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Frustrated Antiferromagnets
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Frustration can arise due to the geometry of the lattice (stacked 
triangular antiferromagnets) or due to competition between near-
neighbor and farther-neighbor interactions (helimagnets). 
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Frustrated Antiferromagnets

?

In the Ising case (     symmetry), frustration leads to nontrivial 
degeneracy of the ground (ordered) state.
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When the spin has continuous symmetry (e.g. O(2)), then we 
get noncollinear (canted) spin configurations with nontrivial 
ground-state degeneracy: 
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Helimagnets
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Critical Phenomena in Frustrated Antiferromagnets

Frustration leads to physics in magnetic systems that is 
different from the more well-known cases with no frustration.

Our interest is in the different universality classes that can be 
encountered in frustrated systems.
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)LJXUH �� 7KH DEVWUDFW VSDFH RI DOO SRVVLEOH PDWHULDOV DW
JHQHULF KLJK WHPSHUDWXUHV LV UHSUHVHQWHG E\ WKH JUD\ UHFW�
DQJOH� 'LIIHUHQW PDWHULDOV �SRLQWV !, ",# RQ WKDW VSDFH�
IORZ WR WKH VDPH IL[HG SRLQW DW WKHLU FULWLFDO WHPSHUDWXUH�
QDPHO\ )3�� EXW PDWHULDO $ IORZV WR D GLIIHUHQW RQH� QDPHO\
)3�� 7KH GDVKHG OLQH UHSUHVHQWV WKH EDVLQV RI DWWUDFWLRQ RI
)3� DQG )3�� 7KH SUHVHQFH RI )3� PD\ KDYH EHHQ PLVVHG
E\ ROGHU FRPSXWDWLRQDO PHWKRGV� ZKLFK ZRXOG WKXV HUUR�
QHRXVO\ SUHGLFW WKDW PDWHULDO $ VKRXOG DOVR IORZ WR )3��

,Q :LOVRQ¶V 5* WKHRU\� WKH EDVLF LGHD LV WR
VHH ZKDW KDSSHQV DV RQH LJQRUHV WKH KLJK HQ�
HUJ\ SK\VLFV WKDW GRHV QRW PDWWHU DV RQH JHWV
FORVHU DQG FORVHU WR WKH SKDVH WUDQVLWLRQ� &RQ�
VHTXHQWO\� WKHRULHV� PDWHULDOV� DQG SKHQRPHQD
ZLWK PDQ\ GLIIHUHQW VWDUWLQJ SRLQWV DUH DOO H[�
SHFWHG WR ³IORZ´ WR WKH VDPH ³IL[HG SRLQW´�
ZKLFK GHVFULEHV WKH FULWLFDO H[SRQHQWV DQG LV
WKXV WKH VDPH IRU PXOWLSOH GLIIHUHQW WKHRULHV�
$ SRVVLEOH UHVROXWLRQ WR VRPH RI WKH SUREOHPV
WKDW UHPDLQ LQ WKH OLWHUDWXUH LV WKDW WKH 5*
�DQG 0& PHWKRGV� KDYH IRXQG WKH ZURQJ IL[HG
SRLQWV WR GHVFULEH YDULRXV H[SHULPHQWV²VHH
)LJXUH ��
,Q WKH ODVW GHFDGH D QHZ WHFKQLTXH� FDOOHG WKH
FRQIRUPDO ERRWVWUDS� KDV EHHQ GHYHORSHG E\
WKH KLJK HQHUJ\ SK\VLFV FRPPXQLW\ ZRUNLQJ RQ
FRQIRUPDO ILHOG WKHRULHV �&)7V� WR LQYHVWLJDWH

5RQQLQJ� )LOLS �

(Kawamura, 1979–1988)
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Order Parameter in Frustrated Antiferromagnets
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one of the most famous systems exhibiting the changes
of critical behavior previously described: it is the system
consisting of XY or Heisenberg spins on the triangular
lattice (stacked triangular in d = 3) with antiferromag-
netic nearest neighbor interaction (Section II). This sys-
tem is the archetype of frustrated spin systems and is
supposed to be in the same universality class as another
set of frustrated magnets: the helimagnets. Almost all
these systems have been intensively studied both numeri-
cally and experimentally these last twenty five years (see
Section III). However, their behavior remains unclear
and displays quite unconventional features. For instance,
almost all experiments exhibit scaling laws around the
transition temperature — which suggests a second order
phase transition — but with critical exponents that de-
pend on the particular material studied, on microscopic
details, etc, which is incompatible with the standard phe-
nomenology of a second order phase transition. In some
experiments or numerical simulations, the scaling laws
are sometimes significantly violated while the anomalous
dimension η is found negative, a fact forbidden by first
principles if the theory is φ4 GLW-like (see the follow-
ing). The theoretical situation in these systems is also
not clear from the perturbative point of view (Sections
IV and V): first, independently of the experimental con-
text, the results obtained within the usual perturbative
approaches — in dimensions d = 2 + ε and d = 4 − ε —
conflict. Second, neither the low-temperature expansion
around d = 2 nor high-order weak-coupling calculations
performed around d = 4 or directly in d = 3 succeed in
reproducing satisfactorily the phenomenology. We show,
in this article, that the NPRG approach (Section VI) to
frustrated systems (Section VII) clarifies almost entirely
the situation. First, it allows to smoothly interpolate
between d = 2 and d = 4 and to clarify the mismatch
between these approaches. In particular, a mechanism of
annihilation of fixed points, already identified for a long
time around 4 − ε dimensions for N ∼ 21.8 is shown to
operate around two dimensions for N ∼ 3 nonpertuba-
tively with respect to the low-temperature approach of
the NLσ model [62, 63]. This explains the irrelevance
in d = 3 of the O(4) fixed point obtained within a low-
temperature approach in d = 2+ε. Second, our approach
provides a description of the physics in d = 3, in terms
of weakly first order behaviors, compatible with the phe-
nomenology (Sections VIII and IX). In this respect, an
important feature of our work is that it explains the oc-
curence of scaling in frustrated magnets without fixed or
pseudo-fixed [64, 65, 66] point. This phenomenon relies
on a slowing-down of the RG flow in a whole region in
coupling constants space. This allows to explain one of
the most puzzling aspect of the critical physics of these
systems, i.e. the occurence of scaling without universal-
ity. We discuss (Section X) possible experimental and nu-
merical tests of our scenario. We then comment (Section
XI) the consequences of our work for the perturbative ap-
proaches that have been used to investigate the physics
of frustrated magnets. Finally, we give our conclusions

(Section XII).

II. THE STA MODEL AND GENERALIZATION

A. The lattice model, its continuum limit and
symmetries

We now describe the archetype of frustrated spin sys-
tems, the Stacked Triangular Antiferromagnets (STA).
This system is composed of two-dimensional triangular
lattices which are piled-up in the third direction. At
each lattice site, there is a magnetic ion whose spin is
described by a classical vector. The interaction between
the spins is given by the usual lattice Hamiltonian:

H =
∑

〈ij〉

Jij %Si.%Sj (1)

where, depending on the anisotropies, the %Si are two or
three-component vectors and the sum runs on all pairs of
nearest neighbor spins. The coupling constants Jij equals
J⊥ for a pair of sites inside a plane and J‖ between planes.
The interactions between nearest neighbor spins within

a plane is antiferromagnetic, i.e. J⊥ > 0. This in-
duces frustration in the system and, in the ground state,
gives rise to the famous 120◦ structure of the spins, see
Fig. 1a. This nontrivial magnetic structure is invariant

FIG. 1: The ground state configurations a) of the spins on
the triangular lattice and b) of the order parameter made of
two orthonormal vectors. The plaquettes, which constitute
the magnetic cell, are indexed by I and are shaded.

<latexit sha1_base64="IzLdueYsujroBTmwYJcvsEOZjW0="></latexit>
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, = ,( Æq�, Æq�).

