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Figure 1.8 – Représentation du contenu actuel de l’Univers selon le modèle ⇤CDM. L’énergie sombre
(DE) représente environ 72.9 % du contenu d’énergie de l’Univers, la matière noire (DM)
environ 22.6 %, la matière ordinaire baryonique (BM) environ 4.5 % et la radiation (R)
environ 5 ⇥ 10�3 %. Cette figure a été fournie par A. Füzfa.

et al., 2011]. Finalement, pour être complet, le paramètre de Hubble dans ce modèle vaut H
0

=

70.3 km/s/Mpc [Komatsu et al., 2011]. L’évolution temporelle du facteur d’échelle est représentée

à la figure 1.6 où l’âge de l’Univers est également indiqué : environ 14 milliards d’années. La

figure 1.9 représente l’évolution des paramètres de densité et des densité d’énergie pour les

di↵érents composants de matière/énergie. Sur cette figure, nous remarquons clairement trois

grandes étapes dans l’évolution de l’Univers : l’ère de radiation (pour a < 10�4), l’ère de matière

10�4 < a < 1 et depuis peu a ⇠ 1, l’Univers est entré dans une phase d’expansion accélérée.

1.4.4 Prédictions et observations en faveur du modèle ⇤CDM

Dans cette section, nous allons présenter brièvement les prédictions du modèle ⇤CDM et les

comparer avec les observations réalisées.

Luminosité des Supernovae

Les Supernovae Ia sont des explosions extrêmement lumineuses produites par des systèmes

binaires. Les processus qui conduisent à ces explosions sont relativement bien connus si bien que

la luminosité absolue produite lors de telles explosions est connue [voir par exemple Kowal, 1968;

Miller et Branch, 1990; Branch et Tammann, 1992]. Par conséquent, la luminosité mesurée des

Supernovae donnent une indication quant à la distance à laquelle ces explosions se produisent.

D’autre part, il est possible de mesurer le décalage en fréquence z des photons entre le moment

où ils sont émis et le moment où il sont observés. La relation entre la distance luminosité et le

redshift donne une indication quant à l’évolution du facteur d’échelle et permet donc d’inférer le

contenu en matière/énergie de l’Univers [Perlmutter, 2003]. Etant donné que nous avons travaillé

avec cette observable dans le cadre de cette thèse, nous allons en donner une description complète.

© A. Füzfa

Motivations to test GR
• Quantum theory of gravity:

- GR:  classic theory (not a quantum theory)

- at high energy: quantum effects should appear

- useful to study black holes and the Planck Era

• Unification of all fundamental interactions: unify Standard model of 
particles with gravitation

• Cosmological and galactic observations required Dark Matter and Dark 
Energy: not directly observed so far ⇒ hints of a deviation from GR ?

68 %
27%

Dark Energy Dark Matter

Radiation: 0.005 %Ordinary Matter: 5%



Where to test gravity ?



Where to test gravity ?
Since Galileo Galilei, here…



Where to test gravity ?

and with the beginning of Deep Space 
exploration in the 60th

Since Galileo Galilei, here…

weak field tests



Where to test gravity ?

1967 : discovery of pulsar.
=> first strong field tests

and with the beginning of Deep Space 
exploration in the 60th

Since Galileo Galilei, here…

weak field tests



Where to test gravity ?

1967 : discovery of pulsar.
=> first strong field tests

and with the beginning of Deep Space 
exploration in the 60th

Since Galileo Galilei, here…

weak field tests

and tomorrow (even already today) :

gravitational wave 
astronomy

Galactic Center



- Gravitation ⇔ space-time curvature (described by a metric        )

- free-falling masses follow geodesics of this metric and ideal clocks 
measure proper time 

Basic principles of GR

1) Equivalence Principle:

- 3 facets: Universality of free fall, Local Position/Lorentz Invariance

- very well tested (10-13 with Eöt-wash experiments and Lunar Laser 
Ranging ; 10-4 with grav. redshift ; no variation of constants)1 

- more accurate measurement needed: alternative (string) theories 
predict violation smaller2 → MICROSCOPE accuracy 10-15

1 C. Will, LRR, 9, 2006 

gµ�

ds

2 = gµ�dx
µ
dx

�

2 T. Damour, CQG, 29-184001, 2012
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Local Position Invariance : redshift
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Basic principles of GR
1I) Field equations (determination of the metric):

- Einstein Equations:  
     space-time curvature (metric) ⇔ matter-energy content

Rµ� � 1

2
Rgµ� =

8�G

c4
Tµ�

- important effects for space-mission:

• dynamics ≠ from Newton (ex.: advance of the perihelion)
• proper time (measured by ideal clocks) ≠ coordinate time
• coordinate time delay for light propagation (Range/Doppler)
• light deflection (VLBI, astrometry)
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Ground & space geodesy accuracy is increasing:

Solar System observations

Navigation of interplanetary probes :

From cm to mmLLR & SLR
GALILEO

factor 80 on Grav. RedshiftGravity Probe A to ACES/Pharao

Ground & space astrometry:
from milli to micro-arcsecondGaia, Gravity

factor 10 on Doppler
Cassini Experiment, use of Ka Band
MORE Experiment on BepiColombo
JUNO Experiment 2016, JUICE towards 2030

Need to describe light propagation and 
dynamics in relativistic framework

• one can solve geodesic
• one can introduce new tools

and define properly the observables !



Relativistic Astronomy : some basics

Coordinate-dependent 
parameters

Equations of 
signal 

propagation

Astronomical 
reference 

frames

Observational  
data

Relativistic 
equations 
of motion

Definition  
of 

observables

Relativistic 
models  

of observables

Relativistic reference  
systems

Tests of 
gravitation

Klioner,	2003



• First	attempt	:	IAU	1976	
• IAU	2000:	

– Fully	relativistic	(General	Relativity,	not	PPN)	
– BCRS:	time	scale	TCB	
– GCRS:	time	scale	TCG	
– Time	transformation	between	TCG	&	TCB	

• IAU	2006:	redefinition	of	time	scale	TDB

IAU Reference Systems and relativity



Reference systems theory
• In relativistic astronomy the 

• BCRS (Barycentric Celestial Reference System) 
• GCRS (Geocentric Celestial Reference System) 
• Local reference system of an observer 

   play an important role. 

• All these reference systems are defined by  
  the form of the corresponding metric tensor.
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Local RS 
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Bini,	2003	
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Barycentric Celestial Reference System
The BCRS is a particular reference system in the curved space-time  
       of the Solar system

• One can use any 

• but one should fix one : 

ICRF by VLBI
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- metric parametrized by 10 dimensionless coefficients
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1) Parametrized Post-Newtonian Formalism1

1 C. Will, LRR, 9, 2006 
  “Theory and Experiment in Grav. Physics”, C. Will, 1993

ds2 = (1 + 2⇤N + 2�⇤2
N + . . . )dt2 � (1� 2⇥⇤N + . . . )d⌅x2



Tests of the gravitational dynamics
• How to test the form of the metric/the Einstein field equations ? Two 

frameworks widely used so far:

- powerful phenomenology making an interface between 
theoretical development and experiments

- metric parametrized by 10 dimensionless coefficients

- 𝛾 and 𝛽 whose values are1 in GR

1) Parametrized Post-Newtonian Formalism1

1I) Fifth force formalism2

1 C. Will, LRR, 9, 2006 
  “Theory and Experiment in Grav. Physics”, C. Will, 1993

ds2 = (1 + 2⇤N + 2�⇤2
N + . . . )dt2 � (1� 2⇥⇤N + . . . )d⌅x2

- modification of Newton potential of the form of a Yukawa potential

⇥(r) =
GM

c2r

⇣
1 + �e�r/�

⌘

2 E.G. Adelberger, Progress in Part. and Nucl. Phys., 62/102, 2009 
  “The Search for Non-Newtonian gravity”, E. Fischbach, C. Talmadge, 1998



Parameter What it measures, relative to 
general relativity

Value in GR

Value in 
scalar 
tensor 
theory

Value in semi-
conservative 

theories

γ 
How much space curvature 
produced by unit mass? 1

(1+ω)/
(2+ω)

γ

β How “nonlinear’’ is gravity? 1 1 + Λ β

ξ Preferred-location effects? 0 0 ξ

α1
Preferred-frame effects?

0 0 α1
α2 0 0 α2
α3 0 0 0

ζ1

Is momentum conserved?

0 0 0

ζ2 0 0 0

ζ3 0 0 0

ζ4 0 0 0

PPN parameters and their significance



Instruments de 
Radio-science:

antennes, horloge

Expériences de Radio-Science

Conjonction entre la Terre 
et Cassini en Septembre 2003 Maximum de déflexion relativiste !

Une équipe italienne mesure le changement de la fréquence du signal  
avec une précision de quelques 10-14 de fraction de fréquence. La Relativité serait correcte à 0.002% près

Bertotti et al. 2003, Nature, 425, 374



Shapiro effect with Viking Probe



Doppler effect
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Interférométrie à Très Longue Base: le VLBI

Délai temporel entre les 
réceptions des signaux:
mesure temporelle !

Qui dit un laps de temps... 
dit une distance !

On observe les objets les 
plus lointains:
1. Ne bougent pas, en première 
approximation,
2. Avec 2 radio-télescopes, on 
réalise donc une triangulation !

Position cinématique 
de la Terre 

dans l’espace



International VLBI service (IVS)

5 data centers and 29 analysis 
centers 

IVS-OPAR @ SYRTE/Obs. 
Paris 

lead : S. Lambert

primary	goals	:		
• monitoring	the	Earth's	rotation		
• determining	reference	frames

Use Mark-5 VLBI Analysis Software  
Calc/Solve. 
109 programs, 3680 modules 
1.02 million lines of source code  
written mainly in Fortran-95

Observation time span : From August 1979  
to mid-2016  
almost 6000 VLBI 24-hr sessions  
(correspondingly 10 million delays) 
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~109 années lumière
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Configuration d’analyse VLBI

Modélisation du retard imparfaite

à Estimer les écarts aux modèles
– EOP

– Déplacements des sources et stations

– ZTD et allongement troposphérique

– …

à Contraindre

– Rattachement aux RF

– Risque de contamination entre paramètres (ex : quasars / nutations)



Fomalont et al. 2009 

γ - 1 = 2 ± 3 x 10-4



VLBA ~ 3% des sessions ~ 30% des observations

Lambert & Le Poncin-Lafitte 2009, 2010 : utilisation de la 
base de données VLBI complète

Activité solaire = déflexion plus forte 
(Lebach et al. 1995)
~ 1—10 ps

γ = coef. de « déflexion »

Sans le VLBA :
γ - 1 = 0.4 ± 1.4 x 10-4

+ RDV :
γ - 1 = -0.7 ± 1.3 x 10-4

+ VCS :
γ - 1 = -0.8 ± 1.2 x 10-4



• Le VLBI mesure γ à 1.2 x 10-4 :
– Effets coronaux difficiles à supprimer

– Précision limitée par troposphère + structure de source

• Apport substantiel du VLBA

• Dommage que l’IVS « bloque » à 15° du soleil pour les sessions routinières 

• Programmer des sources proches du soleil dans le futur…





Exploration spatiale du Système solaire
Analyse du mouvement des corps

Nombreuses données de navigation
1. Amélioration des éphémérides
2. Amélioration des tests de la gravitation



Les éphémérides planétaires et satellitaires.

Ephémérides planétaires:
1. DE du JPL, américaine
2. VSOP - INPOP, françaises !
3. EPM, russe

372 A. Fienga et al.

Fig. 6 Histograms of densities in g cm−3 for the most perturbing objects deduced from INPOP10a,
INPOP08, and other determinations (close encounters and binary system) and distributions of densities versus
the diameters in kilometers. The plotted uncertainties represent the 1-sigma error on the mass determinations

Fig. 7 Variations of postfit residuals obtained for different values of PPN β (x-axis) and γ (y-axis). [1] stands
for a PPN β value obtained by Manche et al. (2010) using LLR observations with γ = 0, [2] stands for Pitjeva
(2010) by a global fit of EPM planetary ephemerides. K11 stands for Konopliv et al. (2011) determinations
based mainly on Mars data analysis. M08 for Müller et al. (2008) and W09 for Williams et al. (2009) give
values deduced from LLR for a fixed value of γ , B03 stands for Bertotti et al. (2003) determination of γ by
solar conjunction during the Cassini mission

It appears clearly from Fig. 5 that the estimations for the most perturbing objects are quite
consistent while the estimations of the less perturbing objects show bigger discrepancies.

