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2<d<4 Ising from (ocooo) numerical bootstrap  Cappelli, Maffi, Okuda *18
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“the conformal states rearrange themselves around d=2.2"



€ - expansion

e Slightly below 4d
weakly coupled Wilson-Fisher fixed point
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e 2d Ising model is exactly solvable
(1 4 ul/2 Jr?}1/2)1/2
\/501/8

It is tempting to deform the strongly coupled solutionto 2 4+ € d

using the analytic conformal bootstrap
(Weakly coupled in fermionic representation, but nonlocal?)

see Vichi’s note
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€ - expansion

e Consider e = d — 2 is small

e To first order

G(d:2-|-€) (U, U) _ G(O)
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(u,v) + € Gy g (u,v) + O()

e Assume
1. conformal symmetry
2. leading corrections are linear in €

scaling dimension A, = A§O) + € Agl) + 0(62)
OPE coefficient A = )\,EO) + € )\El) + O(€?)



Conformal bootstrap

e Crossing equation
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l see Vichi’s note
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e To first order,
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the intermediate states are the same as 2d



Lightcone bootstrap

* |n small u,v expansion, the crossing solution is symmetric
INn u,v (convergent series?)

A, . E : Ton /2 . Tn /2 .
U G(U,U) o Cm,nu / (% / ) Cm,n — Cn,m

where 7 = A — ¢ is twist Alday, Zhiboedov ’15
* 2dlsing G2 (u,v) = (1+u'/? +0l/2)l2
oXo=1-+c¢€ 1=4n, T.=4n+1 U= 2%

v=(1-2)(1-2)
(sparse, highly degenerate)

See Henriksson’s talk for more advanced analytical methods



Lightcone bootstrap

* In s-channel OPE, the power laws in v are associated with
twist accumulation points with large-spin asymptotics
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* |n 3d, the vacuum contribution is dual to uto 0 Ae

At large spin, mean fields 7., ~ 2A, + 2n dominate

vacuum state €=  double-twist trajectories

 But 2d has no twist gap.
LHS involves infinitely many states: |, T, TA2, ... (self-dual)



Lightcone bootstrap

U= 2zz
e c-expansion + lightcone expansion v=(1-2)1-2)
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* 2d global conformal blocks also factorize

%A,q, (22) = Ka (BYKpe(®) + (22 E)
e ——————— from Vichi’s note
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Crossing involves log(z), log(l — Z)



Lightcone bootstrap

(0)\2
. Z()‘i ) 8dFAvf|d%2,A%Ago> IS more technical
1. derive the large spin expansion of 2d OPE coefficients

2. use general d conformal blocks
to derive the lightcone expansion of resummed results

3. take the d derivative and set d to 2
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Results

e NO solution beyond 1storderin 2,1 — 2
e d=2 is a singularity !

e At least one assumption is wrong



Relax the assumptions

* 1. Conformal symmetry
scale vs conformal invariance ?

strong evidence for conformal invariance ind =2, 3, 4-€

e 2. CFT data corrections are linear in €
Otherwise, the leading corrections should be €* with a <1

To match the d-derivative terms, a=1/k, k=2,3,4,5,...

e Other branch cut possibility (—¢)®



Relax the assumptions

e The simplest possibility is €'/2

e Infinite higher-spin towers to generate lightcone singularities
e a) deform the 2d data 1T=4n, T.=4n+1
A= AP LA L 2O a0
b) add new states/trajectories to reduce twist spacing
N =04 €e/2AM 4

T =4n+ 2, T =4n+3



2d twist spacing

Global conformal blocks are special in 2d
%o (22) = Kepp (B Kpel2) + (22E)

iInvariant under the “spin shadow” transform

<2 —d—/
So the 2d data should be invariant under
twist A—Ll+ A+t conformal spin
T T+ 2

iIdentical correlator: cs spacing is 4, so twist spacing is also 4
(decompose Virasoro blocks into global blocks)

oxo=14+¢ T1=4n, T.=4n+1

Do some quasi-primary states decouple from <0000> ?