Symmetry transformations:

•  
<latexit sha1_base64="e2/cGxlNdasPRYkgGnKIsfe2P+4="></latexit>

Æq0
�,� = 6 Æq�,� , 6 2 3(�) SV 3(�)

•  

<latexit sha1_base64="3vxAVHHNLvgpqEWJqZJpXLez5uE="></latexit>✓ Æq0
�
Æq0
�

◆
=
✓
GSW \ �WMR \
±WMR \ ±GSW \

◆ ✓ Æq�
Æq�

◆

Symmetry group:
<latexit sha1_base64="IPFgT8gGkcNZXkDkNRbhtfc8lGo="></latexit>
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Critical Phenomena in Frustrated Antiferromagnets

A general Lagrangian we can write down is

ℒ = ��
∑
E

!! !"E · !! !"E + �
��Y

(∑
E

!" �E
)�

+ �
�� Z

∑
E,F

(
( !"E · !"F)� − !" �E !" �F

)

<latexit sha1_base64="76yOHQ10ZbopVdvmbXlhe/ICE9A="></latexit>

where      are m vectors of size n each.!!E

<latexit sha1_base64="VOjYOqDPVLZhQ5a7984KDpOcmmg=">AAACQnicdZDNSsNAFIVv/P/X6lIXwW4UpCRtpWRXVKgLF4rWFoyUyfS2HTqZhNxprZS+hlt9GF/CV3Anbl2YtBYM4lkdvnvuzOV4oRSkLevNmJmdm19YXFpeWV1b39jcymzfUtCLOFZ5IIOo7jFCKRRWtdAS62GEzPck1rzuaTKv9TEiEagb/Rjivc/aSrQEZzpGrttHPnTDjhg1WGMra+Vsxy4UHTMxx0WnNDF5p2DaOWusbHkPxrpsZAzTbQa856PSXDKiO9sK9f2QRVpwiaMVt0cYMt5lbRyOT00j5hM9+t4f6DPdScMmtQKl0yxJRdSiNKX4jg4201Dhgx78fTUhFCJP04HUAx2xGBJqnwmVfD2sCCnNa6ZoyuPVZHBwJtpC09FF3Kc6qkSI3cNf4bjTaXHm/+Y2n7OLueOruNyTSbmwBLuwDwdgQwnKcA6XUAUOITzBM7wYr8a78WF8TqIzxs/ODqRkfH0D9zG0mA==</latexit>

Physical cases realized in experiments have 

Q = R = �,

<latexit sha1_base64="RKbkV5olSVen51p6D4ZqPk165Vs=">AAACPHicdZBLS8NAFIVvfFtfrS51EeymQilJbSldCKJCXbioaB+gpUymt3XsZBJyp1op/ge3+mP8H+7diVvXJq0Fg3hWh++eO3M5ji8Fact6M2Zm5+YXFpeWEyura+sbydRmnbxBwLHGPekFTYcRSqGwpoWW2PQDZK4jseH0j6N54w4DEp661A8+tlzWU6IrONMhqrsH6iCfbSfTVs4u2/uFshmZYqFcmph8ed+0c9ZY6cMdGKvaThnmdcfjAxeV5pIRXdmWr1sjFmjBJT4mrgeEPuN91sPR+Mg4Yi7Rg+v8gS7TN3HYoa6ndJxFqYC6FKcU3nGDnThUeK+Hf1+NCPnI43Qo9VAHLISE2mVCRV+PKkJK84IpmvJwNRpkTkRPaMqehU2qbCVA7O/9CoedTosz/zf1fM4u5IrnYblHk3JhCbZhFzJgQwkO4RSqUAMOt/AEz/BivBrvxofxOYnOGD87WxCT8fUNGsSxIA==</latexit>

Q = �, R = �.

<latexit sha1_base64="53YKe1dkaXvyTz4gKPe0HifUMKo=">AAACP3icdZDNSsNAFIVv/P/X6lIXQTcVSkjainRREBXqwoWi9QdbZDK9rUNnJiF3qi3Fp3CrD+Nj+ATuxK07k1bBUDyrw3fPnbkcP5SCjOu+WWPjE5NT0zOzc/MLi0vLK5nVCwo6EccqD2QQXfmMUAqNVSOMxKswQqZ8iZd++yCZX95jRCLQ56YXYl2xlhZNwZmJ0bUq53O2Lhec25Ut1/FKXqFYshOzUyztDk2+VLA9xx1oa28DBjq5zVh2rRHwjkJtuGREN54bmnqfRUZwiY9ztQ5hyHibtbA/uDONmCLqKX8EKmbu0rBBzUCbNEtSETUpTSm+4w4baajxwXRHX00IhcjTtCtN10QshoRGMaGTr/sVIaV9xjT98ng1GWQPRUsYyh3HZepcJUJsb/8Jx53+Fmf/by7yjld0dk7jcveH5cIMrMMmZMGDXdiDIziBKnBQ8ATP8GK9Wu/Wh/U5jI5ZPztrkJL19Q16arG/</latexit>
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<latexit sha1_base64="5dkP547cor7pRMhtZhP1fd2kSi0="></latexit>

The global symmetry is
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different phase diagrams 
depending on m, n.
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                   Irreps
<latexit sha1_base64="yWZ4B/VIm0eMt4K8f251XrmoMqg="></latexit>

O(m) ⇥ O(n)

even spin odd spin

<latexit sha1_base64="lczQ+YZBt5jxrfAgOn2TCUSMAHE="></latexit>

q ⇥ q ⇠ SS + ST + TS + TT + AA|                       {z                       } + SA + AS + TA + AT|                {z                }

In the following:
<latexit sha1_base64="o8vkeB6tt1dFoo3nDDcvi9KDuhU="></latexit>

TS!W
<latexit sha1_base64="0pF0vaUJItLfFh1TrB8ijOZ0kfw="></latexit>

ST ! X

Enough to bootstrap:    
<latexit sha1_base64="wpdVqJPmykv269/WBAHaWlJMFwM="></latexit>

qfour-point function of
four-point functions of    and SS

<latexit sha1_base64="wpdVqJPmykv269/WBAHaWlJMFwM="></latexit>

q

<latexit sha1_base64="NMTHz4vNc0uCjXWvMqhlyhnVkT0="></latexit>

SS ! S

<latexit sha1_base64="H+hmdvdqguDgAxccHE6TszdR6ng="></latexit>

AA ! Z
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Single Correlator Bounds

(Henriksson, Kousvos & AS, 2020)
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Mixed Correlator Islands

(Henriksson, Kousvos & AS, 2020)

0.506 0.508 0.51 0.512 0.514 0.516 0.518 0.52 0.522

1.2

1.4

1.6

1.8

location of O2,10 antichiral fixed point
according to large-n results

location of O2,10 chiral fixed point
according to large-n results

��

�S

0.5055 0.506 0.5065 0.507 0.5075 0.508 0.5085 0.509 0.5095 0.51 0.5105
1

1.2

1.4

1.6

1.8

location of O2,20 antichiral fixed point
according to large-n results

location of O2,20 chiral fixed point
according to large-n results

��

�S

(large-n results from 
Gracey, 2002) 



15

Mixed Correlator Islands
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                Theory
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<latexit sha1_base64="76yOHQ10ZbopVdvmbXlhe/ICE9A="></latexit>

<latexit sha1_base64="DQD0++fUL10Wq2K31K09xvUSS+Q="></latexit>

O(2) ⇥ O(2)

For                 there is a symmetry enhancement:
<latexit sha1_base64="HE/JvBtbBZJ2ARYga/8oNcDJLMA="></latexit>

m = n = 2
<latexit sha1_base64="3NI/YCPv1awl3e3wAQWKb49uSYw="></latexit>

O(2) ⇥ O(2) ! O(2)2 o S2

Consider the symmetry group                               .