In Table 2 are given the details of asteroid masses obtained with the adjustment of
INPOP10a. As expected the three bigger asteroid masses are compatible at 2-sigmas.

In Fig. 6 are plotted the distributions of densities deduced from INPOP10a, INPOP08 and
from close encounters and binary systems (noted “Other”). Two representations are given:
one histogram of density distribution and one distribution of the density versus the diameters
of the objects. Are plotted on these figures, only the densities deduced from perturbations
bigger than 1 m on the Mars-Earth distances over the 1970 to 2010 period with error bars rep-
resenting the 1-sigma uncertainties on the mass determination. The diameters are considered
here as perfect. With this optimistic hypothesis, one can first note the smaller uncertainties on
the close-encounter estimations compared to those obtained with INPOP08 and INPOP10a.

123

Fienga et al. 2011

Ephémérides de satellite:
1. le mouvement de la lune (Laser-Lune)
2. les orbiteurs autour de Mars
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Figure 2: Contour lines (1%, 2%, 5%, 10% and 20%) for the R function. The blue dot corresponds to
the general relativity values (β=γ=1), the green dot corresponds to the values of β and γ where χ2 is
minimum (see the last line of table 3).
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Parameters fitted β − 1 γ − 1 Correlation
(59)+β (−0.2 ± 0.4) × 10−3 0 (fixed) [β, X ] = 0.35
(59)+γ 0 (fixed) (−1.1 ± 0.76)× 10−3 [γ, X ] = 0.33

(59)+β+γ (5.1 ± 1.6) × 10−3 (−9.7 ± 2.8) × 10−3 [β, γ] = 0.96

Table 3: Fitted values and uncertainties (at 3σ) of post-Newtonian parameters β and γ. [β,X] (respec-
tively [γ,X]) is the maximum correlation between β (respectively γ) and one of the 59 other parameters.
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Figure 1: INPOP10a’s LLR residuals (in cm) for the CERGA station, between 1987 and 2010.

These bad results could come not only from a big correlation (0.96) between β and γ, but also from the
remaining signal on residuals for CERGA’s observations, shown on figure 1. This latter is characteristic
of a problem in modeling, that adjustment of parameters tries to compensate, and potentially leads to
biased values. This signal has always been present in our LLR computations, including the R423 reduction
previously described. The potential problem is thus not in the dynamical part, because INPOP’s and
DE423’s modelings are independent. The signal is also present in the S2000 solution of (Chapront et al.,
2001), where both dynamical and reduction modelings differ from INPOP’s ones.

Other tests have been made by computing a map of (β,γ). More than 1600 couples of values (β,γ) are
fixed in [0.95, 1.05]2. For each one, a solution is built by fitting the same 59 parameters as in INPOP10a;
then, the χ2 and R functions are evaluated:

χ2(β, γ) =
∑

i

ρ2
i (O − C)2i and R(β, γ) =

√

χ2

χ2
0

− 1 (1)

In these expressions, (O − C)i are the residuals (differences between the measurement and the compu-
tation), (ρi) are the ponderations applied to the observations, χ2

0 = χ2(β0, γ0), where β0 and γ0 are the
values where χ2 is minimum, that is the ones from the last line of tab. 3. The R function is representative
of the increase of residuals when β and γ differ from the “optimal” values (β0,γ0). Its contour lines are
shown on figure 2.

First, one can notice that the shapes of ellipses confirm the strong correlation between β and γ.
The best determined combination seems to be according the 2β − 11γ direction. It is different from the
Nordtvedt parameter η = 4β− γ − 3, maybe because for LLR computations, post-Newtonian parameters
are involved not only in the Lunar orbit around the Earth, but also in the light propagation with the
Shapiro’s deviation.

Second, one can notice that the general relativity values (blue dot) are not so far away from the ones
where χ2 is minimum (green dot), with a degradation limited to less than R = 0.5%. For instance, LLR
residuals for the CERGA’s station between 1995 and 2010 grow from 3.98 cm to 4.0 cm when β and γ are
both fixed to 1. This weak increase is not significant and is smaller than variations induced by changing
the ponderations, the preliminary solution first fitted to planetary observations, . . .

In the end, the constraints on post-Newtonian parameters obtained with LLR do not seem to be as
good as the ones obtained by adjustment to planetary observations, exposed in this volume by (Fienga
et al, 2010, figure 4). This point of view has to be balanced by the fact that LLR residuals computed
directly at JPL by J. Williams are much lower than the ones of INPOP10a. Even if these latter are
consistent with (Chapront et al.,2001), (Aleshkina, 2002) or solutions actually developed at SYRTE by
S. Bouquillon and G. Francou, an improvement of the reduction modeling seems to be possible.
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This is comparable with the estimate using Venus Express and Mars
Express range data by Fienga et al. (2009b). From estimation of the
ratio of inertial to gravitational mass of the Moon using lunar laser
ranging data, Williams et al. (2004) get an estimate of bPPN more
accurate by a factor of 2.

The Mars range data can be used to set limits on the deviation of
gravity from the Newtonian inverse-square law at Solar-System
length scales. From the Mars ranging data we estimate an upper
bound for an anomalous radial acceleration from the Sun as
<3 ! 10"14 m/s2 for the Earth–Moon barycenter and <8 !
10"14 m/s2 for Mars. These levels are several orders of magnitude
lower than the anomalous acceleration on spacecraft reported by
Anderson et al. (1998), who recognized that such an effect has been
ruled out for the inner planets. Alternatively, the Mars ranging data
can be used to estimate the amplitude of a modified gravitational
potential in the Yukawa form of

/ðrÞ ¼ 1=r & ½1þ ae"r=k):

Fig. 31 plots the estimated value of the dimensionless scale factor a
as a function of distance at the 95% confidence level. Fig. 31 also
shows estimates of a at other length scales from other experiments
as summarized by Adelberger et al. (2003). The shaded areas in the
figure are excluded based on experiments including this analysis of
Mars range data.

12. Conclusions

The global gravity field of Mars has been significantly improved
using additional tracking data and model improvements. The rec-
ommended field is MRO110B2, since it has a looser constraint with
less suppression of high frequency amplitudes. The lower altitude
MRO tracking data is the main cause for the improved spherical
harmonic gravity resolution of Mars from degree 70 (MGS95J) to
degree 90. The near sectoral coefficients of the gravity field are bet-
ter determined and their uses are a possible alternative for studies
of features in an equatorial band of ±50!. Other improvements such
as thrust modeling on MGS and solar pressure modeling of atmo-
spheric dust for Mars Odyssey have improved orbit determination

accuracy and resulted in consistent Love number determinations
for all spacecraft.

Our best MGS k2 Love number solution is k2 = 0.173 ± 0.009.
After correction for solid friction, atmospheric tides, and anelastic
softening, we obtain k2 = 0.159 ± 0.009. With the improved preces-
sion solution ( _w ¼ "7594* 10mas=year) and polar moment
(C=MR2

e ¼ 0:3644* 0:0005) from additional years of orbiter track-
ing, the core radius is constrained to 1630 km 6 Rf 6 1830 km
assuming a plausible range of internal models.

Time variations of the odd zonal gravity parameters and length-
of-day solutions have been compared with predictions from two
GCM models and two sets of Odyssey neutron spectrometer data
detailing ice cap history. Orbiter LOD solutions data match well
with GCM AMES and LMD predictions, with LMD being slightly
better. The Odyssey NS data and LMD GCM model match best with
observed seasonal gravity from MGS and Odyssey, while HEND and
AMES GCM have about a factor of 2 larger residuals. The fit to the
NS data is improved if we rescale its amplitude by a factor of 1.09
and this seems to be a plausible correction based on potential NS
data error sources. We were unable to confirm inter-annual
changes seen in 2 years of NS data for a complete Mars year. There
is an intriguing signal in the doubly differenced J3 data that cannot
be explained. It is possible that atmospheric drag and AMD errors
may contribute to MGS uncertainty in some subtle way that masks
year to year changes.

With the increased time span of the data, Mars ranging data
now allow for mass estimates of 21 asteroids, as compared to 5
asteroid mass estimates in previous results (Konopliv et al.,
2006). Uncertainties in the mass estimates now account for uncer-
tainties in other asteroid masses that are not estimated. Solutions
mostly agree within uncertainties for results from independent
data sets. The Mars ranging data also strongly determines the solar
mass parameter (GMSun = 132712440042 ± 10 km3/s2) and Earth–
Moon mass ratio (MEarth/MMoon = 81.3005694 ± 0.0000015) and
constrains mass loss of the Sun to be d(GMSun)/dt & 1/
GMSun = 0.1 ! 10"13/year ± 1.6 ! 10"13/year. Variations of gravity
models from general relativity are also constrained, although the
PPN estimates are not as accurate as results from other spacecraft
and LLR data.

Future MRO and Mars Odyssey spacecraft data will improve all
aspects of the results discussed above, but only incrementally. Pos-
sible significant improvements in the Mars static gravity field are
from lower altitude spacecraft or improved tracking accuracy such
as Ka-band. Improvement of seasonal gravity detection most likely
requires an onboard accelerometer together with improved track-
ing. Mars ranging accuracy of +10-cm maybe possible with im-
proved DSN station calibration. Although the Dawn mission will
determine the masses of Vesta and Ceres, these constraints have
a minimal effect on the separability of many asteroid perturba-
tions, but may help estimates of asteroids that are strongly corre-
lated such as Thalia.
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Lunar Laser Ranging and 
Nordtvedt effect

< 10-27 for lab experiment 
= 3.6  10-6 Sun 
    10-8 Jupiter 
    4.6  10-10 Earth 
    2 10-11 Moon 

with



précession d'accord !
mais pas que du périhélie... 

gyroscope de GPB

l'expérience Gravity Probe B

But : mesurer la précession de Lense Thirring

Projet le plus long de l'histoire spatiale : 
idée proposée dans les années 50... Lancement le 20 Avril 2004 !
Malheureusement, les gyroscopes n'ont pas été performants...



L'apport de la géodésie spatiale

Multiples techniques

Comprendre la dynamique interne 
de la Terre

Déterminer le champ de gravité

Se positionner correctement

Effet Lense-Thirring grâce à LAGEOS
Ciufolini & Pavlis,Nature 2004



Gaia will offer two ways to test GR
measurement of the 
light deflection by 
the Sun & planets

orbital dynamics of 
Solar System 

Objects
probing space-time with 
massless particles: spatial 

and temporal part of metric

probing space-time with 
massive test bodies: mainly 

spatial part of metric

© Gaia U.B.



Light deflection : how much ?

body (µas) >1µas

Sun 1.75ʹʹ 180 °

Mercury 83 9 ʹ

Venus 493 4.5 °

Earth 574 125 °

Moon 26 5 °

Mars 116 25 ʹ

Jupiter 16270 90 °

Saturn 5780 17 °

Uranus 2080 71 ʹ

Neptune 2533 51 ʹ

• Monopole light deflection: distribution over the sky on 25.01.2006 at 16:45 
  equatorial coordinates



Minor bodies : 
Ganymede  35 
Titan         32 
Io               30 
Callisto   28 
Pluto           7 
Charon     4 
Titania           3 
Ceres           1 

body (muas) >1muas

Sun 1.75 106 180° 

Mercury 83 9° 

Venus 493 4.5° 

Earth 574 125° 

Moon 26 5° 

Mars 116 25° 

Jupiter 16270 90° 

Saturn 5780 17° 

Uranus 2080 71° 

Neptune 2533 51° 

Order of magnitude for  
monopole light deflection.
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• Simulations done for 5 years and also for 10 years (extended mission)

Gaia will observe ~400 000 SSO’s
• Use GAIA SSO’s observations to test GR: advantage of a large samples 

of different orbital parameters 
 - decorrelation of parameters 
 - complementary to planetary ephemerides (different bodies, different 
type of observations, different method to analyze the data)
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• Uncertainty used in simulations depends on magnitude



Simulations of Gaia observations

Initial condition
10 000 ast.

Orbit 
propagation

Observations 
time (with Gaia 
scanning law)

done by Gaia WP DU460

Similar to what is done in Mouret, PRD, 2011



Simulations of Gaia observations

Initial condition
10 000 ast.

