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Outline
Collinear factorisation: 

definition of  parton distributions and their evolution. 

Lagrange interpolation: 

basic concepts, 

a showcase test, 

(aside: derivation and integration). 

Evolution on the grid: 

technicalities, 

numerical results. 
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Collinear factorisation in QCD
Typical examples where collinear factorisation in QCD applies are the 
cross section for deep-inelastic scattering (cut diagram) and deeply-
virtual Compton scattering (uncut diagram) at large :Q2 = − q2

P

q

σ
=

P

k

q

⊗

f

C

+ power corrs.

The cross section reads:

C is the “partonic” cross section: 
computable in perturbation theory (coll. divergences may need to be subtracted), 

f (0) is the bare partonic distribution: 
non-perturbative, i.e. perturbation theory inapplicable, 
UV divergent: needs to be renormalised!

<latexit sha1_base64="LP//tRgkOBPZ7tMQax6gMY07nKY="></latexit>

d� = C ⌦ f (0) +O(⇤n
QCD/Q

n)
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Renormalisation and evolution
Renormalisation of  the a partonic distributions proceeds as usual:

<latexit sha1_base64="ILpqbBViS6TOvZZ5gyv1yWftS1w="></latexit>

f (0)(✏) = Z(µ, ✏)⌦ f(µ)
so that: <latexit sha1_base64="9xYB+jiKERxjNY37btECp8w7gis="></latexit>

df(µ)

d lnµ
= P (µ)⌦ f(µ)

with:
<latexit sha1_base64="2kJ6eVshViDRKNL+F1yzm3BUQoU="></latexit>

P (µ) = � lim
✏!0

d lnZ(µ, ✏)

d lnµ
P is finite and computable in perturbation theory (splitting function).

Prominent example: the DGLAP equations that in their full glory read:
<latexit sha1_base64="4UJPXkY8qJhEc+yTVSe124t4VsM="></latexit>

dfi(x, µ)

d lnµ2
=

X

j

Z 1

x

dy

y
Pij (y,↵s(µ)) fj

⇣y
x
, µ

⌘
i, j = g, q

A set of  coupled integro-differential equations.

The focus of  this talk is the efficient numerical solution of  
equations of  this type. 4



Lagrange interpolation
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f(x)
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“Moving” polynomial interpolation of  degree k:

assuming that                            :
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x↵ < x  x↵+1
<latexit sha1_base64="L5EoOvunJTNIUcXuMPccbQEsnDM="></latexit>

w(k)
↵ (x) =

kX

i=0,i↵

✓(x� x↵�i)✓(x↵�i+1 � x)
kY

m=0,m 6=i

x� x↵�i+m

x↵ � x↵�i+m

Lagrange polynomials

Goal: interpolating a 1D function knowing its values on a grid.

<latexit sha1_base64="Gc22M9/xcHVtT6asIV3RSLPD8/0="></latexit>

f(x) =
NxX

↵=0

w(k)
↵ (x)f(x↵) +O

✓
f (k+1)(x)

(k + 1)!
hk+1

◆



The interpolating functions
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At any interpolation degree, the interpolating functions are such that .w(k)
α (xβ) = δαβ



Interpolation test
Interpolate the function:

<latexit sha1_base64="odx34E2GgTzl9WP9C4kP6EYx1gE="></latexit>

f(x) = cos(⇡ ln(x))� 1

2
ln(x) + 2

on grid with 100 nodes logarithmically distributed between  and 1.10−3

Test different degrees of  the Lagrange interpolants from 0 to 5: 

check the accuracy against the original function.
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Aside: deriving and integrating
<latexit sha1_base64="R63ZuiX+3i6B9UjhVZ550KWfbTU="></latexit>

f(x) =
NxX

↵=1

w(k)
↵ (x)f(x↵)

If:

then:

and

The derivative and the indefinite integral of  the interpolation functions 
can be computed analytically for any interpolation degree.

This enables one, not only to interpolate the function f, but also to 
compute derivatives and integrals by knowing its values on the grid.

Potential drawbacks:

interpolation functions not smooth at the nodes, derivatives not defined there.