O(2)2 ! S2
<latexit sha1_base64="Kc3D7w6B06cJiLujC66Y13ynbLE="></latexit>

O(2)3 ! S3
<latexit sha1_base64="DgC22sS5jOYt4qf4Si5o8C8LYWs="></latexit>

:  Describes XY STAs,           , Ho, Dy, Tb

:  Describes            ,         , NdK2IrCl6
<latexit sha1_base64="3t2/G3VXm+bAzOg5sKFaU7pD4Ss="></latexit>

TbD2
<latexit sha1_base64="xDQZnn6sZc5VOVPVd8su2wNkAgM=">AAACWHicdZDJSsNQFIZP41TnCVduirqoICVJHbosKujChaJVwUq5uT2tl97chJxTjZT6BK4FV/pa+jQmThjFf3X4zvTze6FWxLb9krMGBoeGR/KjY+MTk1PTM7NzpxR0I4k1GeggOvcEoVYGa6xY43kYofA9jWdeZyftn11jRCowJ3wb4qUv2ka1lBScoHqdMebeibfbb7iNmWW75Fbc8ka5kBRblfWyU/gmTsl+13J14fH+rrgyftiYzW3Wm4Hs+mhYakF04dghX/ZExEpq7I/Vu4ShkB3Rxt671SwSPvmCr/5AuvW9LGxSKzCcZelqRC3KUkp8XGEzCw3ecPz3VUooRJmlcdcoGTR/2Y81xxyJBBKyL5RJDfX2lNaFY2HoiycH00ZxV7UV09pBkrJZ24sQO6s/hpOkv+Is/F+cuiWnXHKPksi34UN5WIQlKIIDW1CFfTiEGkgI4QGe4Dn3aoE1Yo1+jFq5z515yMiaewMyp7uG</latexit>

MNm,n = O(m)n ! Sn
<latexit sha1_base64="7cQakJWRhjzmzqqM/gp6yPU6ed8="></latexit>
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(AS, 2019; Henriksson & AS, 2021)
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Experiments in Frustrated Systems
9

compute, especially the error bars, should be taken with
caution. We however show in the course of this article
that our conclusions are robust to a possible underesti-
mation of the error bars in our calculations, see Section
VB7.
Let us also notice that a possible source of error in the

estimation of the critical exponents themselves could be
the existence of corrections to scaling that could bias all
the results. As we now argue, we can however expect
that these effects are not dramatic. Let us consider the
well-documented case of the ferromagnetic Ising model
in d = 3. Most of the time corrections to scaling are not
considered in the determination of the critical exponents
and the associated error bars. When they are taken into
account, they induce a tiny change in the critical expo-
nents, i.e. at most of few percents (see for instance [87]
and [88] for a review). It is therefore reasonable to think
that neglecting corrections to scaling induce an error of
few percents on the critical exponents while this proba-
bly leads to largely underestimated error bars when those
are announced to be of the order of 1% [208].
In the case of frustrated magnets, if we make the as-

sumption that the corrections to scaling are comparable
with those found in the ferromagnetic Ising model and
bear in mind that the error bars quoted in the literature
are of the order of 5 − 10% (see Tables I, II and IV),
we are led to the conclusion that corrections to scaling
are significant neither for the exponents nor for the error
bars.

B. The XY systems

Let us first discuss the XY case since the experimen-
tal situation is richer than in the Heisenberg case. Also,
the symptoms of the existence of a problem in the in-
terpretation of the results are clearer than in this latter
case for reasons that shall be explained in this article and
particularly in Section IX.

1. The experimental situation

Two classes of materials are supposed to be described
by the Hamiltonian (9). The first one is made of ABX3

hexagonal perovskites — where A is an alkali metal, B
a transition metal and X a halogen atom — which are
physical realizations of XY STA. The most studied ones
are CsMnBr3, CsCuCl3, CsNiCl3 and CsMnI3 (see [89]
for a review and [90] for RbMnBr3. We have excluded
this material since the measurement of its specific heat
presents a shoulderlike anomaly near Tc which renders
the determination of α and β doubtful). The second one
is made of rare earth helimagnets: Ho, Dy, Tb. For most
materials, the transitions are found continuous but not
with the same critical exponents. For CsCuCl3, the tran-
sition is found to be weakly of first order, i.e. with small

discontinuities. The results are summarized in Tables I
and II.

Compound Ref. α β γ ν

CsMnBr3 [86] 0.21(1)
[91] 0.24(2)
[92] 0.21(2) 1.01(8) 0.54(3)
[93] 0.25(1)
[94] 0.22(2)
[95] 0.39(9)
[96] 0.40(5)
[96] 0.44(5)
[97] 1.10(5) 0.57(3)

CsNiCl3 [98] 0.37(8)
[98] 0.37(6)
[99] 0.342(5)
[100] 0.243 (5)

CsMnI3 [98] 0.34(6)
CsCuCl3 [101] 0.23-0.25(2)

[90] 0.35(5) 1st order

TABLE I: The critical exponents of the XY STA.

Compound Ref. α β γ ν

Tb [102] 0.20(3)
[103] 0.23(4)
[104] 0.21(2)
[105] 0.53

Ho [106] 1storder
[107] 0.27(2)
[95] 0.10-0.22
[108] 0.30(10) 1.24(15) 0.54(4)
[108] 0.37(10)
[109] 0.39(3)
[110] 0.39(2)
[111] 0.39(4)
[112] 0.39(4)
[112] 0.41(4)
[113] 1.14(10) 0.57(4)
[114] 0.38(1)

Dy [115] 0.335(10)
[116] 0.39+0.04

−0.02

[110] 0.38(2)
[109] 0.39(1)
[113] 1.05(7) 0.57(5)
[117] 0.24(2)

TABLE II: The critical exponents of the XY helimagnets.

We highlight four striking characteristics [118] of these
data. Their consequences for the physics of frustrated
magnets will be discussed in more details in the following.
i) There are two groups of incompatible exponents. In

the following discussion, we mainly use the exponent β
to analyze the results since, as seen in Tables I and II, it
is by far the most precisely measured exponent. Clearly,
there are two groups of materials, each of which being
characterized by a set of exponents, β in particular.
In the first one — that we call group 1 — made up of:
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[90] 0.35(5) 1st order

TABLE I: The critical exponents of the XY STA.

Compound Ref. α β γ ν

Tb [102] 0.20(3)
[103] 0.23(4)
[104] 0.21(2)
[105] 0.53

Ho [106] 1storder
[107] 0.27(2)
[95] 0.10-0.22
[108] 0.30(10) 1.24(15) 0.54(4)
[108] 0.37(10)
[109] 0.39(3)
[110] 0.39(2)
[111] 0.39(4)
[112] 0.39(4)
[112] 0.41(4)
[113] 1.14(10) 0.57(4)
[114] 0.38(1)

Dy [115] 0.335(10)
[116] 0.39+0.04

−0.02

[110] 0.38(2)
[109] 0.39(1)
[113] 1.05(7) 0.57(5)
[117] 0.24(2)

TABLE II: The critical exponents of the XY helimagnets.

We highlight four striking characteristics [118] of these
data. Their consequences for the physics of frustrated
magnets will be discussed in more details in the following.
i) There are two groups of incompatible exponents. In

the following discussion, we mainly use the exponent β
to analyze the results since, as seen in Tables I and II, it
is by far the most precisely measured exponent. Clearly,
there are two groups of materials, each of which being
characterized by a set of exponents, β in particular.
In the first one — that we call group 1 — made up of:

Helimagnets
(summarized in Delamotte et al., 2004)

There is also a structural phase transition in           with 
critical exponents like those in the blue rectangle above.
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(summarized in Delamotte et al., 2004)

11

same critical modes, the same symmetries and the same
order parameter. Therefore, one could expect a common
critical behavior for all these systems.
Let us comment the results of the simulations given

in Table III. Note that, due to the its novel character,
we shall comment the recent work of Itakura [126] sepa-
rately.