Orbit 
propagation

Observations 
time (with Gaia 
scanning law)

Sim. in alternative 
theory + var. 

equation

done by Gaia WP DU460

Similar to what is done in Mouret, PRD, 2011



Simulations of Gaia observations

Initial condition
10 000 ast.

Orbit 
propagation

Observations 
time (with Gaia 
scanning law)

Astrometric 
observables + 
partials der.

Sim. in alternative 
theory + var. 

equation

done by Gaia WP DU460

Similar to what is done in Mouret, PRD, 2011



Simulations of Gaia observations

Initial condition
10 000 ast.

Orbit 
propagation

Observations 
time (with Gaia 
scanning law)

Astrometric 
observables + 
partials der.

Sim. in alternative 
theory + var. 

equation

Inversion of the 
normal matrix (fit 
of parameters)

- sensitivity  
- correlations 
- bias

- local parameters (IC)  
- global parameters (grav. theory, J2, …)

done by Gaia WP DU460

Similar to what is done in Mouret, PRD, 2011



PPN formalism and Sun J2

• various asteroids orbital parameters help to decorrelate

• sensitivity:

• correlation ~ 0.4

• complementary to planetary ephemerides: different analysis, not the 
same systematics

• Interesting: combined fit Gaia + planets
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principal e↵et séculaire résultant de cette métrique consiste en une précession des périhélies des

planètes qui est donnée par

⌧
d!

dt

�
= (2 + 2� � �)n

GM

c2a(1 � e2)
+

3

2
n

J
2

R2

a2(1 � e2)2
(1.20)

où ! est l’argument du périhélie,
⌦

d!
dt

↵
représente la variation séculaire de l’argument du périhélie,

a est le demi-grand axe de la planète, e son excentricité et n = 2⇡
T est le moyen mouvement avec

T la période orbitale. Le second terme représente la contribution du J
2

solaire sur l’avance des

périhélies avec J
2

le moment quadrupolaire et R le rayon moyen du corps central. La précession

relativiste du périhélie de la planète Mercure de 42.98”/siècle était une observation inexpliquée

avant l’avènement de la RG. Elle constitue un des tests de la RG et permet de contraindre les

paramètres PPN comme indiqué à la table 1.1 (notons qu’une des raisons de la faible précision ob-

tenue provient de l’incertitude sur le moment quadrupolaire du Soleil J
2

qui est fortement corrélé

avec la combinaison des paramètres PPN qui interviennent dans l’expression de la précession du

périhélie). Cependant, les tests modernes de la gravitation n’utilisent plus uniquement l’avance

du périhélie de Mercure pour contraindre les paramètres PPN mais ils utilisent la dynamique

orbitale de l’ensemble des planètes du Système Solaire (à partir des éphémérides planétaires).

Comme on peut le voir à partir de l’équation (1.20), il est impossible de décorréler les paramètres

� et � dans les éphémérides, c’est pourquoi, la valeur de � est généralement supposée être celle

obtenue par l’expérience Cassini (voir ci-dessous dans la section relative au délai Shapiro) et

le paramètre � est estimé par une analyse des éphémérides planétaires. Il existe actuellement

essentiellement trois éphémérides di↵érentes :

– les éphémérides russes EPM (Ephemerides of Planets and the Moon) [Pitjeva, 2005]. Les

tests de relativité réalisés à l’aide de ces éphémérides sont présentés dans Pitjeva [2010].

En particulier, la valeur de � est contrainte à |� � 1| < 2 ⇥ 10�4 tandis que l’estimation

du J
2

solaire est donnée par J
2

= (2.0 ± 0.5) ⇥ 10�7.

– les éphémérides américaines du Jet Propulsion Laboratory DE [Newhall et al., 1983]. Les

tests de gravitation réalisés à l’aide de ces éphémérides sont présentés dans Folkner [2010b].

En particulier, la combinaison 2(� � 1) � (� � 1) est estimée à (4 ± 12) ⇥ 10�4 ce qui

donne une estimation de � après utilisation de la contrainte Cassini pour � : � � 1 =

(�3.58 ± 11.54) ⇥ 10�4. L’incertitude obtenue est plus grande que celles obtenues avec les

autres éphémérides du fait du traitement très conservatif des incertitudes sur les masses

des astéröıdes [Folkner, 2010b]. Depuis, l’étude orbitale de di↵érentes missions spatiales ont

permis d’a�ner l’avance du périhélie de Mars et d’obtenir une estimation de � beaucoup

plus compétitive [Konopliv et al., 2011] : � � 1 = (0.4 ± 2.4) ⇥ 10�4.

– les éphémérides françaises INPOP (Intégrateur Numérique Planétaire de l’Observatoire de

Paris) [Fienga et al., 2008, 2009, 2011]. Les tests de gravitation réalisés à l’aide d’INPOP

sont présentés dans Fienga et al. [2010, 2011]. En particulier, la valeur de � (lorsque � est

fixé à la valeur obtenue par Cassini) est estimée à

� � 1 = (�0.41 ± 0.78) ⇥ 10�4 (1.21)

tandis que le J
2

solaire est estimé à J
2

= (2.4 ± 0.25) ⇥ 10�7.

La table 1.2 reprend les di↵érentes estimations fournies actuellement par les diverses éphémérides.

Toutes les valeurs présentées sont cohérentes entre elles. Nous pouvons conclure que les éphémérides

permettent une détermination de � à un ordre de grandeur de 10�4.

INPOP results from A. Fienga et al, Cel. Mech. Dyn. Astro. 2015

• highly correlated parameters: secular effect on orbital dynamics

Tables

A. Hees

Bla

Table 1: Bla
SME Parameter sensitivity (�)

s̄XX � s̄Y Y 9⇥ 10�12

s̄XX + s̄Y Y � s̄ZZ 2⇥ 10�11

s̄XY 4⇥ 10�12

s̄XZ 2⇥ 10�12

s̄Y Z 4⇥ 10�12

s̄TX 1⇥ 10�8

s̄TY 2⇥ 10�8

s̄TZ 4⇥ 10�8

s̄XX � s̄Y Y s̄XX + s̄Y Y � s̄ZZ s̄XY s̄XZ s̄Y Z s̄TX s̄TY s̄TZ

s̄XX � s̄Y Y 1
s̄XX + s̄Y Y � s̄ZZ 0.28 1

s̄XY -0.06 -0.01 1
s̄XZ -0.17 -0.06 0.46 1
s̄Y Z -0.16 0.71 0.01 0.01 1
s̄TX 10�3 -0.01 -0.01 10�3 -0.01 1
s̄TY 0.03 0.09 0.01 -0.01 0.02 -0.16 1
s̄TZ -0.02 -0.1 -0.01 0.01 -0.02 0.13 -0.67 1

J2 �
GAIA [5yr] �J2 ⇠ 5⇥ 10�8 �� ⇠ 4⇥ 10�4

GAIA [10yr] �J2 ⇠ 1.5⇥ 10�8 �� ⇠ 10�4

INPOP (2.22± 0.13)⇥ 10�7 (0.0± 6.9)⇥ 10�5

1



Test of the SEP can help to decorrelate 𝛽 and  J2  
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Ephémérides � � 1 [⇥10�4] J
2

[⇥10�7]

EPM2008 [Pitjeva, 2010] < 2 2.0 ± 0.5

DE [Folkner, 2010b] �3.58 ± 11.54 -

Sondes Martiennes [Konopliv et al., 2011] 0.4 ± 2.4 -

INPOP10a [Fienga et al., 2011] �0.41 ± 0.78 2.4 ± 0.25

Estimation théorique - 2.0 ± 0.4

[voir par exemple Pireaux et Rozelot, 2003]

Table 1.2 – Contraintes actuelles obtenues par analyse des éphémérides planétaires sur le paramètre
post-Newtonien � et sur le moment quadrupolaire J2 du Soleil. La dernière ligne correspond
à une estimation théorique du J2. Les valeurs de J2 utilisées ou obtenues par les éphémérides
du JPL ne se trouvent pas dans les publications.

Principe d’équivalence fort : e↵et Nordtvedt

Dans la théorie de la RG, le principe d’équivalence fort est satisfait. Ceci signifie en particulier

que la chute des corps dont l’énergie de liaison gravitationnelle est significative ne dépend pas

de leur composition (et donc est indépendant de l’énergie de liaison). La plupart des théories

alternatives de la gravitation viole le principe d’équivalence fort. Ceci signifie entre autre que

le mouvement des planètes dépend de l’énergie de liaison gravitationnelle. Nordtvedt [1968a,b,

1971] fut le premier à donner une description phénoménologique de la violation de ce principe

en paramétrisant l’accélération supplémentaire par le paramètre de Nordtvedt ⌘. L’idée de la

paramétrisation de Nordtvedt est de faire la distinction entre la masse passive mp et la masse

inertielle mi au niveau de l’équation de Newton

mi~a = mp
~rU (1.22)

et ensuite de paramétrer la violation du principe d’équivalence fort en écrivant (pour un corps

sphérique [pour un corps non sphérique, voir Will, 1993])

mp = mi + ⌘
E

grav

c2

(1.23)

où E
grav

est la self-énergie gravitationnelle du corps en question (E
grav

< 0) et est donné par

E
grav

= �G

2

Z

V

Z

V

⇢(~x)⇢(~x0)

|~x � ~x0| d3x d3x0. (1.24)

Le terme supplémentaire induit dans les équations du mouvement implique une modification des

orbites des corps massifs. L’existence de cet e↵et pourrait être observé sur un système tel que le

système Terre-Lune. Les analyses des données du Lunar Laser Ranging (LLR) donne ainsi une

estimation du paramètre de Nordtvedt [Williams et al., 1996, 2004, 2009]. Les estimations les

plus récentes [fournies par Williams et al., 2009] donnent la contrainte

⌘ = (4.4 ± 4.5) ⇥ 10�4. (1.25)

Dans le cadre du formalisme PPN, ce paramètre s’exprime en fonction des paramètres Post-

Newtoniens. En particulier, si on ne considère que les deux paramètres PPN principaux, le

paramètre Nordtvedt s’exprime par ⌘ = 4� � � � 3. La contrainte sur ⌘ fournit donc également

une contrainte sur � (si on considère que � est contraint par l’expérience Cassini) : � � 1 =

(1.2 ± 1.1) ⇥ 10�4.
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mi~a = mp
~rU (1.22)

et ensuite de paramétrer la violation du principe d’équivalence fort en écrivant (pour un corps

sphérique [pour un corps non sphérique, voir Will, 1993])

mp = mi + ⌘
E

grav

c2

(1.23)

où E
grav

est la self-énergie gravitationnelle du corps en question (E
grav

< 0) et est donné par

E
grav

= �G

2

Z

V

Z

V

⇢(~x)⇢(~x0)

|~x � ~x0| d3x d3x0. (1.24)

Le terme supplémentaire induit dans les équations du mouvement implique une modification des

orbites des corps massifs. L’existence de cet e↵et pourrait être observé sur un système tel que le

système Terre-Lune. Les analyses des données du Lunar Laser Ranging (LLR) donne ainsi une

estimation du paramètre de Nordtvedt [Williams et al., 1996, 2004, 2009]. Les estimations les

plus récentes [fournies par Williams et al., 2009] donnent la contrainte

⌘ = (4.4 ± 4.5) ⇥ 10�4. (1.25)

Dans le cadre du formalisme PPN, ce paramètre s’exprime en fonction des paramètres Post-

Newtoniens. En particulier, si on ne considère que les deux paramètres PPN principaux, le

paramètre Nordtvedt s’exprime par ⌘ = 4� � � � 3. La contrainte sur ⌘ fournit donc également

une contrainte sur � (si on considère que � est contraint par l’expérience Cassini) : � � 1 =

(1.2 ± 1.1) ⇥ 10�4.

see J. Williams et al, IJMPD, 18, 1129, 2009

see K. Nordtvedt, Phys. Rev., 169, 1014, 1968

• SEP: Universality of free fall violated for self-gravitating body

• Gaia can constrain 𝜂 at 3x10-4 [3x10-5 if extended mission] 
while the current best constraint from LLR is

• In the PPN formalism                            helps to estimate 𝛽⌘ = 4� � � � 3