Count quasi-primary

e Based on (4.9) and (4.10) in Cappelli, Maffi, Okuda ’18

{{oA-0, 1[0]}, {A>1, L[O]}, {A>2, 1[2]}, {A>3, 0}, {A>4, 1L[0] +1[4]},

{A>5, 1[4]}, {A>6, 1[2] +L[6]}, (A>T, L[6]}, {A>8, L[0] +1[4] + 1[7] +21[8]},

{A->9, 1[0] +1[8]}, {A-»10, 1[2] +21[6] +1[9] +21[10]}, {A-»11, 1[2] +21[160] + L[11l]},
{A->12, 1[0] +1[3]+21[4] +21[8] +1[11]+31[12]},

{A->13, 1[0] +1[4] +1[9] +3 1[12] +1[13]},

{A->14, 1[1] +21[2] +1[5] +21[6] +3 1[10] +2 1[13] +4 1[14]}, multiplicities I[spin]
(A 15 L[G] s tr2] +2116] £ 1[7] ¢+ 1[11] +31]14] +21[15]},

{A-> 16, W@]+'|.[1]+1[3]+2'|.[4]+1[7]+31[8]+4'l.[12]+3'l.[15]+5'|.[16]},

{A->17, 1L[0] +1[2] +21[4] + 1[5] +3 1[8] +1[9] +21[13]+51[16] +31[17]},

(A—>18, 1[1] +4 1[2] +21[3] +1[5] +3 1[6] +21[9] +4 1[10] +51[14] + 4 L[17] + 7 1[18]},
{A-19, 1[6] +21[2] +21[3] +1[4] +3 1[6] + L[7] +31[10] +21[11] + 31[15] + 6 1[18] +4 1[19]},

{A->20, 41[0] +21[1] +1[3] +61[4] +31[5] +21[7] +41[8] +3 1[11] +5 1[12] +
7 1[16] +6 1[19] +9 1[20]}}

Nin(g,d) = 1X11(0)* + |¢"*X13(q) |?

=3 Y P naty,  q=ay, g=ay'. m=3
A=0 [£[<A




Count quasi-primary

{A->21, 4+21[1] +1[2] +31[4] +21[5]+21[6] +31[8]+21[9]+51[12] +

IO e

31[13] +4 1[17] +81[20] +6 1[21]},
{A->22, 1[0] +21[1] +61[2] +31[3] +21[5] +81[6] +3 1[7] +31[9] +

51[10] +41[13] + 7 1[14] + 9 1L[18] + 8 1[21] + 11 1[22]},
{A->23, L[0] +3 1[1]+61[2] +2L[3]+21[4] +31L[6] +41[7]+31[8] +

i e L e

51[10] +3 1[11]+61[14] +4 L[15] +6 1[19] +111[22] +91[23]},
(A->24,91[0] +31[1] +1[2] +41[3] +81[4] +3 1[5] +31[7] +101[8] +

51[9] +4 1[11] +7 1[12] +6 1[15] + 9 1[16] + 11 1[20] + 10 1[23] + 15 1[24]},
{A->25, 91[0] +3 1[1] +21[2] +41[3]+61[4] +4 L[5] +3'L[6] +51[8] +
61[9] +41[10] +6 1[12] +4 1[13] +8 1[16] +6 L[17] +9 1[21] + 15 1[24] + 11 1[25]}

{A>26, 1[0] +6 1[1] +121[2] +31[3] +21[4] +61[5] +101[6] +51[7] +

41[9] +141[10] +6 L[11] +6 1[13] +91[14] +8 L[17] +111[18] +151[22] +
14 1[25] + 19 1[26]},



1<d<?2

e Double kinks Golden, Paulos 15
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More constraints

Introduce new intermediate trajectories with - — 4y 1+ 2 An + 3

1
Then there are many solutions. Ai =0+ ¢/? A,E U
s-t crossing is just the 1st constraint

S-U crossing
can’t be studied using the above lightcone expansion (Mellin space?)

Ising decoupling
In 2d, [twist-1, spin-2] and [twist-5, all spin] decouple at the Ising point

Do they persist in 2 + € dimensions ?

[twist-1, spin-2] seems to persist, [twist-5, spin=0] partly does.
(Cappelli, Maffi, Okuda ’18)

Consistency in Lorentzian signature, such as the Regge limit



Open questions

If 2d data is deformed by fractional power of €, do we still
need new states”?

Numerically solving the crossing equation based on a
tentative spectrum with new states?

More no-go results due to 2d peculiarity? Other models?

Other analytic methods?
Analytic functional, dispersive sum rules, Tauberian theorems, ...

Thank you!