System Ref. α β γ ν η

STA [120, 123] 0.34(6) 0.253(10) 1.13(5) 0.54(2) -0.09(8)
[124] 0.46(10) 0.24(2) 1.03(4) 0.50(1) -0.06(4)
[125] 0.43(10) 0.48(2)

STA [126] 1st order

STAR [127] 1st order

V2,2 [127] 1st order

BCT [129] 1st order

GLW [126] 1st order

TABLE III: Monte Carlo critical exponents of XY systems.
Note that the exponent η is computed from γ/ν = 2− η.

i) For STA, scaling laws are found with exponents com-
patible with those of group 1. Let us however notice that,
similarly to what happens for the materials of group 1
there exists, in the numerical simulations of STA, a rather
large dispersion of the results. For instance, the two ex-
treme values of ν differ by 2.1 standard deviations.
Let us make two other remarks. First, the good agree-

ment between the numerical results for STA and the ex-
perimental ones for materials of group 1 has been re-
peatedly interpreted in the literature as a proof of the
existence of a second order transition and even as an ev-
idence of the existence of the chiral fixed point of the
GLW model [70]. We emphasize here that the fact that a
Monte Carlo simulation reproduces experimental results
only means that the Hamiltonian of the simulated system
is a good approximation of the microscopic Hamiltonian
describing the physics of real materials. However, this
neither explains nor proves anything else — and certainly
not the existence of a second order phase transition —
since Monte Carlo simulations suffer from problems anal-
ogous to those encountered in experiments: a weakly first
order phase transition is very difficult to identify and to
distinguish from a second order one.
Let us now come to our second remark. In a beauti-

ful experiment, Plakhty et al. [86] have measured the
so-called chiral critical exponents βc and γc [120] in
CsMnBr3. They have found values compatible with those
found numerically in STA [120]. Let us emphasize, again,
that this agreement simply means that the parameters
characterizing the numerical simulations are not too far
from those associated to the experiments. By no means it
implies — or gives a new indication of the existence of —
a second order transition. Let us notice that βc has also
been measured in Ho [114]. The value found completely
disagrees with the result found in STA and in CsMnBr3.
ii) The anomalous dimension η is negative for STA. As

shown in [127], η is found negative using the two scaling

relations η = 2β/ν − 1 and η = 2 − γ/ν for the two
simulations where these calculations can be performed.

iii) The simulations performed on STAR, V2,2 and
BCT models give first order transitions. Therefore, the
modifications in the microscopic details which change
STA into STAR, V2,2 and BCT affect drastically the scal-
ing behavior.

iv) In a remarkable work, Itakura has recently per-
formed Monte Carlo and Monte Carlo RG approaches
of the STA and its GLW model version that has led to
a clear first order behavior [126]. Itakura has performed
standard Monte Carlo simulations of the STA involving
sizes up to 126×144×126 leading to clear first order tran-
sitions. In particular, for these lattice sizes, the double-
peak of the probability distribution of the energy at the
transition is clearly identified. Itakura has also used an
improved Monte Carlo RG simulation of the STA and
its GLW model version. One advantage of this approach
compared with previous RG Monte Carlo studies is that
it allows to reach the asymptotic critical behavior using
systems of moderately large lattice sizes. Within this
approach, Itakura has found several evidences for a first
order behavior with, notably, a runaway behavior of the
RG flow and the absence of any nontrivial fixed point.

3. Summary

We now summarize the results of our analysis of both
experiments and numerical simulations for XY frustrated
magnets.

1) Scaling laws are found in STA and helimagnetic ma-
terials on a rather wide range of temperature. This is
also the case within all — but an important one [126] —
numerical simulations of the STA.

2) There are two groups of systems that differ by their
critical exponents. The first one includes the group 1
of materials and the numerical STA model. The second
one corresponds to the group 2 of materials. One also
observes variations of critical exponents inside a given
group of exponents.

3) The anomalous dimension η is negative for the ma-
terials of group 1 and for the numerical STA model. This
is very significant from the experimental results, less from
the numerical ones.

4) For group 2, the scaling relations are violated by 2.2
standard deviations.

5) CsCuCl3 is found to undergo a weak first order tran-
sition.

6) STAR, V2,2 and BCT models undergo strong first
order transitions.

7) Recent Monte Carlo and Monte Carlo RG ap-
proaches of STA and the soft spin discretized version
of the GLW model give clear indications of first order
behaviors.
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Perturbative expansions (after resummations) for 
<latexit sha1_base64="Uyqb4FOHLvPU9fHtSJRYCSetBws="></latexit>

m = n = 2 :
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m = n = 2 :

β ≈ 0.370 , ν ≈ 0.715
<latexit sha1_base64="+ad34B6F6rabiKg5PTQNFlSoS3g="></latexit>
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V = 0.309(33) , a = 0.571(29)

(ε expansion, Mudrov & Varnashev, 2001)

(Pelissetto, Rossi & Vicari, 2000)
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V = 0.354(35) , a = 0.65(6) (Calabrese, Parruccini, Pelissetto & Vicari, 2004)

<latexit sha1_base64="rlMThYHnhMEPa//E1mx2BpSmIvI="></latexit>

v < 0(        ?)

Fixed point with 
<latexit sha1_base64="NiJjO3gblZVF1ILO1rn9mYceeEk="></latexit>

v > 0

Unitarity?
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(AS, 2019)
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O(2)2 ! S2
<latexit sha1_base64="Kc3D7w6B06cJiLujC66Y13ynbLE="></latexit>Experiments:

RG methods:     

Bootstrap: β = 0.293(3))
ν = 0.566(6))
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β = 0.355(5))
ν = 0.576(8))
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β = 0.40+0.04−0.07
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Ho and Dy

β = 0.39(4))
ν = 0.57(4))
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β = 0.23(4))
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Tb and XY STAs

β ≈ 0.370 , ν ≈ 0.715
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Evidence for two distinct CFTs.
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V = 0.245(30) , a = 0.51(5) (Monte Carlo, averaged)

(AS, 2019)
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5HVROYLQJ 3X]]OHV LQ 7KHRUHWLFDO DQG ([SHULPHQWDO 6WXGLHV RI &RQWLQXRXV 3KDVH 7UDQVLWLRQV ��������(5

2EMHFWLYH
'HVSLWH WUHPHQGRXV VXFFHVVHV� WKHRUHWLFDO DQG H[SHULPHQWDO VWXGLHV RI FRQWLQXRXV SKDVH WUDQVLWLRQV
KDYH JLYHQ ULVH WR FRQWURYHUVLHV WKDW KDYH UHPDLQHG XQUHVROYHG IRU GHFDGHV� :LWK WKH XVH RI WKH
PRVW PRGHUQ WKHRUHWLFDO PHWKRGV DQG H[SHULPHQWDO VHWXSV� ZH DLP WR FRQFOXVLYHO\ UHVROYH WKHVH
ORQJ�VWDQGLQJ GLVDJUHHPHQWV LQ WKHRUHWLFDO DQG H[SHULPHQWDO UHVXOWV� DQG GHOLQHDWH WKHLU PLFURVFRSLF
SK\VLFDO RULJLQV� 2XU SXUVXLWV ZLOO OHDG WR D QRYHO XQGHUVWDQGLQJ RI FRQWLQXRXV SKDVH WUDQVLWLRQV
DQG WR WKH GLVFRYHU\ RI QHZ XQLYHUVDOLW\ FODVVHV WKDW ZLOO EH VWXGLHG WKHRUHWLFDOO\ DQG H[SHULPHQWDOO\
IRU WKH ILUVW WLPH�

3UREOHP DQG 3URSRVHG ,QQRYDWLRQ
7KH XQGHUVWDQGLQJ RI FODVVLFDO SKDVH WUDQVLWLRQV ZDV RQH RI WKH PDMRU WULXPSKV RI ��WK FHQWXU\
SK\VLFV >�@� ,W LV QRZ XQGHUVWRRG WKDW DV RQH DSSURDFKHV D FRQWLQXRXV SKDVH WUDQVLWLRQ� WKH SK\VLFDO
SURSHUWLHV RI D V\VWHP� H�J� WKH FRPSUHVVLELOLW\� PDJQHWL]DWLRQ� GHQVLW\� HWF�� DUH DOO JRYHUQHG E\
D VHW RI QXPEHUV� WKH FULWLFDO H[SRQHQWV� 5HPDUNDEO\� LW ZDV VKRZQ WKDW PLFURVFRSLF GHWDLOV RI
LQWHUDFWLRQV DQG WKH GHJUHHV RI IUHHGRP WKDW SDUWLFLSDWH LQ WKHP EHFRPH LUUHOHYDQW DV RQH DSSURDFKHV
WKH SKDVH WUDQVLWLRQ� DQG RQO\ WKH FULWLFDO H[SRQHQWV PDWWHU� $V D UHVXOW� WKH FULWLFDO SKHQRPHQD
DVVRFLDWHG ZLWK WKH SKDVH WUDQVLWLRQ RI ZDWHU DQG WKDW RI FHUWDLQ PDJQHWV DUH LGHQWLFDO�
:LOVRQ¶V UHQRUPDOL]DWLRQ JURXS �5*�PHWKRGV� IRU ZKLFK KH ZRQ WKH 1REHO SUL]H LQ SK\VLFV LQ �����
DV ZHOO DV 0RQWH &DUOR �0&� VLPXODWLRQV ZHUH DEOH WR FDOFXODWH FULWLFDO H[SRQHQWV� ZKLFK ZHUH YHU\
RIWHQ YDOLGDWHG E\ H[SHULPHQWV� +RZHYHU� WKHUH H[LVW VRPH VXUSULVLQJ GLVFUHSDQFLHV� ZKLFK WR GDWH
KDYH QRW EHHQ UHVROYHG� )RU H[DPSOH� WKH VWXG\ RI WKH SKDVH WUDQVLWLRQ RI VXSHUIOXLG KHOLXP �WKH
SXUHVW PDWHULDO NQRZQ RQ HDUWK� GLVDJUHHV ZLWK WKH WKHRUHWLFDO SUHGLFWLRQ IRU WKH FULWLFDO H[SRQHQWV
E\ � VWDQGDUG GHYLDWLRQV >�� �� �@� 7KH SUHFLVLRQ RI WKH WKHRU\ DQG WKH H[SHULPHQW �ZKLFK ZDV HYHQ
SHUIRUPHG RQ WKH 6SDFH 6KXWWOH &ROXPELD WR UHPRYH PLQXWH HIIHFWV GXH WR JUDYLW\� VXJJHVW WKDW
WKHUH LV XQNQRZQ XQGHUO\LQJ SK\VLFV WKDW UHPDLQV WR EH XQGHUVWRRG� $GGLWLRQDO H[DPSOHV RI SRRUO\
H[SODLQHG GLVFUHSDQFLHV LQFOXGH SKDVH WUDQVLWLRQV LQ IUXVWUDWHG PDJQHWV VXFK DV VWDFNHG WULDQJXODU
DQWLIHUURPDJQHWV DQG KHOLPDJQHWV >�� �� �@� ,W LV WKH JRDO RI WKLV SURSRVDO WR LQYHVWLJDWH SRVVLEOH
RULJLQV IRU WKHVH GLVFUHSDQFLHV�
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)LJXUH �� 7KH DEVWUDFW VSDFH RI DOO SRVVLEOH PDWHULDOV DW
JHQHULF KLJK WHPSHUDWXUHV LV UHSUHVHQWHG E\ WKH JUD\ UHFW�
DQJOH� 'LIIHUHQW PDWHULDOV �SRLQWV !, ",# RQ WKDW VSDFH�
IORZ WR WKH VDPH IL[HG SRLQW DW WKHLU FULWLFDO WHPSHUDWXUH�
QDPHO\ )3�� EXW PDWHULDO $ IORZV WR D GLIIHUHQW RQH� QDPHO\
)3�� 7KH GDVKHG OLQH UHSUHVHQWV WKH EDVLQV RI DWWUDFWLRQ RI
)3� DQG )3�� 7KH SUHVHQFH RI )3� PD\ KDYH EHHQ PLVVHG
E\ ROGHU FRPSXWDWLRQDO PHWKRGV� ZKLFK ZRXOG WKXV HUUR�
QHRXVO\ SUHGLFW WKDW PDWHULDO $ VKRXOG DOVR IORZ WR )3��

,Q :LOVRQ¶V 5* WKHRU\� WKH EDVLF LGHD LV WR
VHH ZKDW KDSSHQV DV RQH LJQRUHV WKH KLJK HQ�
HUJ\ SK\VLFV WKDW GRHV QRW PDWWHU DV RQH JHWV
FORVHU DQG FORVHU WR WKH SKDVH WUDQVLWLRQ� &RQ�
VHTXHQWO\� WKHRULHV� PDWHULDOV� DQG SKHQRPHQD
ZLWK PDQ\ GLIIHUHQW VWDUWLQJ SRLQWV DUH DOO H[�
SHFWHG WR ³IORZ´ WR WKH VDPH ³IL[HG SRLQW´�
ZKLFK GHVFULEHV WKH FULWLFDO H[SRQHQWV DQG LV
WKXV WKH VDPH IRU PXOWLSOH GLIIHUHQW WKHRULHV�
$ SRVVLEOH UHVROXWLRQ WR VRPH RI WKH SUREOHPV
WKDW UHPDLQ LQ WKH OLWHUDWXUH LV WKDW WKH 5*
�DQG 0& PHWKRGV� KDYH IRXQG WKH ZURQJ IL[HG
SRLQWV WR GHVFULEH YDULRXV H[SHULPHQWV²VHH
)LJXUH ��
,Q WKH ODVW GHFDGH D QHZ WHFKQLTXH� FDOOHG WKH
FRQIRUPDO ERRWVWUDS� KDV EHHQ GHYHORSHG E\
WKH KLJK HQHUJ\ SK\VLFV FRPPXQLW\ ZRUNLQJ RQ
FRQIRUPDO ILHOG WKHRULHV �&)7V� WR LQYHVWLJDWH

5RQQLQJ� )LOLS �

What determines fate in the IR?
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(Henriksson, Kousvos & AS, 2020)
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(Nakayama & Ohtsuki, 2014)
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                   Collinear Fixed Point
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O(2) ⇥ O(3)

chromodynamics [59] (with global symmetry SU(2) ⇥ SU(2)) which has not been conclusively

demonstrated to be first- or second-order. A conformal bootstrap study of this question, as related

to the three-dimensional O(2) ⇥ O(4) theory after assuming that the axial U(1) symmetry is

restored at the transition point so that the full global symmetry group is U(1)⇥ SU(2)⇥ SU(2),

has appeared in [40] (for a review see [60]). Based on the existence of kinks in bootstrap bounds,

e.g. the one in Fig. 3, it was suggested in [40] that the phase transition is second order. The

O(2)⇥O(4) case is similar to the O(2)⇥O(3) and O(2)⇥O(2) CFTs studied in this paper, in

that the existence of the suggested fixed points has been questioned by other methods. We believe

that with stronger numerics and perhaps larger mixed-correlator systems than those considered

here it will be possible to settle this question with the conformal bootstrap.

We conclude with the Tables 3–5, which summarize our results of critical exponents for

O(2)⇥O(3) and O(2)⇥O(2) theories, as well as corresponding results from the literature.18

Table 3: O(2)⇥O(3) “chiral” critical exponents.

Method � ⌫ �W

Bootstrap 0.344(5) 0.639(7) 0.818(16)

MS (Calabrese, Pelissetto & Vicari, 2004) 0.34(4) 0.63(5) 0.76(12)

MZM scheme (Calabrese, Pelissetto & Vicari, 2004) 0.30(4) 0.55(3) 0.58(6)

Monte Carlo (Nagano, Uematsu & Kawamura, 2019) 0.26(3) 0.52(1) –

Table 4: O(2)⇥O(3) “antichiral/collinear” critical exponents.