J2 �
GAIA [5yr] �J2 ⇠ 4⇥ 10�8 �� ⇠ 8⇥ 10�5

GAIA [10yr] �J2 ⇠ 1.3⇥ 10�8 �� ⇠ 8⇥ 10�6

INPOP (2.22± 0.13)⇥ 10�7 (0.0± 6.9)⇥ 10�5

2

no correlation 
remaining 

• Considering a violation of the SEP reduces        by a factor 5��

INPOP results from A. Fienga et al, Cel. Mech. Dyn. Astro. 2015



A fifth force is a well motivated phenomenology

• deviation from Newtonian gravity characterized by a Yukawa 
potential

⇥(r) =
GM

c2r

⇣
1 + �e�r/�

⌘

See E.G. Adelberger, Progress in Part. and Nucl. Phys., 62/102, 2009 
        “The Search for Non-Newtonian gravity”, E. Fischbach, C. Talmadge, 1998

• Phenomenology motivated by

• new interaction with a massive gauge boson

• high dimension theories

• Braneworld scenarios

• massive gravity

• massive tensor-scalar theory

• …

Fischbach and Talmadge, Nature, 1989

Krause and Fischbach, arXiv: hep-ph/9912276

Arkani-Hamed, et al, PRD, 1999

Will, PRD, 1998

Alsing, et al, PRD, 2012



A fifth force can be tested with Gaia
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Hees, CLPL, 2017

correlation with the Sun GM needs to be assessed carefully
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Lense-Thirring effect due to the Sun

47

• Asteroids can decorrelate but Gaia not powerful enough

• Relativistic frame dragging effect produced by the rotation of a 
body (due to the Spin S)

• impossible to estimate the Sun Lense-Thirring with  planetary 
ephemerides: completely correlated with J2 see W. Folkner et al, IPN, 2014

• But… not including the LT in the modeling leads to bias:

- 10-8 on the J2 (i.e. 10% of its value)

- 5x10-5 on the β PPN 

�S

S
⇠ 6.5 [1.7 for 10yr]

• Combination with radar observations to be considered



Constraints on PPN parameters
- Measurement of the 

Shapiro time delay with 
Cassini1

© NASA

� � 1 = (2.1± 2.3)⇥ 10�5

1 B. Bertotti, L. Iess, P. Tortora, Nature, 425/374, 2003

- Dynamic of the orbit of 
the Moon with LLR3

- Planetary ephemerides INPOP2

� � 1 = (2.1± 1.1)⇥ 10�4

3 J. Williams, S. Turyshev, D. Boggs, IJMP D, 18/1129, 2009

2 A. Verma et al, A & A, 561, A115, 2014

© NASA

� � 1 = (0.2± 2.5)⇥ 10�5



Fifth force formalism
• Search for a deviation of the Newton potential of the form of a Yukawa 

potential1

This is comparable with the estimate using Venus Express and Mars
Express range data by Fienga et al. (2009b). From estimation of the
ratio of inertial to gravitational mass of the Moon using lunar laser
ranging data, Williams et al. (2004) get an estimate of bPPN more
accurate by a factor of 2.

The Mars range data can be used to set limits on the deviation of
gravity from the Newtonian inverse-square law at Solar-System
length scales. From the Mars ranging data we estimate an upper
bound for an anomalous radial acceleration from the Sun as
<3 ! 10"14 m/s2 for the Earth–Moon barycenter and <8 !
10"14 m/s2 for Mars. These levels are several orders of magnitude
lower than the anomalous acceleration on spacecraft reported by
Anderson et al. (1998), who recognized that such an effect has been
ruled out for the inner planets. Alternatively, the Mars ranging data
can be used to estimate the amplitude of a modified gravitational
potential in the Yukawa form of

/ðrÞ ¼ 1=r & ½1þ ae"r=k):

Fig. 31 plots the estimated value of the dimensionless scale factor a
as a function of distance at the 95% confidence level. Fig. 31 also
shows estimates of a at other length scales from other experiments
as summarized by Adelberger et al. (2003). The shaded areas in the
figure are excluded based on experiments including this analysis of
Mars range data.

12. Conclusions

The global gravity field of Mars has been significantly improved
using additional tracking data and model improvements. The rec-
ommended field is MRO110B2, since it has a looser constraint with
less suppression of high frequency amplitudes. The lower altitude
MRO tracking data is the main cause for the improved spherical
harmonic gravity resolution of Mars from degree 70 (MGS95J) to
degree 90. The near sectoral coefficients of the gravity field are bet-
ter determined and their uses are a possible alternative for studies
of features in an equatorial band of ±50!. Other improvements such
as thrust modeling on MGS and solar pressure modeling of atmo-
spheric dust for Mars Odyssey have improved orbit determination

accuracy and resulted in consistent Love number determinations
for all spacecraft.

Our best MGS k2 Love number solution is k2 = 0.173 ± 0.009.
After correction for solid friction, atmospheric tides, and anelastic
softening, we obtain k2 = 0.159 ± 0.009. With the improved preces-
sion solution ( _w ¼ "7594* 10mas=year) and polar moment
(C=MR2

e ¼ 0:3644* 0:0005) from additional years of orbiter track-
ing, the core radius is constrained to 1630 km 6 Rf 6 1830 km
assuming a plausible range of internal models.

Time variations of the odd zonal gravity parameters and length-
of-day solutions have been compared with predictions from two
GCM models and two sets of Odyssey neutron spectrometer data
detailing ice cap history. Orbiter LOD solutions data match well
with GCM AMES and LMD predictions, with LMD being slightly
better. The Odyssey NS data and LMD GCM model match best with
observed seasonal gravity fromMGS and Odyssey, while HEND and
AMES GCM have about a factor of 2 larger residuals. The fit to the
NS data is improved if we rescale its amplitude by a factor of 1.09
and this seems to be a plausible correction based on potential NS
data error sources. We were unable to confirm inter-annual
changes seen in 2 years of NS data for a complete Mars year. There
is an intriguing signal in the doubly differenced J3 data that cannot
be explained. It is possible that atmospheric drag and AMD errors
may contribute to MGS uncertainty in some subtle way that masks
year to year changes.

With the increased time span of the data, Mars ranging data
now allow for mass estimates of 21 asteroids, as compared to 5
asteroid mass estimates in previous results (Konopliv et al.,
2006). Uncertainties in the mass estimates now account for uncer-
tainties in other asteroid masses that are not estimated. Solutions
mostly agree within uncertainties for results from independent
data sets. The Mars ranging data also strongly determines the solar
mass parameter (GMSun = 132712440042 ± 10 km3/s2) and Earth–
Moon mass ratio (MEarth/MMoon = 81.3005694 ± 0.0000015) and
constrains mass loss of the Sun to be d(GMSun)/dt & 1/
GMSun = 0.1 ! 10"13/year ± 1.6 ! 10"13/year. Variations of gravity
models from general relativity are also constrained, although the
PPN estimates are not as accurate as results from other spacecraft
and LLR data.

Future MRO and Mars Odyssey spacecraft data will improve all
aspects of the results discussed above, but only incrementally. Pos-
sible significant improvements in the Mars static gravity field are
from lower altitude spacecraft or improved tracking accuracy such
as Ka-band. Improvement of seasonal gravity detection most likely
requires an onboard accelerometer together with improved track-
ing. Mars ranging accuracy of +10-cm maybe possible with im-
proved DSN station calibration. Although the Dawn mission will
determine the masses of Vesta and Ceres, these constraints have
a minimal effect on the separability of many asteroid perturba-
tions, but may help estimates of asteroids that are strongly corre-
lated such as Thalia.
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⇥(r) =
GM

c2r

⇣
1 + �e�r/�

⌘

Excluded area for fifth force

1 E.G. Adelberger, Progress in Part. and Nucl. Phys., 62/102, 2009 
   “The Search for Non-Newtonian gravity”, E. Fischbach, C. Talmadge, 1998

• Very good constraints 
in this formalism 
except at small and 
large distances



Is it enough ?

• Still strong motivations to improve the current tests:

- tensor-scalar theories “naturally” converging towards GR1

- screening theories: modification of GR “hidden” in certain region of 
space-time: chameleons2, symmetron3, Vainshtein mechanism4

- tensor-scalar theories with a decoupling of the scalar field5

1 T. Damour, K. Nordtvedt, PRD 48/3436 and PRL 70/2217, 1993
2 J. Khoury, A. Weltman, PRD 69/044026 and PRL 93/171104, 2004
3 K. Hinterbichler, et al, PRD84/103521 and PRL104/231301, 2010

4 A. Vainshtein, Phys. Let. B, 39/393, 1972
5 T. Damour, A. Polyakov, Nucl. Phys. B, 1994
  O. Minazzoli, A. Hees, PRD 88/1504, 2013

We have strong motivations to pursue this kind of tests!



Is it necessary to go beyond ?

M.T. Jaekel, S. Reynaud, CQG, 2005 J.P. Bruneton et al, Adv. in Astr., 2012

Post Einsteinian Grav.

- phenomenology

- non local field equation:  
       quantization ?

- metric: parametrized by  
2 arbitrary functions

Gµ⇤ [k] = � �⇥
µ⇤ [k]T�⇥ [k]

Q. Bailey, A. Kostelecky, PRD, 2006

SME

- phenomenology

- violation of Lorentz 
symmetry coming from a 
fundamental level

- action parametrized by a 
tensor ̄sµ⌫

Fab Four

- General 2nd order tensor-
scalar theory

- developed in cosmology: 
Dark Energy

- weak-field metric: 
parametrized by 4 
parameters

MOND
- phenomenology

- developed for galactic observations: Dark 
Matter (galactic rotation curves)
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PPN formalism : 𝛾, 𝜷, ...

5th force formalism: 𝛼, 𝜆
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PPN formalism : 𝛾, 𝜷, ...

5th force formalism: 𝛼, 𝜆

Currently: lack of constraints from Solar System for these 
theories !

Interesting to consider them and to constrain them using 
Solar System observations
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modeling of Sol. Sys. observations
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Light propagation is crucial in the

1) Range observable

modeling of Sol. Sys. observations

• Depends on the difference 
in coord. time (amongst 
other parameters)

tB � tA

Emitter

worldline

Transmitter

worldline

OA
(⌧A, ⌫A)

OB
(⌧B , ⌫B)

• Difference in proper time

Range = c(⌧B � ⌧A)
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B. Astrometric observables

The goal of astrometry is to determine the position of
celestial bodies from angular observations. We focus on
two main approaches. First, we consider the modeling of
the direction of incidence of a light ray in a given reference
frame, which gives an absolute positioning of the studied
object on a celestial sphere. Second, we consider the case of
the angular separation of two light sources.
One way to get a covariant definition of the absolute

positioning of a light source is to use the tetrad formalism
[36–39] thus giving the direction of observation of an
incoming light ray in a tetrad E comoving with the
observer OB (see Fig. 1). Let us note Eμ

hαi, the components
of this tetrad, where hαi corresponds to the tetrad index
and μ is a normal tensor index that can be lowered and
raised by use of the metric. The tetrad is assumed to be
orthonormal so that

gμνE
μ
hαiE

ν
hβi ¼ ηhαihβi: (15)

Vector Eν
h0i is chosen unit and timelike, and consequently

Eν
hii are unit and spacelike. The components of the tetrad

allow us to transform the coordinates of the wave vector
from the global coordinate frame to the tetrad frame,

khαi ¼ Eμ
hαikμ; (16)

where kμ are the coordinates of the wave vector in the
global frame (represented on Fig. 1) while khαi are
the coordinates of the same vector in the tetrad frame.
The incident direction of the light ray in the tetrad
frame (which is a relativistic observable) is given by the
normalization

nhii ¼ khiiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δjkkhjikhki

q ¼ khii

kh0i
¼ − khii

kh0i
; (17)

where we used the properties of the null-vector khii and the
fact that the metric tensor has a Minkowskian form in the
tetrad frame. Using the transformation law (16) into
Eq. (17), one gets

nhii ¼ −
E0
hiik0 þ Ej

hiikj

E0
h0ik0 þ Ej

h0ikj
¼ −

E0
hii þ Ej

hiik̂j

E0
h0i þ Ej

h0ik̂j
; (18)

where k̂j are the deflection functions at OB defined in
(10b). This expression is consistent with the one derived in
[40]. Using the relation (10b) one can then express the
incoming direction of the light ray in terms of the reception
delay function and its derivatives [41,42] as

nhii ¼ −
E0
hiið1 − 1

c
∂Δr
∂tB Þ − Ej

hiiN
j − Ej

hii
∂Δr

∂xjB
E0
h0ið1 − 1

c
∂Δr
∂tB Þ − Ej

h0iN
j − Ej

h0i
∂Δr

∂xjB
; (19)

which is an exact formula.