No direct control on the integration accuracy. 17
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df

dx
=

NxX

↵=1

dw(k)
↵

dx
f(x↵)
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f(x) dx =
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Aside: deriving and integrating
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The r.h.s. of  the DGLAP equations requires computing integrals of  the 
following kind:

Using the interpolation formula for f (the parton distribution):

More compactly:

This allows us to compute I on each point of  the grid.

<latexit sha1_base64="kCPt3Nw+J1ConoU2t9o9pzKZGqw="></latexit>

I(x, µ) =

Z 1

x

dy

y
P (y,↵s(µ))f

✓
x

y
, µ

◆

<latexit sha1_base64="+SPDf7iq84228v76YsWn4YCq/po="></latexit>

I(x� , µ) =
NxX

↵=0

"Z 1

x�

dy

y
P (y,↵s(µ))w

(k)
↵

✓
x�

y

◆#

| {z }
��↵(µ)

f(x↵, µ)

<latexit sha1_base64="H1XNEWKoxijXn8OYxaxZeyTbyIw="></latexit>

I�(µ) =
NxX

↵=0

��↵(µ)f↵(µ)

Solving the DGLAP on the grid

21

The  don’t depend on f and thus can be precomputed and stored.Γβα

<latexit sha1_base64="OG2vMnUJcrOIORV9dbi0DeNBowk="></latexit>

I(µ) = �(µ) · f(µ)⇒



Solving the DGLAP on the grid
The DGLAP equations reduce to a set of  coupled linear ordinary 
differential equations (ODEs) that in vectorial notation read:

The functions to be determined are the partonic distribution f as a 
function of  µ on each node of  the grid knowing  on the grid.f(μ0)
Many algorithms to solve ODEs exist. A particularly popular choice is 
the 4th order Runge-Kutta (RK4):

<latexit sha1_base64="jE9U//jjsx6TILZa1UOTndWGArM="></latexit>

fn+1 = fn + 1
6 (k1 + 2k2 + 2k3 + k4) +O(h5)

k1 = hF(µn, fn)
k2 = hF(µn + h

2 , fn + k1
2 )

k3 = hF(µn + h
2 , fn + k2

2 )
k3 = hF(µn + h, fn + k3)
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df(µ)

d lnµ2
= �(µ) · f(µ) ⌘ F(µ, f)

Tabulate f on a grid in µ that can successively interpolated.
Final result:  is know on a 2D grid in  and .f(x, μ) x μ



Problem: a logarithmic grid becomes increasingly sparse at large x: 
solution: concatenate grids with increasing density as one moves towards large x.

Interpolation on a log grid
In principle, one needs to compute  integrals Γβα.N2

x

However, if  one uses a logarithmically distributed grid:
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The number of  integrals reduces to  and so thus the computation time.Nx
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Numerical results
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Comparison amongst codes

Independent implementations agree well below the per-mil level!



Performance
Computation of  on a 

x-space grid with ~250 nodes, 
interpolation degree 3

ΓβαTabulation in  
on a grid with 50 nodes, 
interpolation degree 3

μ

Remarkable speed!



“Details” I didn’t discuss
Computing the integrals Γβα: 

integrands are distributions that involve δ-functions and +-distributions. 

Addressing the problem of  inaccuracies at large x caused by a 
logarithmically-spaced grid. 

The flavour dependence of  parton distributions. 

The possible presence of  heavy-quark thresholds along the evolution. 

The evolution equation for generalised parton distributions (GPDs): 

complications due to skewed kinematics, 

more complicated convolution integrals (principal-valued distributions and 
spurious divergences), 

logarithmically-spaced grid does not help reduce the number of  integrals. 

Alternative: the Mellin-moment approach.



Conclusions
Evolution equations in QCD: 

allow one to connect parton distributions at different scales, 

when fitting parton distributions to data, we can parametrise them at one single 
scale and obtain them at any other scale, 

fast evolution codes are required. 

Solving evolution equations in QCD is a numerically demanding task: 

integro-differential equations in flavour space, 

discretising the problem allows one reduce the problem to a set of  coupled ODEs, 

this however requires computing many integrals, 

A smart choice of  the grid and of  the interpolation procedure allows one to lessen 
the numerical burden, finally reaching very high performance and accuracy. 

As of  today, there exist several evolution codes whose mutual numerical 
agreement is remarkably good. Proof  of  the solidity of  the procedure!