Method ↵ � ⌫ � � ⌘ �Z

This work (Figs. 12, 13) 0.05(7) 0.341(19) 0.650(23) 1.27(11) 4.72(13) 0.049(23) 0.89(4)

MS scheme [14,44] 0.11(24) 0.34(5) 0.63(8) 1.2(3) 4.52(12) 0.086(24) 0.75(16)

MZM scheme [12,44] 0.22(12) 0.319(23) 0.59(4) 1.14(16) 4.56(4) 0.079(7) 0.74(11)

Hints for the controversial chiral O(2)⇥O(2) model where found in Fig. 15, but we consider the

strength of our numerics insu�cient to provide estimates for critical exponents in this case.

18
The error bars in the first lines of Tables 3 and 4 correspond to the size of the islands, but are not rigorous

due to the assumption that the theories must saturate the �W and �Z exclusion bounds, respectively. For the

crossover exponents we use the values of �W and �Z that correspond to the positions where the slope changes in the

corresponding exclusion bounds. Note also that Table 5 refers to the theory saturating the bound in Fig. 14; this

theory is expected to be the one found in the " expansion. Lastly, the error bars for the numerical bootstrap in Table

14 are due to the use of the extremal functional method and are also not rigorous.
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Experiments in STAs:
<latexit sha1_base64="XG1pLw0b09R/h0mqvBwgZzhI+Z0="></latexit>

V = 0.28(3) , a = 0.62(5)
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Cubic CFTs in 3D

Cubic CFTs have a discrete global symmetry,

4

1 2

3

4

12

3

Relevant whenever we have cubic lattices, e.g. cubic magnets 
like Fe or Ni.

!φ = (φ1,φ2,φ3)
<latexit sha1_base64="NxUeSUGZ5VTxq2SpD4Kw5kPaRxE="></latexit><latexit sha1_base64="g/Kzo2HIhMhEpM1C5ki+afdno60="></latexit><latexit sha1_base64="g/Kzo2HIhMhEpM1C5ki+afdno60="></latexit><latexit sha1_base64="8ctloaYqCixdru9uyD1OzfT3oVs="></latexit>

V = 18λ(φ
2)2 + 124 g

3∑
i=1

φ4i
<latexit sha1_base64="Zt3beWhtBfpPMoVtnjlpF/IC3SQ="></latexit><latexit sha1_base64="BtyhctdHlnat9UlFeEjHACefWQk="></latexit><latexit sha1_base64="BtyhctdHlnat9UlFeEjHACefWQk="></latexit><latexit sha1_base64="tx9ewue7nWEkKD1jz4BOiox4840="></latexit>

Oh = Z2
3 ! S3 ! S4 × Z2 .

<latexit sha1_base64="tvE54KMv970RhDGPu9sfSpwXxHM="></latexit><latexit sha1_base64="dsLoZbLOdNnHU3rz3MEgCDzhb78="></latexit><latexit sha1_base64="dsLoZbLOdNnHU3rz3MEgCDzhb78="></latexit><latexit sha1_base64="nUR05T6xNIM65EO8Q95ry8VAA10="></latexit>
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Cubic CFTs in 3D

Using the    expansion one can find a fixed point with cubic 
symmetry, but the critical exponents are almost identical to 
those of the Heisenberg model.

ε
<latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit><latexit sha1_base64="y1axbUR3yCnbpynYDeDgbzsApRY=">AAACV3icdZDLTsJAFIan9YZ4A126aWSDiSEtqLgkaqILFxjlkoAx0+EAE6YzzZxBIcTHcKvP5dNoi2CsxH918p3bn98PBUfjuh+WvbS8srqWWk9vbG5t72Syu3VUQ82gxpRQuulTBMEl1Aw3ApqhBhr4Ahr+4CLuN55AI1fy3oxDeAhoT/IuZ9REqNV+ohpC5ELJx0zOLRTPiqWTkhMV5bPjkuf8EK/gTpUjM1Ufs9Zpu6PYMABpmKCILc8NzcOEasOZgJd0e4gQUjagPZhMnSYRDTCgpr8AcRz4SdjBrpImyeJVjV1MUox89KGThBKezWjxVUwwBJako6HkTHX+2B8JMzKaRhDBBJTL2NDkigvh3FGJcx4djBv5S97jBo9uopDl0ZUGGBz+Go6Snsfp/F/UiwXPLXi3bq5yPss8RfbJAckTj5RJhVyTKqkRRhR5JW/k3fqwPu1VO/U9aluznT2SkJ39AhzmuiM=</latexit>
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Bootstrapping Cubic CFTs in 3D

φi × φj ∼ δijS + X(ij) + Y(ij) + A[ij]
<latexit sha1_base64="85t7n9xlYnuB+k7c2GbR6tln93s="></latexit><latexit sha1_base64="v+FXf9eopdHkby3DTCT8ahfrPQk="></latexit><latexit sha1_base64="v+FXf9eopdHkby3DTCT8ahfrPQk="></latexit><latexit sha1_base64="YsCNoJEjKOJ9s37ATNVaG4uhkJg="></latexit>

(AS, 2018)
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Bootstrapping Cubic CFTs in 3D
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The critical exponents obtained differ significantly from those 
of the    expansion:ε
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β ≈ 0.308 ± 0.002 , ν ≈ 0.594 ± 0.004,
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This theory appears to be distinct from that of the  expansion.ε
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β(ε) ≈ 0.368 , ν(ε) ≈ 0.709.
<latexit sha1_base64="AKyoxxd/K0JZC/3VinHMzkl5Q98="></latexit><latexit sha1_base64="AKyoxxd/K0JZC/3VinHMzkl5Q98="></latexit><latexit sha1_base64="AKyoxxd/K0JZC/3VinHMzkl5Q98="></latexit><latexit sha1_base64="IcjCkoM38Ml1s9aRQJds/oHutmE="></latexit>

(Kousvos & AS, 2018)

(Delamotte, Holovatch, Ivaneyko, Mouhanna, Tissier, 2006, 2008)