Let us now examine the second kind of astrometric
observations, namely the modeling of angular distance
between two celestial bodies. This observable can also be
computed within the TTF formalism. We assume that
two different light sources OA and OA0 are emitting a
light ray Γ and Γ0, respectively. These light rays are
received simultaneously by OB at coordinates ðtB; xBÞ.
We denote by k and k0 the wave vector of Γ and Γ0 at OB,
respectively. Using expression (10b), we construct the ratio
ðk̂jÞB corresponding to Γ and ðk̂j0ÞB describing Γ0, which
require an expression for the derivatives of the TTF whose
expression up to the 2PM order will be given in Sec. V.
It is straightforward to show that the angular distance ϕ
between OA and OA0 , as observed by a moving observer
OB, can be written as [43]

sin2
ϕ
2
¼−1

4

"ðg00þ2g0kβkþgklβkβlÞgijðk̂0i− k̂iÞðk̂0j− k̂jÞ
ð1þβmk̂mÞð1þβlk̂l

0Þ

#

B

;

(20)

where βiB ¼ ðdxi=cdtÞB is the coordinate velocity of OB at
coordinates ðtB; xBÞ.

V. POST-MINKOWSKIAN EXPANSION
OF THE TIME TRANSFER FUNCTION

AND ITS DERIVATIVES

In Sec. IV, we have presented a method to compute
Doppler and astrometric observables in an exact form
depending explicitly on the expression of the TTF and
its derivatives. In this section, we present a way to derive
these quantities up to 2PM order as integrals of some
functions of the space-time metric taken along a straight
line. In the weak field approximation, the expression of T r
as a formal PM series has been derived by [23] and can be
written in ascending powers of G as

T rðxA; tB; xBÞ ¼
RAB

c
þ 1

c

X∞

n¼1

ΔðnÞ
r ðxA; tB; xBÞ; (21)

whereΔðnÞ
r is of the orderOðGnÞ. The goal of this section is

then to derive analytical formulas for the delay functions
Δð1Þ

r , Δð2Þ
r and their derivatives [44] up to 2PM order.

A. Notations and variables used

In the following, we provide some useful notations used
throughout this paper. First of all, the Minkowskian path
between the emitter and the receiver (which is a straight
line) is parametrized by λ (whose values are between 0 and
1) and is given by

z0ðλÞ ¼ ctB − λRAB (22a)

zðλÞ ¼ xB − λRAB ¼ xBð1 − λÞ þ λxA: (22b)

RELATIVISTIC FORMULATION OF COORDINATE LIGHT … PHYSICAL REVIEW D 89, 064045 (2014)

064045-5

4) Differential astrometric observables

Angle between 2 incoming light rays
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khαi ¼ Eμ
hαikμ; (16)

where kμ are the coordinates of the wave vector in the
global frame (represented on Fig. 1) while khαi are
the coordinates of the same vector in the tetrad frame.
The incident direction of the light ray in the tetrad
frame (which is a relativistic observable) is given by the
normalization

nhii ¼ khiiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δjkkhjikhki

q ¼ khii

kh0i
¼ − khii

kh0i
; (17)

where we used the properties of the null-vector khii and the
fact that the metric tensor has a Minkowskian form in the
tetrad frame. Using the transformation law (16) into
Eq. (17), one gets

nhii ¼ −
E0
hiik0 þ Ej

hiikj

E0
h0ik0 þ Ej

h0ikj
¼ −

E0
hii þ Ej

hiik̂j

E0
h0i þ Ej

h0ik̂j
; (18)

where k̂j are the deflection functions at OB defined in
(10b). This expression is consistent with the one derived in
[40]. Using the relation (10b) one can then express the
incoming direction of the light ray in terms of the reception
delay function and its derivatives [41,42] as

nhii ¼ −
E0
hiið1 − 1

c
∂Δr
∂tB Þ − Ej

hiiN
j − Ej

hii
∂Δr

∂xjB
E0
h0ið1 − 1

c
∂Δr
∂tB Þ − Ej

h0iN
j − Ej

h0i
∂Δr

∂xjB
; (19)

which is an exact formula.

Let us now examine the second kind of astrometric
observations, namely the modeling of angular distance
between two celestial bodies. This observable can also be
computed within the TTF formalism. We assume that
two different light sources OA and OA0 are emitting a
light ray Γ and Γ0, respectively. These light rays are
received simultaneously by OB at coordinates ðtB; xBÞ.
We denote by k and k0 the wave vector of Γ and Γ0 at OB,
respectively. Using expression (10b), we construct the ratio
ðk̂jÞB corresponding to Γ and ðk̂j0ÞB describing Γ0, which
require an expression for the derivatives of the TTF whose
expression up to the 2PM order will be given in Sec. V.
It is straightforward to show that the angular distance ϕ
between OA and OA0 , as observed by a moving observer
OB, can be written as [43]

sin2
ϕ
2
¼−1

4

"ðg00þ2g0kβkþgklβkβlÞgijðk̂0i− k̂iÞðk̂0j− k̂jÞ
ð1þβmk̂mÞð1þβlk̂l

0Þ

#

B

;

(20)

where βiB ¼ ðdxi=cdtÞB is the coordinate velocity of OB at
coordinates ðtB; xBÞ.

V. POST-MINKOWSKIAN EXPANSION
OF THE TIME TRANSFER FUNCTION

AND ITS DERIVATIVES

In Sec. IV, we have presented a method to compute
Doppler and astrometric observables in an exact form
depending explicitly on the expression of the TTF and
its derivatives. In this section, we present a way to derive
these quantities up to 2PM order as integrals of some
functions of the space-time metric taken along a straight
line. In the weak field approximation, the expression of T r
as a formal PM series has been derived by [23] and can be
written in ascending powers of G as

T rðxA; tB; xBÞ ¼
RAB

c
þ 1

c

X∞

n¼1

ΔðnÞ
r ðxA; tB; xBÞ; (21)

whereΔðnÞ
r is of the orderOðGnÞ. The goal of this section is

then to derive analytical formulas for the delay functions
Δð1Þ

r , Δð2Þ
r and their derivatives [44] up to 2PM order.

A. Notations and variables used

In the following, we provide some useful notations used
throughout this paper. First of all, the Minkowskian path
between the emitter and the receiver (which is a straight
line) is parametrized by λ (whose values are between 0 and
1) and is given by

z0ðλÞ ¼ ctB − λRAB (22a)

zðλÞ ¼ xB − λRAB ¼ xBð1 − λÞ þ λxA: (22b)
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4) Differential astrometric observables

Angle between 2 incoming light rays
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↵�k
↵k� = 0 kµkµ = 0
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Wave vector kµB

Wave vector kµA
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worldline

xA(t)
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OA
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But the real life :

a Boundary Value Problem

an Initial Value Problem
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• The TTF is solution of an eikonal equation well adapted to a 
perturbative expansion

• The derivatives of the TTF are of crucial interest since
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written in terms of the TTF and its derivatives

• The Time Transfer Functions - TTF - are defined by

tB � tA = Tr(xA, tB ,xB) tB � tA = Te(tA,xA,xB)
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TTF is a dedicated World Function to light ray. 
General Post-Minkowskian expansions are possible 



Post-Minkowskian expansion of the TTF

• A pM expansion of the TTF:

see P. Teyssandier and CLPL, CQG 25, 145020, 2008

• Computation with an iterative procedure involving integrations 
over a straight line between the emitter and the spatial position 
of the receiver !

• Main advantages:

- analytical computations relatively easy

- very well adapted to numerical evaluation

• Example at 1 pM:

with            the straight Mink. null path between em. and rec.z↵(�)
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Analytical results in Schwarzschild space-time

• A pM expansion of the TTF:

see B. Linet and P. Teyssandier, CQG 30, 175008, 2014
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• Ex. with light deflection for Sun grazing rays: AGP space mission 
(old GAME). Expected accuracy: 𝜇as 
⇒ 3pM term needed

see A. Hees, S. Bertone, CLPL, PRD 89, 064045, 2014
      P. Teyssandier, B. Linet, proceedings of JSR 2013, arXiv:1312.3510
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Is it necessary to go to the 3rd order?
• In a conjunction geometry, at each order n, there are enhanced 

terms proportional to           (1 + �)n



Analytical result around axisymmetric bodies
• Influence of all the multipole moments Jn from the grav. potential

• Influence of Jupiter J2 on the JUNO Doppler  (1𝜇m/s accuracy) 
and for GAIA (10 𝜇as acc.)

see CLPL, P. Teyssandier, PRD 77, 044029, 2008 for a computation with the TTF
or S. Kopeikin, J. of Math. Physics 38, 2587, 1997 for another approach
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• terms important for the data analysis for these missions
see Hees, Bertone, CLPL, PRD 90, 084020, 2014



What happens if the body is moving ?

• At first pM order, the TTF for uniformly moving bodies can 
easily be derived from the TTF generated by a static body

• All the analytical results computed for a static source can be 
extended in the case of a uniformly moving source

�(xA, tB ,xB) = �(1�NAB .�)�̃(RA + ��RAB ,RB)

� = v/c, � = (1� �2)�1/2

static TTFTTF in the 
moving case with

RXand depends on xX , �

see Hees, Bertone, CLPL, PRD 90, 084020, 2014



Ex.: motion of Jupiter
• Influence of Jupiter velocity on the JUNO Doppler  (1𝜇m/s 

accuracy) and for GAIA (10 𝜇as acc.)
GAIA/VLBI

• depend highly on the orbit geometry: conjunction and 
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• In particular: should be reassessed for JUICE orbit
see Hees, Bertone, CLPL, PRD 90, 084020, 2014
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• At 2pM order: a double integral to evaluate
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• Numerically efficient ; useful when no analytical solution can be 
found see Hees, Bertone, CLPL, PRD 89, 064045, 2014



Some fundamental unified theories break 
Lorentz symmetry

• like e.g.: strings, noncommutative space-time, loop quan. theory

• General framework to study Lorentz violation:  
                   Standard-Model Extension (SME)

developped by Kostelecky and collaborators in the 90ies

• SME is an effective field theory developed from a Lagrangian

L = LSM + LGR + LLV

standard 
model

General 
Relativity

All possible Lorentz 
violating terms constructed 
from SM & GR fields and 
background coefficients

Credit to Q. Bailey



The gravity sector of the minimal SME 
introduces 9 coefficients

• minimal SME = linearized gravity limit

• this modifies the equations of motion

non-minimal  
higher order terms

See Kostelecky,  PRD, 04 -  Bailey and Kostelecky, PRD, 06 - Kostelecky and Mewes, PLB, 16

gµ⌫ = ⌘µ⌫ + hµ⌫

LLV =
c3

32⇡G
hµ⌫ s̄↵�G↵µ⌫� + . . .

STF tensor: 9 Lorentz-
violating coefficients
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• Can be constrained by: LLR, pulsars, VLBI, atom interferometry, 
etc …

for a review of the tests of SME in gravity sector, see Hees et al, Universe, 2016

Bourgoin et al., 
PRL, 2016

Le Poncin-Lafitte at al.,  
PRD, 2016
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SME Post-fit analysis of experiments
Several papers on Lunar Laser 
Ranging, Gravity Probe B and binary 
pulsars :

Up to now : 
•  NO constraint on gravitational sector of 

SME 
•  but ONLY Upper Limit

But can we speak about Constraints ?
Battat et al. PRL 2007

Shao PRL 2014

Shao PRD 2014

Not really, we are speaking about post-
fit analysis. Exception : Battat et al. 
2007, but the dynamical modeling is 
far from reality and finally is not 
adequat. We are missing several key 
points : data time span analysis, 
correlation with others parameters, 
modeling & fit in GR and then another 
fit in the residuals…

JPL DE430 Moon rms  
Folkner et al. 2014

Over-estimation of SME coefficients !

Pre-Process data, dynamical 
modeling & fit in a complete 

SME framework 
In 3 words : Our Ultimate Goal !



