 

• Not mentioned: tests of GR, modified gravity,…

• aLIGO/Virgo detection opens the era of GW astronomy and cosmology :
we have a new, independent ‘‘messenger’’ to be added to EM emission



Gravitational wave observations
can tell us about cosmology

Individual sources
at cosmological distances
e.g. binary black holes,
binary neutron stars…

Iate-time universe
z . 10

– structure and kinematics of universe
– formation of structures
–      , Hubble constant
– dark energy and dark matter
– modified gravity…..

H0

Stochastic background 
of GWs of cosmological origin

Very early universe

– quantum processes during inflation
– Phase transitions in Early universe
– topological defects, eg cosmic strings
– …..

t & tPl