Platonic CFT
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ABX3
<latexit sha1_base64="nic+TBgm2RY/0TuARAYm2KqYV+s=">AAACUXicdZDLTsJAFIZP6/0OGlduiGwwIaQFFZaKJrpwoVEuiRAyHQ4wYTptegaFEBMfwMStPpcrH8WdrbdYif/q5Du3P7/jS0Hasl4Nc2p6ZnZufmFxaXlldS2RXK+SNwg4VrgnvaDuMEIpFFa00BLrfoDMdSTWnP5R1K/dYEDCU1d65GPTZV0lOoIzHaLKYbneKrQSaSuXL+ULe4VUWBRLuwU79UPsnPWh9MHm88M9AJy3ksZ+o+3xgYtKc8mIrm3L180xC7TgEu8WGwNCn/E+6+L4w2McMZdcpnsTkEauE4dt6nhKx1m0GlCH4pRCHz1sx6HCWz2cfBUR8pHH6XCgBPfaf+wPpR7qgIWQULtMqMjQ+ERImbpkir55eDBqZI5FV2jKnoXxquxJgNjf+TUcJv0dZ+r/oprP2VbOvggjL8On5mELtiEDNhThAE7hHCrAQcAjPMGz8WK8mWCan6Om8bWzATGZS++AzLiv</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="e8xZD7cEiDYb2PLpUCt2vJZKVdc=">AAACPnicZZHNTsJAFIVv/UVEhbUbIhtMCGld6NZEE1y4wCg/iRAynV5gwnTazJ1qCfEF3PpcPoDP4c64sEVMLD2rk+/Oz8m5bigFGdv+sDY2t7Z3dgt7xf1S8eDwqFzqUhBpjh0eyED3XUYohcKOEUZiP9TIfFdiz51dpfPeE2oSgXow8xCHPpsoMRacmQS1R+Wa3bSXquaNszI1WGlUsc4HXsAjH5XhkhE9OnZohgumjeASX4qDiDBkfMYmuFimyyLmk8/MNAdp7rtZ6NE4UCbL0quaxpSllOSYopeFCp9NnP8qJRQiz9I4UoIH3lr8WJrYaJZAQuMzodJAi5aQsnrPFP3x5MF0UL8WE2GocZsUqxotjTg7/Xc4KdpZrzVvumdNx246dzYU4BhOoA4OXMAl3EAbOsDBg1d4s96tT+vrdyEb1mozFcjI+v4BOde1KQ==</latexit><latexit sha1_base64="XSZxBw/O5xs6dQHrwjXDbPV/Qvo=">AAACRnicZZHNTsJAFIVv6x8iKrh1Q2SDCSGtJrr1L8GFC4wWSISQ6XDBCdNpM3dQCPEZ3OpzufJR3NkSTCw9q5Pvzsw9OeNHUpBxnG/LXlvf2NzKbed3Crt7+8VSoUXhRHP0eChD3fEZoRQKPSOMxE6kkQW+xLY/vk7m7RfUJEL1aGYR9gI2UmIoODMx8i6vOv3TfrHi1J2FylnjLk0Flmr2S9ZZdxDySYDKcMmInlwnMr0500ZwiW/57oQwYnzMRjhfZEwjFlDAzHMG0izw03BAw1CZNEuuahpSmlKc4xkHaajw1UyzqxJCEfI0nU6U4OFgJf5UmqnRLIaEJmBCJYHmDSFl+YEp+uPxg8mgeiNGwlDtLq5X1RoacXz873DctLvaa9a0TuquU3fvHcjBIRxBFVw4hwu4hSZ4wEHAO3zAp/Vl/djLP7GtpTmAlGz7F7ZAtbU=</latexit><latexit sha1_base64="/WT4nL1rIDO5JYJ4xAkxjMnuZf0=">AAACRnicdZFLT8JAFIVv6wvxBW7dENlgYkgLKix9JbhwgVEeiRoyHS4wYTpteqcKIf4Gt/q7XPlT3NkSMFbiWZ18d2buyRnHl4K0ZX0a5tLyyupaaj29sbm1vZPJbjbJCwOODe5JL2g7jFAKhQ0ttMS2HyBzHYktZ3gRz1tPGJDw1J0e+/josr4SPcGZjlDj7LzdKXcyeatYqpbKx+VcZCrVo7Kd+yF20ZoqDzPVO1nj5KHr8dBFpblkRPe25evHCQu04BJf0g8hoc/4kPVxMs2YRMwll+nBAqSx6yRhl3qe0kkWXw2oR0lKUY4BdpNQ4bMeLa6KCfnIk3QUKsG97p/4I6lHOmARJNQuEyoONKkJKXO3TNGcRw/Gg8Kl6AtNh9dRveqwFiAOD34djpqe15n73zRLRdsq2jcWpGAP9qEANlTgFK6gDg3gIOAV3uDd+DC+zNmfmMbM7EJCpvkNNhS1/A==</latexit><latexit sha1_base64="bClvoJMyOIIO4ltHus/sFVMOsZM=">AAACUXicdZDLTsJAFIZP6w3FC+rSDZENJoS04G2paKILFxrlkggh0+EAE6bTpmeqEOIzuNXncuWjuLNFNFbivzr5zu3P7/hSkLasd8Ocm19YXEotr6RX19Y3MptbNfLCgGOVe9ILGg4jlEJhVQstseEHyFxHYt0ZnMX9+gMGJDx1p0c+tlzWU6IrONMRqp5WGu1yO5OziqXjUvmgnI2Ko+P9sp39IXbRmigHU123N43DZsfjoYtKc8mI7m3L160xC7TgEp9WmiGhz/iA9XA88ZhEzCWX6f4MpJHrJGGHup7SSRavBtSlJKXIRx87SajwUQ9nX8WEfORJOgyV4F7nj/2h1EMdsAgSapcJFRsaXwgps7dM0TePDsaN/LnoCU2FqyheVbgIEAd7v4ajpL/jzP5f1EpF2yraN1bupDLNPAU7sAt5sOEITuASrqEKHAQ8wwu8Gm/Ghwmm+TVqGtOdbUjITH8CDhC2tQ==</latexit><latexit sha1_base64="bClvoJMyOIIO4ltHus/sFVMOsZM=">AAACUXicdZDLTsJAFIZP6w3FC+rSDZENJoS04G2paKILFxrlkggh0+EAE6bTpmeqEOIzuNXncuWjuLNFNFbivzr5zu3P7/hSkLasd8Ocm19YXEotr6RX19Y3MptbNfLCgGOVe9ILGg4jlEJhVQstseEHyFxHYt0ZnMX9+gMGJDx1p0c+tlzWU6IrONMRqp5WGu1yO5OziqXjUvmgnI2Ko+P9sp39IXbRmigHU123N43DZsfjoYtKc8mI7m3L160xC7TgEp9WmiGhz/iA9XA88ZhEzCWX6f4MpJHrJGGHup7SSRavBtSlJKXIRx87SajwUQ9nX8WEfORJOgyV4F7nj/2h1EMdsAgSapcJFRsaXwgps7dM0TePDsaN/LnoCU2FqyheVbgIEAd7v4ajpL/jzP5f1EpF2yraN1bupDLNPAU7sAt5sOEITuASrqEKHAQ8wwu8Gm/Ghwmm+TVqGtOdbUjITH8CDhC2tQ==</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="65uvwxGzHcH1JNn6hUD1njUOA5M=">AAACUXicdZDLSsNAFIZP4t16q+LKTbEuKpSQtGpdeoO6cKFoa0FLmUxO69DJJORMtVL0CQS3+lyufBR3JvWCUfxXh+/cfn43lIK0bb8a5sjo2PjE5NR0ZmZ2bn4hu1inoBdxrPFABlHDZYRSKKxpoSU2wgiZ70o8d7v7Sf/8GiMSgTrTtyE2fdZRoi040zGq7e41WuXWQt62Stul8mY5FxeV7Y2yk/smjmUPld9Zfn64L6xljltZY+vSC3jPR6W5ZEQXjh3q5oBFWnCJd9OXPcKQ8S7r4GDoMY2YTz7TV38g3fpuGnrUDpROs2Q1ojalKcU+rtBLQ4U3uv/3VUIoRJ6m/Z4SPPB+2e9L3dcRiyGh9plQiaFBVUiZO2WKvnh8MGkUDkRHaCoexfGqYjVC7K7/GI6T/ooz939RL1mObTknceR78KFJWIFVKIADFdiBQziGGnAQ8AhP8Gy8GG8mmObHqGl87ixBSmbmHRQLuQQ=</latexit><latexit sha1_base64="bClvoJMyOIIO4ltHus/sFVMOsZM=">AAACUXicdZDLTsJAFIZP6w3FC+rSDZENJoS04G2paKILFxrlkggh0+EAE6bTpmeqEOIzuNXncuWjuLNFNFbivzr5zu3P7/hSkLasd8Ocm19YXEotr6RX19Y3MptbNfLCgGOVe9ILGg4jlEJhVQstseEHyFxHYt0ZnMX9+gMGJDx1p0c+tlzWU6IrONMRqp5WGu1yO5OziqXjUvmgnI2Ko+P9sp39IXbRmigHU123N43DZsfjoYtKc8mI7m3L160xC7TgEp9WmiGhz/iA9XA88ZhEzCWX6f4MpJHrJGGHup7SSRavBtSlJKXIRx87SajwUQ9nX8WEfORJOgyV4F7nj/2h1EMdsAgSapcJFRsaXwgps7dM0TePDsaN/LnoCU2FqyheVbgIEAd7v4ajpL/jzP5f1EpF2yraN1bupDLNPAU7sAt5sOEITuASrqEKHAQ8wwu8Gm/Ghwmm+TVqGtOdbUjITH8CDhC2tQ==</latexit>
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(a) T > Tc