Numerical evaluation of the TTF in SME

• Example: Doppler for 30 days of Cassini tracking between 
Jupiter and Saturn (“𝛾 experiment”)

see A. Hees, et al, CQG 29, 235027, 2012 ; Hees et al., CLS 2014

• Effect of the 𝛾 PPN and of Standard Model Extension sTY on 
Cassini Doppler
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• Numerical evaluation appropriate to evaluate effects due to 
alternative theories of gravitation

𝛾 -1 = 5 x 10-5

sTY = 10-5

for SME, see Q. Bailey and A. Kostelecky, PRD 74, 045001, 2006



Towards VLBI test of SME

observable :
time delay between the 

reception of signal at the 
radiotelescopes

Observations of quasars
1. Statically not moving
2. With 2 radiotelescopes, one are 
able to fix the Earth orientation 
with respect to quasars

Position kinematical 
position of the Earth in 

space



Modeling SME-VLBI delay & fit

Lambert & CLPL, 2009 and 2011 : determination of PPN 
Gamma at the level of 10-4,  

1 order of mag below Cassini but strong statistics & 
robustess

First, we derive the VLBI delay in SME from Bailey (2009) : 

with positions of stations and
and is the direction of the source.

• Modification of CALC with 
module USERPART. Test 
with post-fit analysis :  

  
• 2 & 8 Ghz for solar activity 

• 8 Ghz for SME analysis 

• Systematics on CONT08 
data but we kept them. 

CLPL, Hees & Lambert, PRD 2016 
arXiv:1604.01663



International Laser Ranging 
Service (ILRS)

POLAC	@	SYRTE/obs.	de	Paris	
Lead	:	S.	Bouquillon	

Official	ILRS	LLR	data	center

• 20721 normal points 08/1969 to 
12/2013 

• Prediction tool for LLR station 

• Validation of LLR observations  

• Analytical theory of Moon motion : ELP



SME and planetary motions
LLR + gravimetry 

• Main advantage: decorrelation of the SME parameters

• Use of perihelion precession

distributions are presented in Fig. 1. The corresponding
Bayesian confidence intervals are presented in Table II.
Another approach (based on the first run) to avoid highly

correlated coefficients is to find the independent linear
combinations of the SME coefficients that can be deter-
mined by planetary ephemerides analysis. This can be done
numerically by performing a normalized Cholesky decom-
position of the covariance matrix,

C ¼ KTD2K; ð13Þ

where C is the covariance matrix of the SME coefficients
estimated from our first run, K is an upper triangular matrix
whose diagonal elements are unity and D is a diagonal
matrix. Then the linear combinations b of the fundamental
SME coefficients (noted p) given by

b ¼ K−Tp; ð14Þ

with K−T the inverse of the transpose of K, can be
determined completely independently by the analysis of
planetary orbital dynamics. In our case, this Cholesky
decomposition (K−T) is given by

b1 ¼ ðs̄XX − s̄YYÞ; ð15aÞ

b2 ¼ −1.37b1 þ s̄Q; ð15bÞ

b3 ¼ −0.15b1 − 0.31s̄Q þ s̄XY; ð15cÞ

b4 ¼ 0.013b1 þ 0.064s̄Q − 0.48s̄XY þ s̄XZ; ð15dÞ

b5 ¼ 0.26b1 − 0.31s̄Q þ 0.81s̄XY − 1.67s̄XZ þ s̄YZ ð15eÞ

b6 ¼ −35.5b1 þ 9.35s̄Q − 22.67s̄XY − 33.95s̄XZ

þ 7.83s̄YZ þ S̄X⊙; ð15fÞ

b7 ¼ 1641.4b1 − 2101.1s̄Q þ 4939.9s̄XY − 8846.8s̄XZ

þ 4810.6s̄XZ − 0.89S̄X⊙ þ S̄Y⊙; ð15gÞ

b8 ¼ 44.5b1 þ 47.1s̄Q − 580.1s̄XY þ 1041.3s̄XZ

þ 231.5s̄YZ þ 3.43S̄X⊙ þ 2.56S̄Y⊙ þ S̄Z⊙; ð15hÞ

with the expression of S̄J⊙ given by Eq. (5). We can now use
the linear combinations bi as fundamental parameters for
our analysis. Performing a new MC run (using the same
prior and likelihood as previously), we show that these
combinations can be estimated without any correlation.
This can be seen in Fig. 2 where the 2D marginal posterior
pdf on the bi combinations are presented. More quantita-
tively, the computation of the correlation matrix shows that
the bi combinations are completely decorrelated by plan-
etary ephemerides analysis since the absolute values of the
correlation parameters never exceed 0.03. The 1D posterior
pdf of the bi combinations are also represented in Fig. 2.
The estimated mean and standard deviation are given in
Table IV. The obtained uncertainties are much smaller than
those given in Table II.
We want to emphasize the fact that the results from both

approaches presented above are completely equivalent.
They are two ways to represent the same results. One is
free to choose which approach is more appropriate: to work
with the fundamental SME coefficients determined by
Table II at the price of including the covariance matrix

TABLE II. Estimations of the SME coefficients. These esti-
mations are still correlated and the correlation matrix is given in
Table III. The uncertainties correspond to the 68% Bayesian
confidence levels of the marginal pdf.

SME coefficients Estimation

s̄XX − s̄YY ð−0.8% 2.0Þ × 10−10

s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ ð−0.8% 2.7Þ × 10−10

s̄XY ð−0.3% 1.1Þ × 10−10

s̄XZ ð−1.0% 3.5Þ × 10−11

s̄YZ ð5.5% 5.2Þ × 10−12

S̄TX⊙ ð−2.9% 8.3Þ × 10−9

S̄TY⊙ ð0.3% 1.4Þ × 10−8

S̄TZ⊙ ð−0.2% 5.0Þ × 10−8

FIG. 2 (color online). 2D marginal posterior pdf (useful to
assess the correlations) of the linear combinations bi of the SME
coefficients given by Eq. (15). On the 2D plots, the blue dotted
contours represent the 67% Bayesian confidence area, the red
continuous contour represent the 95% Bayesian confidence area
and the dashed green contours represent the 99.7% Bayesian
confidence area. The 1D histograms represent the marginal pdf of
the SME linear combinations bi.
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Planetary ephemerides are a very powerful tool to constrain deviations from the theory of general
relativity (GR) using orbital dynamics. The effective field theory framework called the Standard-Model
Extension (SME) has been developed in order to systematically parametrize hypothetical violations of
Lorentz symmetry (in the Standard Model and in the gravitational sector). In this communication, we use
the latest determinations of the supplementary advances of the perihelia and of the nodes obtained by
planetary ephemerides analysis to constrain SME coefficients from the pure gravity sector and also from
gravity-matter couplings. Our results do not show any deviation from GR and they improve current
constraints. Moreover, combinations with existing constraints from Lunar Laser Ranging and from atom
interferometry gravimetry allow us to disentangle contributions from the pure gravity sector from the
gravity-matter couplings.
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I. INTRODUCTION

The Solar System has proven to be an efficient laboratory
to discover new phenomena from gravitational observa-
tions. Historically, one can mention the discovery of “dark”
components [such as the planet Neptune predicted by Le
Verrier] or evidence towards non-Newtonian gravity the-
ories [for example the perihelion advance of Mercury
which pointed towards general relativity (GR)]. The
Solar System remains the most precise laboratory to test
the theory of gravity, that is to say GR.
Constraints on deviations fromGRcan only be obtained in

an extended theoretical framework that parametrizes such
deviations. The constraints that are obtained from observa-
tions are framework dependent. In the past decades, two
frameworks were widely used in the literature at the scale of
the Solar System, namely the parametrized post-Newtonian
(PPN) formalism [1] and the fifth force framework [2].
Stringent constraints have been obtained for these formal-
isms [1,3–8]. More recently, other phenomenological frame-
works have been developed like the Standard-Model
Extension (SME). The SME is an extensive formalism that
allows a systematic description of Lorentz symmetry viola-
tions in all sectors of physics, including gravity [9–11].
Violations of Lorentz symmetry are possible in a number of

scenarios described in the literature. While some early
motivation came from string theory [12], Lorentz violations
can also appear in loop quantum gravity, noncommutative
field theory and others [13,14]. The SME is an effective field
theory aiming at making phenomenological connections
between fundamental theories and experiments.
In particular, a hypothetical Lorentz violation in the

gravitational sector naturally leads to an expansion at the
level of the action [11,15] which in the minimal SMEwrites

Sgrav ¼
Z

d4x
ffiffiffiffiffiffi−gp

16πG
ðR − uRþ sμνRT

μν þ tαβμνCαβμνÞ

þ S0½sμν; tαβμν; gμν&; ð1Þ

with G the gravitational constant, g the determinant of the
metric, R the Ricci scalar, RT

μν the trace-free Ricci tensor,
Cαβμν the Weyl tensor and u, sμν and tαβμν the Lorentz
violating fields. To avoid conflicts with the underlying
Riemann geometry, we assume spontaneous symmetry
breaking so that the Lorentz violating coefficients need
to be considered as dynamical fields. The last part of the
action S0 contains the dynamical terms governing the
evolution of the SME coefficients. In the linearized gravity
limit, the metric depends only on ū and s̄μν which are the
vacuum expectation value of u and sμν [15]. The coefficient
ū is unobservable since it can be absorbed in a rescaling of
the gravitational constant. The so obtained post-Newtonian*a.hees@ru.ac.za
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estimations obtained by INPOP10a [33] on supplementary
longitude of nodes _Ω and on supplementary argument of
perihelia1 _ω.
Since s̄TT and ðāweffÞT do not play any role in the orbital

dynamics and s̄μν is trace free, the observations depend on
eight independent fundamental coefficients: s̄XX − s̄YY ,
s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ, s̄XY , s̄XZ, s̄YZ and S̄TJ⊙ (these
coefficients will be denoted as pi in the following). In
this communication, we perform a Bayesian inversion to
infer knowledge on these eight independent coefficients
using a Monte Carlo Markov chain (MCMC) algorithm.
The approach is very similar to the one used for binary
pulsar data [25]. The observations are assumed to be
independent and the errors to be normally distributed.
The pdf describing the likelihood (i.e. the probability to
obtain observations Oi given certain values of the SME
coefficients pk) is given by

LðOijp1; p2;…pnÞ ¼ cste−χ
2=2 ð9Þ

where the χ2 is computed by

χ2 ¼
X

pl

ð _ωpl;SMEðpkÞ − _ωpl;INPOPÞ2

σ2_ωpl

þ
ð _Ωpl;SMEðpkÞ − _Ωpl;INPOPÞ2

σ2_Ωpl

; ð10Þ

where the index pl of the sum is running over the six
different planets from Table I, _Ωpl;INPOP, _ωpl;INPOP and the
corresponding σ are from Table I and where _ωpl;SMEðpkÞ
and _Ωpl;SMEðpkÞ are simulated values depending on the
SME coefficients by (7). The posterior pdf of the SME
coefficients is given by

Pðp1;p2;…pnjOiÞ¼ CLðOijp1;…pnÞπðp1;…pnÞ; ð11Þ

where πðp1;…pnÞ ¼ πðp1Þ…πðpnÞ is the prior pdf on the
SME coefficients pk and C a constant. We use a uniform
prior pdf on the SME coefficients and the MCMC algo-
rithm used is a standard Metropolis-Hasting algorithm [45].
We run the Metropolis-Hastings sampler until 106 samples
have been generated. The convergence of the MC is
ascertained by monitoring the estimated Bayesian confi-
dence intervals of the parameters. Finally, to diminish the
effect of the starting configuration, we discard the first 1000
samples.
The marginal pdf of a single SME coefficient pj is

given by

PðpjjOiÞ ¼
Z

dp1

Z
dp2…Pðp1;…; pnjOiÞ; ð12Þ

where the integrals are performed over all the SME
coefficients pk except pj.
A first run shows that the coefficients of our model are

highly correlated, see Fig. 1. We have used the correlation
matrix estimator to assess the strength of the parameters
correlations, see Table III. These correlations are mainly
due to the fact that all planets have very similar, low
inclination, orbital planes. Nevertheless, we can produce
marginal 1D posterior distribution for each of the eight
SME coefficients. The histograms corresponding to these

FIG. 1 (color online). 2D marginal posterior pdf (useful to
assess the correlations). On the 2D plots, the blue dotted contours
represent the 67% Bayesian confidence area, the red continuous
contour represent the 95% Bayesian confidence area and the
dashed green contours represent the 99.7% Bayesian confidence
area. The histograms represent the marginal pdf of the SME
coefficients.

TABLE I. Values of supplementary longitude of nodes and
argument of perihelia estimated by INPOP10a (see Table 5 from
[33]). These values are estimated in [33] as the interval in which
the differences of postfit residuals are below 5%.

Planet _Ω (mas × cy−1) _ω (mas × cy−1)

Mercury 1.4% 1.8 0.4% 0.6
Venus 0.2% 1.5 0.2% 1.5
EMB 0.0% 0.9 −0.2% 0.9
Mars −0.05% 0.13 −0.04% 0.15
Jupiter −40% 42 −41% 42
Saturn −0.1% 0.4 0.15% 0.65

1In [33], _ω is noted _ϖ which is commonly used for the
longitude of the perihelion but the estimated values correspond to
supplementary argument of perihelia and not to longitude of
perihelia (usually noted by ϖ) [44].
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• 7 linear combinations determined

(or equivalently the correlation matrix from Table III) in the
analysis or to work with uncorrelated linear combinations
of the SME coefficients that are determined by Table IV.
The results provided by both approaches describe the same
physical information. Therefore, they are completely
equivalent.

IV. COMBINATION WITH LUNAR LASER
RANGING AND ATOM INTERFEROMETRY

GRAVIMETRY

It is interesting to combine the results obtained in the last
section with constraints available in the literature. In
particular, Lunar Laser Ranging (LLR) data have been
used to constrain the pure gravity sector of SME [19].
Similarly, atomic gravimetry data have also been used to
constrain the s̄μν coefficients [20,21]. We will first combine
our results from Sec. III with LLR results to produce
constraints on the SME pure gravity sector alone. This will
highlight the improvement brought by the planetary eph-
emerides data. In a second step, we will consider both the
pure gravity sector and the gravity-matter couplings coef-
ficients. We will demonstrate that the combination of
planetary ephemerides data, LLR data and atom interfer-
ometry gravimetry data allows one to completely disen-
tangle all the SME coefficients s̄μν and ðāweffÞJ.

The procedure to combine different types of analysis is
standard and consists of performing a global least squares
fit of all the estimations available. Obviously, the planetary
estimations given by Table II are not independent. To take
into account the correlation between the coefficients
estimated in Sec. III, we use the parameter covariance
matrix from Table III as a weight in the least squares fit.
Similarly, the coefficients estimated in the LLR analysis are
weighted by their standard deviation in the least squares fit.
Since no covariance matrix can be found in the literature,
we assume these estimations to be independent (this
corresponds to a worst case scenario). Instead of working
with results given in Table II that are correlated, we can
equivalently use the linear combinations given by Eq. (15)
and we then use the estimated standard deviations from
Table IV to weight the least squares fit. In that approach, the
weight matrix in the fit is diagonal. We insist on the fact that
both approaches lead to the same results. In the following
we provide the mean and the standard deviation of the SME
coefficients as given from the least square fit.

A. Pure gravity sector

First, let us focus on the pure gravity sector alone and
neglect the ðāweffÞJ coefficients. It has been shown in [15]
that the main oscillations in the radial distance between the
Earth and the Moon due to the s̄μν coefficients depend on
six linear combinations: s̄11 − s̄22, s̄12, s̄01, s̄02, s̄Ω⊕c and
s̄Ω⊕s. They can be expressed in terms of the standard SME
coefficients expressed in an Earth equatorial frame and in
terms of the longitude of the ascending node α and of the
inclination β of the Moon’s orbit with respect to the
equator. These combinations are given by Eqs. (107) and
(108) from [15]. The longitude of the ascending node α
with respect to the equator oscillates around 0. This
oscillation is due to the secular advance of the longitude
of the ascending node with respect to the ecliptic. Similarly,
the inclination of the Moon’s orbit with respect to the
equator oscillates around β ¼ 23.44°. As a consequence,
the transformation of the LLR linear combinations to the
standard SME coefficients is given by

s̄ALLR ¼ s̄11 − s̄22 ¼ 0.92ðs̄XX − s̄YYÞ
þ 0.08ðs̄XX þ s̄YY − 2s̄ZZÞ − 0.73s̄YZ; ð16aÞ

s̄BLLR ¼ s̄12 ¼ 0.92s̄XY þ 0.40s̄XZ; ð16bÞ

s̄CLLR ¼ s̄02 ¼ 0.92s̄TY þ 0.40s̄TZ; ð16cÞ

s̄DLLR ¼ s̄01 ¼ s̄TX; ð16dÞ

s̄ELLR ¼ s̄Ω⊕c ¼ −3.21s̄TY − 1.39s̄TZ; ð16eÞ

s̄FLLR ¼ s̄Ω⊕s ¼ −3.50s̄TX: ð16fÞ

TABLE III. Estimations of the correlations coefficients be-
tween the different SME coefficients: s̄XX − s̄YY , s̄Q, s̄XY , s̄XZ,
s̄YZ, S̄TX⊙ , S̄TY⊙ and S̄TZ⊙ .

1
0.99 1
0.99 0.99 1
0.98 0.98 0.99 1

−0.32 −0.24 −0.26 −0.26 1
0.99 0.98 0.98 0.98 −0.32 1
0.62 0.67 0.62 0.59 0.36 0.60 1

−0.83 −0.86 −0.83 −0.81 −0.14 −0.82 −0.95 1

TABLE IV. Estimations of the independent linear combinations
bi of the SME coefficients. The expressions of the combinations
bi are given by Eq. (15). The uncertainties correspond to the 68%
Bayesian confidence levels of the marginal pdf.

SME linear combinations Estimation

b1 ð−0.8% 2.0Þ × 10−10

b2 ð2.3% 2.3Þ × 10−11

b3 ð3.0% 9.7Þ × 10−12

b4 ð0.2% 1.1Þ × 10−12

b5 ð−0.3% 2.4Þ × 10−13

b6 ð0.2% 1.1Þ × 10−9

b7 ð−0.6% 2.3Þ × 10−9

b8 ð0.3% 1.7Þ × 10−9
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• Use of Lunar Laser Ranging and gravimetry

s̄BAI¼ s̄YZ−1.12×10−5s̄TX

þ5.43×10−6αðāeþp
eff ÞXþ5.96×10−6αðāneffÞX; ð23bÞ

with ðāeþp
eff ÞJ given by Eq. (6).

Therefore, the experiment from [20,21] is sensitive to the
last two combinations and not to s̄XZ and s̄YZ alone. The
results from [21] are presented in Table VII.
In our final analysis, we combine the three analysis with

both the s̄μν and ðāweffÞJ coefficients: (i) planetary eph-
emerides analysis given by Table II with the correlation
matrix from Table III [or equivalently the results from
Table II on the linear combinations given by Eqs. (15)],
(ii) LLR data analysis from [19] summarized in Table V
with linear combinations given by Eqs. (16a), (16b), and
(20) and (iii) atom interferometry gravimetry analysis from
[20,21] presented in Table VII with the linear combinations
given by Eq. (23). The (marginalized) results of this fit are
presented in Table VIII.
The resulting estimations do not show any significant

deviations from GR. The combinations of the three data
analyses allow one to estimate each of the coefficients

individually. The spatial part of s̄JK is completely deter-
mined by the combination of planetary ephemerides and
LLR data. The atom interferometry gravimetry is not
accurate enough to provide any significative improvement
on the uncertainty of these coefficients. With an improve-
ment of 2 orders of magnitude, the atom gravimetry data
would become significative to estimate the s̄JK coefficients.
On the other hand, the three data sets are required in order
to decorrelate the s̄TJ and the ðāweffÞJ coefficients. The
uncertainties on s̄TJ are much larger than those shown in
Table VI where the coefficients ðāweffÞJ have been neglected.
This reflects the fact that the individual coefficients are still
highly correlated.

V. DISCUSSION

First of all, the accuracy of the constraints on the SME
coefficients obtained in Table II (planetary orbital dynamics
alone) are of the same order of magnitude as the binary
pulsars [25] constraints on the SME coefficients with an
improvement of 1 order of magnitude on the coefficients
s̄YZ. Nevertheless, it is known that nonperturbative effects
(similar to those computed in [49]) may arise in binary
pulsar systems. The nonperturbative effects depend highly
on the fundamental theory (for example, see [50] for
nonpertubative calculations in Einstein-Aether theory or
in Hořava gravity). In general, the results from [25] are
effective constraints on the strong field version of the s̄μν

that may include nonperturbative strong field effects and
one should be careful when comparing strong field
tests and weak field tests as the one performed in
Sec. III. The results shown in Table IV improve the current
Solar System constraints [32] by 1 to 3 orders of magni-
tude. Furthermore, the analysis combining planetary orbital
dynamics and LLR from Table VI improves by 2 to 3 orders
of magnitude the previous results that combined LLR and
atom interferometry. This shows the high impact provided
by planetary ephemerides analysis.
As mentioned in Sec. III, our results show that the

estimated SME coefficients are highly correlated. The
correlations are due to the similarity of the orbital planes
of all the planets. Therefore, one way to improve the results
by reducing the correlations is to use bodies with different
orbital planes like e.g. asteroids. This can be achieved for
example with Gaia observations similar to what is proposed
in [51].
The constraints obtained in Sec. III are mainly due to the

internal planets. For instance, Jupiter has absolutely no
influence on the results shown in Table II. This is a
consequence of its not so well-known orbit. An improve-
ment by a factor 10 on the knowledge of Jupiter’s orbit is
required for that planet to play a significant role in this
analysis. Therefore, the improvement of Jupiter’s trajectory
expected from the analysis of Juno’s radioscience and very
long baseline interferometry data [52] may improve the

TABLE VII. Estimations of the SME coefficients derived from
atom interferometry gravimetry by [20,21].

SME linear combination Estimation

s̄XX − s̄YY ð4.4% 11Þ × 10−9

s̄XY ð0.2% 3.9Þ × 10−9

s̄AAI ð−2.6% 4.4Þ × 10−9

s̄BAI ð−0.3% 4.5Þ × 10−9

s̄TX ð−3.1% 5.1Þ × 10−5

s̄TY ð0.1% 5.4Þ × 10−5

s̄TZ ð1.4% 6.6Þ × 10−5

TABLE VIII. Estimated mean and 1σ uncertainty of the SME
coefficients obtained with a fit combining results from Sec. III,
LLR data analysis from [19] and atom interferometry gravimetry
experiment [20,21].

SME coefficients Estimation

s̄XX − s̄YY ð9.6% 5.6Þ × 10−11

s̄Q ¼ s̄XX þ s̄YY − 2s̄ZZ ð1.6% 0.78Þ × 10−10

s̄XY ð6.5% 3.2Þ × 10−11

s̄XZ ð2.0% 1.0Þ × 10−11

s̄YZ ð4.1% 5.0Þ × 10−12

s̄TX ð−7.4% 8.7Þ × 10−6

s̄TY ð−0.8% 2.5Þ × 10−5

s̄TZ ð0.8% 5.8Þ × 10−5

αðāeeffÞX þ αðāpeffÞX ð−7.6% 9.0Þ × 10−6 GeV=c2

αðāeeffÞY þ αðāpeffÞY ð−6.2% 9.5Þ × 10−5 GeV=c2

αðāeeffÞZ þ αðāpeffÞZ ð1.3% 2.2Þ × 10−4 GeV=c2

αðāneffÞX ð−5.4% 6.3Þ × 10−6 GeV=c2

αðāneffÞY ð4.8% 8.2Þ × 10−4 GeV=c2

αðāneffÞZ ð−1.1% 1.9Þ × 10−3 GeV=c2
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Fitted in residuals.
Different experiments = different linear combination
All together = find constraint on single coefficient…



Gaia is very powerful to constrain SME
• Main advantage: decorrelation of the 9 SME parameters because 

of the variety of orbital parameters (not feasible with planets)

1 order of magnitude 
improvement wrt current 

constraints

Tables

A. Hees

Bla

Table 1: Bla
SME Parameter 1� - 5yr 1� - 10yr

s̄XX � s̄Y Y 3.7⇥ 10�12 6.5⇥ 10�12

s̄XX + s̄Y Y � s̄ZZ 6.4⇥ 10�12 2.1⇥ 10�12

s̄XY 1.6⇥ 10�12 7.0⇥ 10�13

s̄XZ 9.2⇥ 10�13 3.7⇥ 10�13

s̄Y Z 1.7⇥ 10�12 5.8⇥ 10�13

s̄TX 5.6⇥ 10�9 1.1⇥ 10�9

s̄TY 8.8⇥ 10�9 2.0⇥ 10�9

s̄TZ 1.6⇥ 10�8 4.0⇥ 10�9

s̄XX � s̄Y Y s̄XX + s̄Y Y � s̄ZZ s̄XY s̄XZ s̄Y Z s̄TX s̄TY s̄TZ

s̄XX � s̄Y Y 1
s̄XX + s̄Y Y � s̄ZZ 0.28 1

s̄XY -0.06 -0.01 1
s̄XZ -0.17 -0.06 0.46 1
s̄Y Z -0.16 0.71 0.01 0.01 1
s̄TX 10�3 -0.01 -0.01 10�3 -0.01 1
s̄TY 0.03 0.09 0.01 -0.01 0.02 -0.16 1
s̄TZ -0.02 -0.1 -0.01 0.01 -0.02 0.13 -0.67 1

J2 �
GAIA [5yr] �J2 ⇠ 5⇥ 10�8 �� ⇠ 4⇥ 10�4

GAIA [10yr] �J2 ⇠ 1.5⇥ 10�8 �� ⇠ 10�4

INPOP (2.22± 0.13)⇥ 10�7 (0.0± 6.9)⇥ 10�5

1

see Hees et al, Universe, 2016

Extremely promising results !