(b) T < Tc

SrTiO3
<latexit sha1_base64="nuNEWW3fmCOpkZPdkT06rz7eBLU=">AAACWnicdZDJSgNBEIYr476vNz0EvShImEncjgEFPQgqGhWMhp5OJTbp6Rm6Kjoh+B5e9SV8CV9A8OCjOOOGo/ifiq+2n9+PtCJ23eec09Pb1z8wODQ8Mjo2PjE5NX1CYdtKrMhQh/bMF4RaGaywYo1nkUUR+BpP/dZW2j+9RksqNMfcifAiEE2jGkoKTtBllTHm7pE9Vvu3tVJtctEtFDeLpbVSPik2NldLXv6beAX3XYvl+afHVwA4qE3l1qv1ULYDNCy1IDr33IgvusKykhpvh6ttwkjIlmhi991sFomAAsFXfyB1Aj8L69QIDWdZumqpQVlKiY8rrGehwRuO/75KCUUoszRuGyXD+i/7seaYrUggIQdCmdRQd0dpnT8Shr54cjBtLG2rpmJa2UtyNis7FrG1/GM4Sforzvz/xUmx4LkF7zCJfBc+NAhzsABL4MEGlGEXDqACEizcwT085F4cxxlyRj5Gndznzgxk5My+AejqvOQ=</latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="k6TR2EcUZQOFRyWTr6snVUQPRSY=">AAACWnicdZDLSsNAFIan8W691MvOTbEbhVKSxttSUNCFoFJ7AVvLZHraDp1MwpxTjRTfw62+leDDmGgVY/FfHb5z+/m9UEkk237LWFPTM7Nz8wuL2aXlldXc2noNg6ERUBWBCkzD4whKaqiSJAWN0AD3PQV1b3CS9Ov3YFAG+oYeQ2j5vKdlVwpOMbprEkQ0qpgbefnUdtu5gl0qH5XdfTcfF4dHe66T/yFOyf5UgY111V7LHDQ7gRj6oEkojnjr2CG1RtyQFAqeFptDhJCLAe/B6NNsGnEffU79CYiPvpeGHewGmtIsWTXYxTTF2EcfOmmo4YGiyVcJwRBEmkZDLUXQ+WM/UhSR4TFEIJ9LnRganUml8hWu8ZvHB5PGzqnsScLiRZyzLp4ZgMHur+E46e848/8XtXLJsUvOtV04Ph9nPs+22DbbYQ47ZMfsnF2xKhPMsGf2wl4z75ZlLVjZr1ErM97ZYClZmx8fCLol</latexit>

Tc ≈ 105 K
<latexit sha1_base64="Kqaqkd7GY31km9w9fFt572/cni0="></latexit><latexit sha1_base64="DieyB+KCjhuSTHohppVx7tblsr0="></latexit><latexit sha1_base64="DieyB+KCjhuSTHohppVx7tblsr0="></latexit><latexit sha1_base64="PLVd5sHyENh0IgKkZJiX35nkPCw="></latexit>
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SrTiO3
<latexit sha1_base64="nuNEWW3fmCOpkZPdkT06rz7eBLU=">AAACWnicdZDJSgNBEIYr476vNz0EvShImEncjgEFPQgqGhWMhp5OJTbp6Rm6Kjoh+B5e9SV8CV9A8OCjOOOGo/ifiq+2n9+PtCJ23eec09Pb1z8wODQ8Mjo2PjE5NX1CYdtKrMhQh/bMF4RaGaywYo1nkUUR+BpP/dZW2j+9RksqNMfcifAiEE2jGkoKTtBllTHm7pE9Vvu3tVJtctEtFDeLpbVSPik2NldLXv6beAX3XYvl+afHVwA4qE3l1qv1ULYDNCy1IDr33IgvusKykhpvh6ttwkjIlmhi991sFomAAsFXfyB1Aj8L69QIDWdZumqpQVlKiY8rrGehwRuO/75KCUUoszRuGyXD+i/7seaYrUggIQdCmdRQd0dpnT8Shr54cjBtLG2rpmJa2UtyNis7FrG1/GM4Sforzvz/xUmx4LkF7zCJfBc+NAhzsABL4MEGlGEXDqACEizcwT085F4cxxlyRj5Gndznzgxk5My+AejqvOQ=</latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="JuxKBpNlFty/OIs5yA9r6KnStOA="></latexit><latexit sha1_base64="k6TR2EcUZQOFRyWTr6snVUQPRSY=">AAACWnicdZDLSsNAFIan8W691MvOTbEbhVKSxttSUNCFoFJ7AVvLZHraDp1MwpxTjRTfw62+leDDmGgVY/FfHb5z+/m9UEkk237LWFPTM7Nz8wuL2aXlldXc2noNg6ERUBWBCkzD4whKaqiSJAWN0AD3PQV1b3CS9Ov3YFAG+oYeQ2j5vKdlVwpOMbprEkQ0qpgbefnUdtu5gl0qH5XdfTcfF4dHe66T/yFOyf5UgY111V7LHDQ7gRj6oEkojnjr2CG1RtyQFAqeFptDhJCLAe/B6NNsGnEffU79CYiPvpeGHewGmtIsWTXYxTTF2EcfOmmo4YGiyVcJwRBEmkZDLUXQ+WM/UhSR4TFEIJ9LnRganUml8hWu8ZvHB5PGzqnsScLiRZyzLp4ZgMHur+E46e848/8XtXLJsUvOtV04Ph9nPs+22DbbYQ47ZMfsnF2xKhPMsGf2wl4z75ZlLVjZr1ErM97ZYClZmx8fCLol</latexit>

(Müller & Berlinger, 1971) (von Waldkirch, Müller, Berlinger & Thomas, 1972)

β = 0.308 ± 0.002 , ν = 0.594 ± 0.004
<latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="Luw4ZA7bfWsKLBJnc7yq8YTzkEI="></latexit>

Experimental measurements:

Platonic CFT:

β = 0.33 ± 0.02 , ν = 0.63 ± 0.07
<latexit sha1_base64="y9gSuxhfHvjH1rbLSUCD5FbstXM="></latexit><latexit sha1_base64="y9gSuxhfHvjH1rbLSUCD5FbstXM="></latexit><latexit sha1_base64="y9gSuxhfHvjH1rbLSUCD5FbstXM="></latexit><latexit sha1_base64="UB0orDpRpUs9e4m7SRC1fcnIa2g="></latexit>

Role of strain? What happens if strain is removed?

! = �.������ ± �.������ , " = �.������ ± �.������
<latexit sha1_base64="tWxlpmvohJZJVO5SP2N9NxvYiZo="></latexit>

3D Ising:
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Paramagnetic-Ferromagnetic Transitions

β = 0.308 ± 0.002 , ν = 0.594 ± 0.004
<latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="SVu/dVme9+NGsi14UAXOBGLpkA8="></latexit><latexit sha1_base64="Luw4ZA7bfWsKLBJnc7yq8YTzkEI="></latexit>

Platonic CFT:

! = �.��� ± �.��� , " = �.��� ± �.���
<latexit sha1_base64="ea4w3u6YBEyvHaz6BVUARPhQkgQ="></latexit>

! = �.��� ± �.��� , " = �.��� ± �.���
<latexit sha1_base64="Clhu3i7u8f814yVaHLNEq6BWbZw="></latexit>

! = �.������ ± �.������ , " = �.������ ± �.������
<latexit sha1_base64="tWxlpmvohJZJVO5SP2N9NxvYiZo="></latexit>

3D Ising:

0E�.��)Y�.�4F�.��1R3�
<latexit sha1_base64="IQZtuHTqR4Jji+A2I/w8CrvxmUc="></latexit>

:

0E�.��=�.�4F�.��1R3�
<latexit sha1_base64="KuCiryZFr8u+tKNbexbQMuXLA/A="></latexit>

:

(Ben Hassine et al., 2017)

Issue(?): Crystals have Pnma space group (orthorombic)



38

Summary

The numerical conformal bootstrap provides a widely-
applicable method for the study of CFTs.

There is a host of experimental results pertaining to various 
types of phase transitions for which pre-bootstrap 
theoretical methods have given unsatisfactory results.

The bootstrap has suggested new non-perturbative 
universality classes, potentially relevant for physical systems.

New tools presented in this workshop and discussions with 
experts across fields will hopefully enable further progress!

Is the standard Landau-Ginzburg paradigm incomplete?