• To be extended to take into account violations of the Einstein 
Equivalence Principle (gravity-matter Lorentz violating terms)



LLR and SME
14401 normal points spanning over 09/1969 to 
12/2003. 

Post-fit LLR analysis: 
• Looked for analytical signals derived in 

Bailey et. al., 2006.  
• Planetary Ephemeris Program (PEP) 

developed at MIT to re-iterate => cross-
correlation possible 

Provide 6 SME coefficient estimates 
combinations at the level 10−6 and 10−11. 
Realistic error σr = Fσ with F = 20, from PPN 
analysis.  

α	=	cste	and	β	=	cste.	From	observation	T	=	2π/α		̇=	2π/β		̇=	18,	6	y.		
Analytic solution only accounting for short periodic terms. Only 
available for few years time-span.  

Least-square fit, estimating only SME coefficients. No correlations 
taken into account with others global parameters, only cross-
correlation.  

SME oscillating signatures at the same frequencies than natural 
frequencies :  

Lunar potential 
2d degree !

State of the art



ELPN, SME lunar ephemeride
Dynamical modeling from scratch : 

• Integrate the motion of Solar System bodies  
• Newtonian point-mass interactions.  
• Figure potential of bodies :  

• Orientation of bodies,  
• J2 of the Sun, 
• J2, J3, J4 and J5 of the Earth,  
• Degree 2, 3, 4 and 5 of the Moon.  

• Tidal and spin effects : 
• Dissipation inside anelastic bodies,  
• Time-lag of degree 2 with RK4.  

• Relativistic point-mass interactions :  
• Solar system barycentre, 
• Integrate the time scale correction (in pure GR). 
• SME correction for Earth-Moon system only 

• Lunar librations :  
• Momentums due to punctual (5th degree) and 

extended  
     (2th degree) bodies,  
• Geodetic precession effect, 
• Fluid lunar core, 
• Friction between solid mantle and fluid core.  

• Integrate partials at the same time than forces and 
momentums.  

Pre-processing of LLR normal points :  
Update of the CAROLL software 
• Tchebychev polynomials of the solution 

and partials. 
• LLR analysis in SME framework by chi-

square fitting 

ODEX,		Everheart	
quadruple precision = 10-34 

6 CPU days of a solution !

Euler 
angles

ODE system of 6000 equations



ELPN vs JPL-DE430

We	 compute	 difference	 pre	
(black	 curve)	 and	 post-fit	 (red	
curve)	between	DE430	and	ELPN	
over	the	orbit	of	the	Moon.		



Our SME analysis
SME parameters considered :

and
Enforce	the	traceless	condition

see Bourgoin et al., PRL, 2016
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Our SME analysis
SME parameters considered :

and
Enforce	the	traceless	condition

Study	of	systematics,	i.e.	split	data	set	!	

Variation	of	SME	sigma	with	data-set		
Sigma	over-estimated.	
Need	to	find	a	realistic	
scale	factor	F	(not	from	
PPN	!)

see Bourgoin et al., PRL, 2016
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Sigma	over-estimated.	
Need	to	find	a	realistic	
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Our SME analysis
SME parameters considered :

and
Enforce	the	traceless	condition

Study	of	systematics,	i.e.	split	data	set	!	

Variation	of	SME	sigma	with	data-set		
Sigma	over-estimated.	
Need	to	find	a	realistic	
scale	factor	F	(not	from	
PPN	!)

Jackknife resampling method allows to estimate systematics  
uncertainties :

We	improve	:	
• by	a	factor	30	to	800	results	from	Battat	et	al.	2007	(	different	combinaison)	
• by	a	factor	5	post-fit	analysis	of	1	coefficient	from	binary	pulsars

see Bourgoin et al., PRL, 2016



LLR & GRAIL
Launched : 09 / 2011 
Science :  03-05 /2012 

Improved knowledge of Moon’s 
gravity field by a factor 100. 

Our idea : 
Combine LLR & GRAIL data 
together. 

Why ? 
Traceless condition is slighty 
correlated with effects from 
lunar potent ia l (a t same 
frequency) 

Project ongoing @ SYRTE 
(CLPL, Bourgoin) + UNI Bern 
(Bertone)



What’s next ?

Wetzell Geodetic Obs., Germany

LAGEOS 
1976 – today ! 

But a lot of probes are 
tracked every day…

Modification of CNES/GINS software (similar to OD-ODP, Orbit14 & 
GeoDyn) to be able to perform orbit determination of probe in SME 
framework : 

• apply to LAGEOS, LARES. 
• Consider also the case of interplanetary probe as Cassini, 

JUNO or JUICE

ILRS	network

Satellite Laser Ranging (SLR)



Les tests en champ fort: 
expérience GRAVITY

GRAVITY – interféromètre à 4 télescopes géants !
(General Relativity viA Vlt InterferomeTrY) "

Fig. 7.—Projection on the sky (left) and in time/radial velocity (right) of the six S stars included in the fitting (see also Schödel et al. 2003). The measured radial
velocity of S2 for epoch 2002 is taken fromGhez et al. (2003). The various color curves are the result of the best global fit to the spatial and radial velocity data of S1, S2,
S8, S12, S13, and S14. The orbital parameters are listed in Table 2.

TABLE 2

Orbital Parameters of S Stars from Global Fit

Value

Parametera S1 S2 S8 S12 S13 S14

a (arcsec)............. 0.412 ! 0.024 0.1226 ! 0.0025 0.329 ! 0.018 0.286 ! 0.012 0.219 ! 0.058 0.225 ! 0.022

e........................... 0.358 ! 0.036 0.8760 ! 0.0072 0.927 ! 0.019 0.9020 ! 0.0047 0.395 ! 0.032 0.9389 ! 0.0078

P (yr) .................. 94.1 ! 9.0 15.24 ! 0.36 67.2 ! 5.5 54.4 ! 3.5 36 ! 15 38.0 ! 5.7

t0 .......................... 2002.6 ! 0.6 2002.315 ! 0.012 1987.71 ! 0.81 1995.628 ! 0.016 2006.1 ! 1.4 2000.156 ! 0.052

i (deg).................. 120.5 ! 1.0 131.9 ! 1.3 60.6 ! 5.3 32.8 ! 1.6 11 ! 35 97.3 ! 2.2

! (deg) ................ 341.5 ! 0.9 221.9 ! 1.3 141.4 ! 1.9 233.3 ! 4.6 100 ! 198 228.5 ! 1.7

! (deg) ................ 129.8 ! 4.7 62.6 ! 1.4 159.2 ! 1.8 311.8 ! 3.6 250 ! 161 344.7 ! 2.2

PLTPb (yr) .......... 1.74E9 ! 0.60E9 6.3E6 ! 2.2E6 5.7E7 ! 2.1E7 5.8E7 ! 2.0E7 2.48E8 ! 0.86E8 1.42E7 ! 0.51E6

Notes.—Global fit parameters for R0 ¼ 8:0 kpc. Errors are 1 ! and include an uncertainty of !0.32 kpc in the distance to the Galactic center (x 3.3). Offset center
of mass from nominal Sgr A# position is R:A: ¼ 0B0018 ! 0B0012, decl: ¼ $0B0051 ! 0B0012. (By ‘‘nominal Sgr A# position,’’ we mean the radio position of
Sgr A# in our infrared coordinate system [Schödel et al. 2003; Eisenhauer et al. 2003a]. The 1 ! errors from the orbit fit do not include the !10 mas absolute
uncertainty between the infrared and radio astrometric frames [Reid et al. 2003].) Central mass M0 ¼ (4:06 ! 0:38) ; 106 M%. Overall "

2 is 295 for 224 degrees of
freedom, or a reduced "2 of 1.3.

a Definition of orbital elements according to Aller et al. (1982): a = semimajor axis; P = orbital period (period of revolution); e = numerical eccentricity; t0 =
epoch of periastron passage (corresponds to minimum distance from central black hole); ! = position angle of ascending node for equinox 2000 (the nodes are the
points of intersection of the relative orbit with the plane tangential to the celestial sphere at the position of the central black hole; the star recedes from us at the
ascending node); i = inclination of the ascending node = angle between the orbital plane and the plane tangential to the celestial sphere (for direct [counterclockwise]
apparent motion of the star, it is given between 0& and 90&, for retrograde motion between 90& and 180&; this angle is measured at the ascending node, from the
direction of increasing position angle [in the apparent plane] to the direction of the motion [in the true orbital plane]); ! = longitude of periastron = the angle between
the radius vector of the ascending node and that of the periastron in the true orbit, counted form the node in the direction of the orbital motion.

b From eq. (5) of Levin & Beloborodov (2003), with spin parameter a ¼ 0:52 ! 0:15 (Genzel et al. 2003a).

Eisenhauer et al. 2005

Mesure d’interférométrie
longueur d’onde infrarouge
Utilisation de l’optique adaptative

observations de Sgr A en X du satellite Chandra

On observera 
Sagitarus A (près du 

centre galactique) près 
du trou noir central.



Mais alors... Einstein a toujours raison aujourd'hui?



Deux petits exemples d'anomalies  
qui font (ou "ont fait") jaser

Mais alors... Einstein a toujours raison aujourd'hui?



L'anomalie Pioneer

Révélée par le JPL en 2002

Les théoriciens se sont amusés à 
imaginer les théories les plus 
exotiques possible : des centaines 
de publications !

Officieusement a sombré corps et 
biens depuis quelques semaines.

A ce jour, on attend encore la 
publication de la part du JPL...

Ces sondes ne sortaient pas 
suffisamment vite du système 
solaire. 

Une longue analyse a eu lieu 
pour déceler l'effet thermique 
manquant



Un neutrino fou pris en excès de vitesse : -3 points

Sept. 2011, pour 60 ns de trop, un neutrino dépasse la limitation de 
vitesse. Le gendarme en charge de l'affaire : la collaboration OPERA.

Centre de "traitement des 
amendes" de Gran Sasso.

Mars 2012 : une collaboration concurrente, ICARUS, démontre que le résultat n'est pas fiable.

Le parquet a décidé de classer l'affaire sans suite...

cause probable de l'erreur: un câble défectueux du récepteur GPS du "radar"

Labo. d'OPERA à Gran Sasso



Conclusions
• At moment, GR is tested via PPN formalism and fifth force

• Existing VLBI, LLR, SLR and probe navigation data are existing, growing 
with time and with better accuracy

• New space missions are ongoing (Gaia, JUNO, Aces, JUICE) with 
unprecedented accuracy

• Since 5 years, people try to extend gravitational tests to more 
alternative theories

• SME, since it happens even at Newtonian Level, is a good first candidate

• But… we fit in the residuals.

• New generation of SME patch for real data analysis code is ongoing for 
Gaia and VLBI. Soon for LLR and in the future SLR.

• The resulting methodology will be next applied to other theories and 
objects (binary pulsars)


